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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 99 ]. This is test number [ 85 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.3 (64 bit) on windows 10.
. Rubi 4.16.1 in Mathematica 12.1 on windows 10.
. Maple 2021.1 (64 bit) on windows 10.

. Maxima 5.44 on Linux. (via sagemath 9.3)

2

3

4

5. Fricas 1.3.7 on Linux (via sagemath 9.3)

6. Giac/Xcas 1.7 on Linux. (via sagemath 9.3)

7. Sympy 1.8 under Python 3.8.8 using Anaconda distribution on Ubuntu.
8

. Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 under win-
dows 10 (64 bit)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.


https://rulebasedintegration.org

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi % 100.00 (99 ) | % 0.00 (0)

Mathematica | % 100.00 (99 ) | % 0.00 (0)
Maple % 87.88 (87) | % 12.12 (12)
Maxima % 81.82 (81) | %18.18 (18)

Fricas %9192 (91) | %8.08(8)
Sympy % 33.33 (33 ) | % 66.67 ( 66 )
Giac %51.52 (51) | % 48.48 (48)
Mupad % 30.30 (30 ) | % 69.70 ( 69 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following table
describes the meaning of these grades.

grade | description

A Integral was solved and antiderivative is optimal in quality and leaf
size.

B Integral was solved and antiderivative is optimal in quality but leaf
size is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the opti-
mal antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.



System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 93.94 0.00 6.06 0.00
Maple 68.69 5.05 14.14 12.12
Maxima 27.27 12.12 42.42 18.18
Fricas 87.88 0.00 4.04 8.08
Sympy 28.28 5.05 0.00 66.67
Giac 29.29 7.07 15.15 48.48
Mupad 6.06 24.24 0.00 69.70

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica Maple FriCAS Giac Maxima Sympy Mupad

The figure below compares the CAS systems for each grade level.
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input



within the time limit, which means it could not solve it. This the typical normal failure

F.

The second is due to time out. CAS could not solve the integral within the 3 minutes

time limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in CAS. This type of error
requires more investigations to determine the cause.

System Number failed | Percentage nor-| Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %
Maple 12 100.00 % 0.00 % 0.00 %
Maxima 18 100.00 % 0.00 % 0.00 %
Fricas 8 100.00 % 0.00 % 0.00 %
Sympy 66 90.91 % 9.09 % 0.00 %
Giac 48 100.00 % 0.00 % 0.00 %
Mupad 69 100.00 % 0.00 % 0.00 %

Table 1.4: Time and leaf size performance for each CAS




1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time
and leaf size of results.

System Mean time | Mean size | Normalized | Median Normalized
(sec) mean size median
Rubi 0.12 102.90 0.94 85.00 1.00
Mathematica | 0.33 89.70 0.87 81.00 0.95
Maple 0.09 144.82 1.18 65.00 0.88
Maxima 1.29 114.11 1.17 83.00 1.00
Fricas 091 76.38 0.81 62.00 0.79
Sympy 3.58 86.79 1.23 46.00 1.06
Giac 0.46 112.63 1.13 55.00 0.99
Mupad 0.23 28.03 0.64 25.00 0.76

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used columns from

the above table.

Normalized mean size of antiderivative
Lower is better
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Mean time used (seconds)
Lower is better

1.4 list of integrals that has no closed form an-
tiderivative

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}
Mupad {}

1.6 listof integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not mean necessarily that the anti-
derivative is wrong, as additional methods of verification might be needed, or more
time is needed (3 minutes time limit was used). These integrals are listed here to make
it easier to do further investigation to determine why it was not possible to verify the
result produced.

Rubi {}

Mathematica {67}[98]}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.
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Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call has completed from the time before
the call was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral
was aborted and considered to have failed and assigned an F grade. The time used by
failed integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified
could still be correct. Further investigation is needed on those integrals which failed
verifications. Such integrals are marked in the summary table below and also in each
integral separate section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an inter-
active response from the user to answer a question during evaluation of the integral in
order to complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about
2 percent. This pecrentage can be higher or lower depending on the specific input test
file.

Such integrals can be indentified by looking at the output of the integration in each sec-
tion for Maxima. The exception message will indicate of the error is due to the interactive
question being asked or not.

Maxima integrate was run using SageMath with the following settings set by default
'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
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'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result
back to SageMath syntax and not because these CAS system were not able to do the
integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function
for this purpose at this time. Therefore the leaf size for Fricas and Sympy and Giac
antiderivatives is determined using the following function, thanks to user slelievre at
lhttps://ask.sagemath.org/question/57123/could-we-have-a-leaf count-functidn-
[in-base-sagemath/|

def tree_size(expr):
r|| nn
Return the tree size of this expression.
nnn
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:

return 1 + sum(tree size(a) for a in aa)

For Sympy, which is called directly from Python, the following code is used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative, Maple was used to determine the leaf size of Mupad output by post
processing.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

integrand = evalin(symengine, 'cos(x)*sin(x)"')
the_variable = evalin(symengine, 'x')
anti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

Mathematica script &

POST PROCESSOR PROGRAM
Test files from @ Program that

Albert Rich Rubi generates the

using input

from the
Matlab script for Mupad/Symbolic toolbox o result tables
i
HTML
—» Giac bl
SageMath/Python
script to test SageMath —» Fricas

Maxima, Fricas,
Giac .
—» Maxima b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record
integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.
number. CPU time used to solve this integral. O if failed.
string. The integral in Latex format o o
string. The input used in CAS own syntax. ngh level overview of the CAS

string. The result (antiderivative) produced by CAS in Latex format independent integration test
string. The optimal antiderivative in Latex format. build System

. integer. 0 or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
The following field present only in Rubi and Mathematica Tables
. integer. 1 if result was verified or 0 if not verified.
The following fields present only in Rubi Tables Nesser M. Abbest
14. integer. Number of rules used. Vev, 2021
15. integer. Integrand leaf size.
16. real number. Ratio of field 14 over field 15
17. integer. 1 if result was verified or 0 if not verified.
18. String of form “{n,n,..}” which is list of the rules used by Rubi

ot
Qe
g

ONOUV AW

)
= o

1

w
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Chapter 2

detailed summary tables of results

2.1 Listofintegralssorted by grade for each CAS
2.1.1 Rubi

A grade: {12 BBEH7BOHOT 00,7122, 234 525
282980} 51] 32 33} 34} [35] 36 37} [38) 39, 40} 4T} 42} (43| 44} 45} 6] 47] 48] 49} 50} 51} 52} 53 54, 55)
5657, 58,59 (601611162} 63} 64} [65} (66} (6768} 69} [70} [71} [72} 73, [74} 75} 76} [77}[78} 79,180}, 81} 82} [83]
5455, 86,87, 58,89,50, 91, 92,3 94,05/} 07,2599}

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A gradte: (1)) 5By 8 BYI0) 1) 12 13[4 15 16 71879 20, 21) 22 23,29, 252627
28]29,80,31] 3233} [34} 35} 36} 37| [38) 39 40} (41} 42} |43} |44} [45) 46} (47, 48] 49} 50} BT} 52} 53] 54} 55)
5657, 58,59 (601611162} 63} 64} [65} (661 (671168} 69} [70} [71} 72 73, [74} 75} 76} [77} 78} [79, 180}, BT} 82} [83]
5455 59,758/ 59,01,52)96,07])

B grade: { }

C grade: {[90}[93]94}/95][98 99 }

F grade: { }

2.1.3 Maple

A grade: {IIZLIELEHQIZIELIIII @l (657, B8 B9 40 A1) 4 43
[44}[45) 46} 47, 48, 49,50, 51, 52,53, 54, 55, BIle0} 61} 162} [63} 64} 66} 68} 69 70, [71} 72, [79)
llllllllllll@l

B grade: {[00}[93][04}[95]96] }
C grade: {[12)[14)[19 21,23 24} 25| 26| 27} 28} [73} 7698} [99] }
F grade: (EE0 B A EIEAESEITAIITS)

2.1.4 Maxima
glfzwaﬁer {[1}8 B} L0} [L5} [17, 22} 29} 183} [34} [37] [43) [45) [46} [47) [48} [6 1) [62} [63) [64) |66}, 68, 88} 89} P ]

B grade: { 2324056 07} 28] 80}[31] 82} 70} 95,06)

15
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il e
253} 5455} 56157158} 6% 00} 69 [70} [71}[72} 85} /86,87 }

F grade: {[65/67}[73}[74[75[76}[77}[78} 79} B0} 81} 82}[83}[84} b3} 9498} %9}

2.1.5 FriCAS

A grade: {IIZLIELIIEHZIﬂllllllllll@lllllll
28,129,801, 81} 32} 33|84} 35,36, 37, 38} 39} |40} A1} 42} 43, 44} (45, {46} 47 48, 49} 50}, 5T}, 52} 53}, B4

@@@ll@@@l@@l@l@@@@ll@@@@l@llll
p2P5p6, 97}

B grade: { }
C grade: {[93[04]98[99]}
F grade: (BEAP3FATSTE7ATA)

2.1.6 Sympy
8%% [0}/ 8} 10} LT} 15 [17} [18) 22} ]B6} 37} B8} B9} 43} 46} 47} 48 [62} 63} [64) 661 [88} B} 00

B grade: {2 [0}[16)[45}[61] }

C grade: { }

F grade: { (6 7)[12) 13} 141920, 21] 23| P4 25} 26,27 28) 29} 30} 31) 32 B3] 34} [35) 0} 41| 42
[44} 49,50, 51} /52} 53} 54, 55, 56/ 57, 58, 59, 660, I?LSHQL 68697071172 [73,[74, s

[B1}[82}83,/84) 85186187} 93} 94,5 96,98} 99

2.1.7 Giac
g%@l@@@
B grade: {[7}[14}21] 35|36} 39} P5] }

C grade: (1)) 51116/ 519,051 55 56,75 697

F grade: {[6}[13}[20,23) 24 p5} 06} 27 28) 29] [30}(31}[32 33} B4 0} 1) (42
5960165, [67 69117017 1}[72} 73, 74,75, 761177} 78} 79} 80} 81} 82

2.1.8 Mupad

A grade: {63} [64[66/[68}[8889 }
B grade: { [} {48} [10}[15[17] 22}[37) 38} 39} {2} 43} 45 {46} 47} 148, 6 T} [62} 85,186} 871 92,07 )

C grade: { }

® grade: { IS0 AT TS T8 T 19 0y 17 09 5 5 7 9 12
3485|3640, [41 44} [49] 50} 51) 52 53] B4} b5 56} 57, 58] 59} (601 (65, [75,[76]
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is
in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate
a bug in the system. If the failure was due to integral not being evaluated within the
time limit, then it is given just an F.

In this table,the column normalized size is defined as

antiderivative leaf size

optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 34 34 29 31 27 27 36 27 27
normalized size | 1 1.00 0.85 091 0.79 0.79 1.06 0.79 0.79
time (sec) N/A 0.032 0.049 0.023 1.111 0569 0769 0376 0.101
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A B C F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 91 91 82 58 67 72 209 135 -1
normalized size | 1 1.00 0.90 0.64 0.74 0.79 2.30 1.48 -0.01
time (sec) N/A 0.069 0.149 0.020 2.053 0.639 1944 0.540 0.000
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 15 15 15 14 13 13 19 13 13
normalized size | 1 1.00 1.00 0.93 0.87 0.87 1.27 0.87 0.87
time (sec) N/A 0.014 0.003 0.020 0.428 0.855 0.170 0.380  0.060
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A A C B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 70 70 57 44 48 61 61 95 51
normalized size | 1 1.00 0.81 0.63 0.69 0.87 0.87 1.36 0.73
time (sec) N/A 0.021 0.091 0.019 0.806 0.822 0442 0394 0.357
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 25 25 24 22 43 29 0 21 -1
normalized size | 1 1.00 0.96 0.88 1.72 1.16 0.00 0.84 -0.04
time (sec) N/A 0.029 0.050 0.024 1.142 0.882  0.000 0.418 0.000
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Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 80 80 81 57 73 70 0 0 -1
normalized size | 1 1.00 1.01 0.71 0.91 0.88 0.00 0.00 -0.01
time (sec) N/A 0.045 0.181 0.026 1.577 0.872  0.000 0.000  0.000
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 42 42 42 39 48 57 0 87 -1
normalized size | 1 1.00 1.00 0.93 1.14 1.36 0.00 207  -0.02
time (sec) N/A 0.089 0.071 0.022 1.075 0930 0.000 0.487  0.000
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 51 51 40 42 42 45 78 55 41
normalized size | 1 1.00 0.78 0.82 0.82 0.88 1.53 1.08 0.80
time (sec) N/A 0.052 0.114 0.040 0.898 0.940 1548 0429 0.148
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A B C F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 91 91 87 63 89 84 201 118 -1
normalized size | 1 1.00 0.96 0.69 0.98 0.92 2.21 1.30 -0.01
time (sec) N/A 0.097 0.171 0.035 1.226 0.750 2598 0.824  0.000
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 31 31 27 34 23 28 60 26 22
normalized size | 1 1.00 0.87 1.10 0.74 0.90 1.94 0.84 0.71
time (sec) N/A 0.029 0.043 0.028 0.591 1.326 0407 0.400 0.272
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A A C F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 70 70 67 45 70 59 56 82 -1
normalized size | 1 1.00 0.96 0.64 1.00 0.84 0.80 117 -0.01
time (sec) N/A 0.044 0.054 0.046 1.455 0950 0.800 0.315 0.000
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Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C C A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 37 37 34 68 51 39 0 35 -1
normalized size | 1 1.00 0.92 1.84 1.38 1.05 0.00 0.95 -0.03
time (sec) N/A 0.052 0.062 0.146 1.306  0.898 0.000 0.410  0.000
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 76 76 76 62 83 66 0 0 -1
normalized size | 1 1.00 1.00 0.82 1.09 0.87 0.00 0.00 -0.01
time (sec) N/A 0.067 0.161 0.037 1.544  0.889  0.000 0.000 0.000
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C C A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 57 57 50 89 61 65 0 107 -1
normalized size | 1 1.00 0.88 1.56 1.07 1.14 0.00 1.88 -0.02
time (sec) N/A 0.118 0.119 0.165 1.738  0.671  0.000 0.398  0.000
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 79 79 55 66 58 58 92 58 66
normalized size | 1 1.00 0.70 0.84 0.73 0.73 1.16 0.73 0.84
time (sec) N/A 0.074 0.138 0.040 1.047 0865 2775 0.366 0.410
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A B C F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 188 188 160 130 143 148 439 259 -1
normalized size | 1 1.00 0.85 0.69 0.76 0.79 2.34 1.38 -0.01
time (sec) N/A 0.182 0.425 0.036 0.963  0.661 4380 0.522  0.000
Problem 17] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 33 33 33 26 27 25 44 26 28
normalized size | 1 1.00 1.00 0.79 0.82 0.76 1.33 0.79 0.85
time (sec) N/A 0.028 0.016 0.028 0473 0717 0768 0.369 0.289
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Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A A C F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 153 153 116 101 112 121 129 185 -1
normalized size | 1 1.00 0.76 0.66 0.73 0.79 0.84 1.21 -0.01
time (sec) N/A 0.089 0.231 0.035 1292 1372 1139 0.600  0.000
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C C A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 55 55 50 125 89 63 0 47 -1
normalized size | 1 1.00 091 2.27 1.62 1.15 0.00 0.85 -0.02
time (sec) N/A 0.083 0.094 0.171 1.509 1.524  0.000 0.608  0.000
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 168 168 166 128 151 136 0 0 -1
normalized size | 1 1.00 0.99 0.76 0.90 0.81 0.00 0.00 -0.01
time (sec) N/A 0.144 0.640 0.043 3.088  0.861  0.000 0.000 0.000
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C C A F B F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 91 91 90 162 98 108 0 185 -1
normalized size | 1 1.00 0.99 1.78 1.08 1.19 0.00 2.03 -0.01
time (sec) N/A 0.201 0.175 0.196 1.061 0.682  0.000 0.463 0.000
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 67 67 54 50 55 51 94 52 55
normalized size | 1 1.00 0.81 0.75 0.82 0.76 1.40 0.78 0.82
time (sec) N/A 0.054 0.086 0.030 1.098 0937 7818 0373 0.745
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C B A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 111 111 113 229 156 58 0 0 -1
normalized size | 1 1.00 1.02 2.06 1.41 0.52 0.00 0.00 -0.01
time (sec) N/A 0.081 0.195 0.109 2188  0.880 0.000 0.000 0.000
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C B A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 111 111 111 290 158 56 0 0 -1
normalized size | 1 1.00 1.00 2.61 1.42 0.50 0.00 0.00 -0.01
time (sec) N/A 0.079 0.152 0.077 1.335 0.603  0.000 0.000 0.000
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C B A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 81 81 89 290 138 44 0 0 -1
normalized size | 1 1.00 1.10 3.58 1.70 0.54 0.00 0.00 -0.01
time (sec) N/A 0.063 0.084 0.059 1.159 0.988  0.000 0.000 0.000
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C B A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 81 81 89 338 135 44 0 0 -1
normalized size | 1 1.00 1.10 4.17 1.67 0.54 0.00 0.00 -0.01
time (sec) N/A 0.065 0.066 0.079 2.843 0.953 0.000 0.000 0.000
Problem 27] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C B A F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 98 98 114 338 133 56 0 0 -1
normalized size | 1 1.00 1.16 3.45 1.36 0.57 0.00 0.00 -0.01
time (sec) N/A 0.076 0.173 0.071 1.336 0.796  0.000 0.000 0.000
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C B A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 104 104 117 358 133 61 0 0 -1
normalized size | 1 1.00 1.12 3.44 1.28 0.59 0.00 0.00 -0.01
time (sec) N/A 0.075 0.154 0.061 1.802 0915 0.000 0.000 0.000
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 132 132 142 0 174 78 0 0 -1
normalized size | 1 1.00 1.08 0.00 1.32 0.59 0.00 0.00 -0.01
time (sec) N/A 0.175 0.404 0.197 1.753 1.054  0.000 0.000  0.000
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F B A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 132 132 142 0 182 77 0 0 -1
normalized size | 1 1.00 1.08 0.00 1.38 0.58 0.00 0.00 -0.01
time (sec) N/A 0.124 0.328 0.164 1.971 0.872  0.000 0.000 0.000
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F B A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 100 100 122 0 156 50 0 0 -1
normalized size | 1 1.00 1.22 0.00 1.56 0.50 0.00 0.00 -0.01
time (sec) N/A 0.130 0.218 0.154 2598  0.727  0.000 0.000 0.000
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F B A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 96 96 120 0 159 50 0 0 -1
normalized size | 1 1.00 1.25 0.00 1.66 0.52 0.00 0.00 -0.01
time (sec) N/A 0.068 0.221 0.183 2.447  0.892 0.000 0.000 0.000
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F A A F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 117 117 137 0 143 59 0 0 -1
normalized size | 1 1.00 1.17 0.00 1.22 0.50 0.00 0.00 -0.01
time (sec) N/A 0.163 0.337 0.136 1.869 0975 0.000 0.000 0.000
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 116 116 137 0 145 63 0 0 -1
normalized size | 1 1.00 1.18 0.00 1.25 0.54 0.00 0.00 -0.01
time (sec) N/A 0.100 0.343 0.147 0.910  0.659 0.000 0.000 0.000
Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 31 31 31 39 57 45 0 132 -1
normalized size | 1 1.00 1.00 1.26 1.84 1.45 0.00 426  -0.03
time (sec) N/A 0.072 0.032 0.051 1902 1153 0.000 0.345 0.000
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Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 20 20 20 21 43 28 15 41 -1
normalized size | 1 1.00 1.00 1.05 2.15 1.40 0.75 2.05 -0.05
time (sec) N/A 0.027 0.042 0.041 2.010 1433 0966 0.413  0.000
Problem 37} Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 13 13 13 14 13 15 15 15 13
normalized size | 1 1.00 1.00 1.08 1.00 1.15 1.15 1.15 1.00
time (sec) N/A 0.014 0.003 0.021 2.000 0925 0975 0356 0.264
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 30 30 29 42 51 33 31 49 30
normalized size | 1 1.00 0.97 1.40 1.70 1.10 1.03 1.63 1.00
time (sec) N/A 0.025 0.051 0.039 1.695 0.746  1.803 0393 0.279
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A A B B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 46 46 46 92 50 43 46 107 47
normalized size | 1 1.00 1.00 2.00 1.09 0.93 1.00 2.33 1.02
time (sec) N/A 0.047 0.005 0.043 1.227 0713 3.041 0428 0.372
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 79 79 80 57 127 73 0 0 -1
normalized size | 1 1.00 1.01 0.72 1.61 0.92 0.00 0.00 -0.01
time (sec) N/A 0.050 0.133 0.025 2.371 0.802  0.000 0.000  0.000
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 25 25 24 22 43 29 0 0 -1
normalized size | 1 1.00 0.96 0.88 1.72 1.16 0.00 0.00 -0.04
time (sec) N/A 0.028 0.042 0.025 1.336 0.568  0.000 0.000  0.000
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Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 74 74 62 48 98 65 0 0 55
normalized size | 1 1.00 0.84 0.65 1.32 0.88 0.00 0.00 0.74
time (sec) N/A 0.032 0.107 0.023 1.242 0.694 0.000 0.000 0.406
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 15 15 15 14 13 17 22 0 13
normalized size | 1 1.00 1.00 0.93 0.87 1.13 1.47 0.00 0.87
time (sec) N/A 0.015 0.003 0.022 0.665 0993 2816 0.000 0.268
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 97 97 88 64 74 84 0 0 -1
normalized size | 1 1.00 0.91 0.66 0.76 0.87 0.00 0.00 -0.01
time (sec) N/A 0.053 0.157 0.023 1.288 0.680  0.000 0.000  0.000
Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 19 19 18 14 12 13 39 12 12
normalized size | 1 1.00 0.95 0.74 0.63 0.68 2.05 0.63 0.63
time (sec) N/A 0.021 0.029 0.044 0.300 0534 0263 0.379 0.367
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 8 8 8 7 6 6 7 6 6
normalized size | 1 1.00 1.00 0.88 0.75 0.75 0.88 0.75 0.75
time (sec) N/A 0.009 0.002 0.023 0.904 0.778 0249 0.382 0.033
Problem 47] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 22 22 22 17 16 16 20 16 16
normalized size | 1 1.00 1.00 0.77 0.73 0.73 091 0.73 0.73
time (sec) N/A 0.011 0.015 0.026 0.849 0.623 0239 0489 0.278
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Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 36 36 31 34 23 24 51 23 23
normalized size | 1 1.00 0.86 0.94 0.64 0.67 1.42 0.64 0.64
time (sec) N/A 0.021 0.024 0.025 0.656 1261 0254 0406 0.345
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 235 235 165 196 135 145 0 241 -1
normalized size | 1 1.00 0.70 0.83 0.57 0.62 0.00 1.03 -0.00
time (sec) N/A 0.348 0.578 0.035 0.808 0.597  0.000 2210 0.000
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 169 169 141 131 111 118 0 193 -1
normalized size | 1 1.00 0.83 0.78 0.66 0.70 0.00 1.14 -0.01
time (sec) N/A 0.196 0.354 0.029 1.238 0.768  0.000 0.496  0.000
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 99 99 94 64 73 78 0 143 -1
normalized size | 1 1.00 0.95 0.65 0.74 0.79 0.00 1.44 -0.01
time (sec) N/A 0.113 0.154 0.022 1.027 0.894 0.000 0.517  0.000
Problem 52 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 110 110 110 78 74 96 0 0 -1
normalized size | 1 1.00 1.00 0.71 0.67 0.87 0.00 0.00 -0.01
time (sec) N/A 0.143 0.253 0.030 1.961 1.262  0.000 0.000  0.000
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 184 184 180 129 76 134 0 0 -1
normalized size | 1 1.00 0.98 0.70 0.41 0.73 0.00 0.00 -0.01
time (sec) N/A 0.238 0.249 0.035 1.622 0.809  0.000 0.000  0.000
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Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 250 250 238 180 76 164 0 0 -1
normalized size | 1 1.00 0.95 0.72 0.30 0.66 0.00 0.00 -0.00
time (sec) N/A 0.337 0.336 0.030 1288  0.650 0.000 0.000  0.000
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 310 310 174 219 161 184 0 224 -1
normalized size | 1 1.00 0.56 0.71 0.52 0.59 0.00 0.72 -0.00
time (sec) N/A 0.360 0.645 0.062 1237 0979 0.000 1.249 0.000
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 218 218 148 145 137 144 0 176 -1
normalized size | 1 1.00 0.68 0.67 0.63 0.66 0.00 0.81 -0.00
time (sec) N/A 0.251 0.438 0.060 1237 0732 0.000 0.451 0.000
Problem 57] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 102 102 103 67 95 90 0 124 -1
normalized size | 1 1.00 1.01 0.66 0.93 0.88 0.00 1.22 -0.01
time (sec) N/A 0.170 0.184 0.057 1266 1469  0.000 0.532  0.000
Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 116 116 116 87 87 100 0 0 -1
normalized size | 1 1.00 1.00 0.75 0.75 0.86 0.00 0.00 -0.01
time (sec) N/A 0.187 0.246 0.056 1297 0872 0.000 0.000 0.000
Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 228 228 185 146 89 154 0 0 -1
normalized size | 1 1.00 0.81 0.64 0.39 0.68 0.00 0.00 -0.00
time (sec) N/A 0.250 0.274 0.059 1715  0.856  0.000 0.000  0.000
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Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 328 328 249 207 89 192 0 0 -1
normalized size | 1 1.00 0.76 0.63 0.27 0.59 0.00 0.00 -0.00
time (sec) N/A 0.351 0.384 0.064 1.829 1.237  0.000 0.000 0.000
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 86 86 66 58 47 48 513 47 62
normalized size | 1 1.00 0.77 0.67 0.55 0.56 5.97 0.55 0.72
time (sec) N/A 0.068 0.098 0.037 0.851 1.042 2605 0386 0.496
Problem 62 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 8 8 8 7 6 6 7 6 6
normalized size | 1 1.00 1.00 0.88 0.75 0.75 0.88 0.75 0.75
time (sec) N/A 0.010 0.002 0.022 0.985 0977 75.626 0357 0.427
Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD  TBD TBD
size 21 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.020 1.010 0.985 0.000  0.657  0.000 0.000 0.000
Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 23 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.022 1.286 0.895 0.000  1.537 0.000 0.000 0.000
Problem 65 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 93 93 89 0 0 0 0 0 -1
normalized size | 1 1.00 0.96 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.102 0.174 1.051 0.000  1.702 0.000 0.000  0.000
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Problem 66 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 39 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.03
time (sec) N/A 0.049 0.933 0.914 0.000 0935 0.000 0.000 0.000
Problem 67] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 131 131 149 0 0 0 0 0 -1
normalized size | 1 1.00 1.14 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.167 0.428 1.000 0.000 0910 0.000 0.000  0.000
Problem 68 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 41 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.054 1.142 0.943 0.000  1.004 0.000 0.000 0.000
Problem 69 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 26 26 24 25 90 35 0 0 -1
normalized size | 1 1.00 0.92 0.96 3.46 1.35 0.00 0.00 -0.04
time (sec) N/A 0.034 0.066 0.027 1.741 1.311  0.000 0.000  0.000
Problem 70 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 43 43 37 45 99 48 0 0 -1
normalized size | 1 1.00 0.86 1.05 2.30 1.12 0.00 0.00 -0.02
time (sec) N/A 0.058 0.094 0.054 2.361 0.652  0.000 0.000 0.000
Problem 71 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 67 67 53 52 179 74 0 0 -1
normalized size | 1 1.00 0.79 0.78 2.67 1.10 0.00 0.00 -0.01
time (sec) N/A 0.086 0.127 0.053 1.863  0.820  0.000 0.000  0.000
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Problem 72 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 79 79 66 77 188 87 0 0 -1
normalized size | 1 1.00 0.84 0.97 2.38 1.10 0.00 0.00 -0.01
time (sec) N/A 0.094 0.137 0.054 2,619 0900 0.000 0.000 0.000
Problem 73 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 83 83 92 75 0 0 0 0 -1
normalized size | 1 1.00 1.11 0.90 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.022 0.082 0.119 0.000  1.136  0.000 0.000  0.000
Problem 74 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 102 102 94 0 0 0 0 0 -1
normalized size | 1 1.00 0.92 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.069 0.246 0.231 0.000 0934 0.000 0.000 0.000
Problem 75 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 179 179 173 0 0 0 0 0 -1
normalized size | 1 1.00 0.97 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.079 0.242 0.284 0.000  0.815 0.000 0.000 0.000
Problem 76 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 105 105 115 111 0 0 0 0 -1
normalized size | 1 1.00 1.10 1.06 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.075 0.205 0.160 0.000 0993 0.000 0.000 0.000
Problem 77| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 141 141 129 0 0 0 0 0 -1
normalized size | 1 1.00 0.91 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.160 0.520 0.188 0.000 0942 0.000 0.000 0.000
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Problem 78 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 229 229 221 0 0 0 0 0 -1
normalized size | 1 1.00 0.97 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.212 0.559 0.253 0.000  0.681 0.000 0.000 0.000
Problem 79 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 47 47 45 45 0 62 0 0 -1
normalized size | 1 1.00 0.96 0.96 0.00 1.32 0.00 0.00 -0.02
time (sec) N/A 0.086 0.096 0.041 0.000  0.838  0.000 0.000 0.000
Problem 80 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 69 69 53 65 0 72 0 0 -1
normalized size | 1 1.00 0.77 0.94 0.00 1.04 0.00 0.00 -0.01
time (sec) N/A 0.121 0.192 0.059 0.000 0962 0.000 0.000 0.000
Problem 81 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 113 113 95 101 0 117 0 0 -1
normalized size | 1 1.00 0.84 0.89 0.00 1.04 0.00 0.00 -0.01
time (sec) N/A 0.200 0.238 0.058 0.000  1.038 0.000 0.000 0.000
Problem 82 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 78 78 70 65 0 90 0 0 -1
normalized size | 1 1.00 0.90 0.83 0.00 1.15 0.00 0.00 -0.01
time (sec) N/A 0.111 0.137 0.043 0.000 0923 0.000 0.000 0.000
Problem 83 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 95 95 82 89 0 106 0 0 -1
normalized size | 1 1.00 0.86 0.94 0.00 1.12 0.00 0.00 -0.01
time (sec) N/A 0.147 0.224 0.059 0.000  0.702 0.000 0.000 0.000
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Problem 84 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 165 165 141 144 0 167 0 0 -1
normalized size | 1 1.00 0.85 0.87 0.00 1.01 0.00 0.00 -0.01
time (sec) N/A 0.253 0.360 0.067 0.000 0924 0.000 0.000 0.000
Problem 85 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 99 99 76 131 256 112 0 159 80
normalized size | 1 1.00 0.77 1.32 2.59 1.13 0.00 1.61 0.81
time (sec) N/A 0.068 0.285 0.027 3.190 0.815 0.000 0457 0.146
Problem 86 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 47 47 42 63 197 63 0 119 39
normalized size | 1 1.00 0.89 1.34 4.19 1.34 0.00 2.53 0.83
time (sec) N/A 0.032 0.049 0.026 1.870 0990 0.000 0.550 0.071
Problem 87] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 29 29 29 36 84 40 0 55 32
normalized size | 1 1.00 1.00 1.24 2.90 1.38 0.00 1.90 1.10
time (sec) N/A 0.006 0.008 0.020 0.823 0951 0.000 0.400 0.062
Problem 88 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 15 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.07
time (sec) N/A 0.008 2.647 0.150 0.000 0.921  0.000 0.000 0.000
Problem 89 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 15 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.07
time (sec) N/A 0.009 5.219 0.133 0.000 0.655 0.000 0.000 0.000
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Problem 90 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B B A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 346 346 224 825 672 103 269 480 -1
normalized size | 1 1.00 0.65 2.38 1.94 0.30 0.78 1.39 -0.00
time (sec) N/A 0.305 0.831 0.050 0.645 1.750 1.647 0.454 0.000
Problem 91 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 167 167 71 299 263 67 151 166 -1
normalized size | 1 1.00 0.43 1.79 1.57 0.40 0.90 0.99 -0.01
time (sec) N/A 0.136 0.283 0.043 0365 0796 0517 0.474 0.000
Problem 92 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 54 54 48 61 60 42 66 42 42
normalized size | 1 1.00 0.89 1.13 1.11 0.78 1.22 0.78 0.78
time (sec) N/A 0.027 0.074 0.021 0300 0916 0403 0329 0.344
Problem 93 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F C F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 126 126 145 271 0 149 0 0 -1
normalized size | 1 1.00 1.15 2.15 0.00 1.18 0.00 0.00 -0.01
time (sec) N/A 0.239 0.671 0.058 0.000 0924 0.000 0.000 0.000
Problem 94 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 184 184 240 714 0 210 0 0 -1
normalized size | 1 1.00 1.30 3.88 0.00 1.14 0.00 0.00 -0.01
time (sec) N/A 0.349 1.205 0.081 0.000 0975 0.000 0.000 0.000
Problem 95 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B B A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 537 537 382 1809 1349 182 0 1104 -1
normalized size | 1 1.00 0.71 3.37 2.51 0.34 0.00 206  -0.00
time (sec) N/A 0.511 1.098 0.050 0.750 0951 0.000 0.496  0.000
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Problem 96 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 261 261 117 655 523 110 0 370 -1
normalized size | 1 1.00 0.45 2.51 2.00 0.42 0.00 1.42 -0.00
time (sec) N/A 0.231 0.425 0.045 0.696  0.773 0.000 1.259 0.000
Problem 97] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 85 85 65 131 118 57 94 81 68
normalized size | 1 1.00 0.76 1.54 1.39 0.67 1.11 0.95 0.80
time (sec) N/A 0.055 0.113 0.034 0436  1.093 1.161 0429 0.382
Problem 98 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F C F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 234 234 243 279 0 287 0 0 -1
normalized size | 1 1.00 1.04 1.19 0.00 1.23 0.00 0.00 -0.00
time (sec) N/A 0.468 0.428 0.067 0.000  1.089  0.000 0.000 0.000
Problem 99 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 332 332 138 933 0 406 0 0 -1
normalized size | 1 1.00 0.42 2.81 0.00 1.22 0.00 0.00 -0.00
time (sec) N/A 0.741 0.602 0.097 0.000 0791  0.000 0.000  0.000

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The

rules column is the number of unique rules used. The integrand size column is the leaf

number of rules

size of the integrand. Finally the ratio is given. The larger this ratio is, the

integrand size
harder the integral was to solve. In this test, problem number [35] had the largest ratio

of [.6250]
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Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized
# | grade steps unique antiderivative ntegrand %
o . - leaf size integrand leaf size
1 A 3 3 1.00 12 0.250
2 A 4 4 1.00 12 0.333
3 A 2 2 1.00 10 0.200
4 A 3 3 1.00 8 0.375
5 A 3 3 1.00 12 0.250
6 A 4 4 1.00 12 0.333
7 A 5 5 1.00 12 0.417
8 A 3 3 1.00 14 0.214
9 A 6 5 1.00 14 0.357
100 A 3 3 1.00 12 0.250
11 A 5 4 1.00 10 0.400
12(| A 5 4 1.00 14 0.286
13 A 6 6 1.00 14 0.429
14{| A 7 6 1.00 14 0.429
15 A 4 4 1.00 14 0.286
16/ A 10 5 1.00 14 0.357
171 A 3 2 1.00 12 0.167
18 A 8 4 1.00 10 0.400
19 A 8 4 1.00 14 0.286
200 A 9 5 1.00 14 0.357
21 A 12 6 1.00 14 0.429
22| A 3 2 1.00 12 0.167
23 A 4 3 1.00 14 0.214
24 | A 4 3 1.00 14 0.214
25 A 3 2 1.00 14 0.143
26| A 3 2 1.00 14 0.143
27/ A 4 3 1.00 14 0.214
28 A 4 3 1.00 14 0.214
29 A 7 5 1.00 16 0.312
30| A 7 5 1.00 16 0.312
31 A 6 4 1.00 16 0.250
32| A 6 4 1.00 16 0.250
33 A 7 5 1.00 16 0.312
34| A 7 6 1.00 16 0.375
35 A 5 5 1.00 8 0.625

Continued on next page
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35

number of number of normalized
# | grade steps unique antiderivative ntegrand %
L . - leaf size integrand leaf size
36| A 3 3 1.00 12 0.250
37| A 2 2 1.00 12 0.167
38 A 3 3 1.00 12 0.250
39 A 4 3 1.00 12 0.250
40| A 5 5 1.00 8 0.625
41 A 3 3 1.00 12 0.250
42/ A 4 4 1.00 12 0.333
43 A 2 2 1.00 12 0.167
441 A 5 5 1.00 12 0.417
45 A 3 3 1.00 14 0.214
46/ | A 2 2 1.00 12 0.167
47/ A 3 3 1.00 6 0.500
48 A 3 3 1.00 8 0.375
49 A 13 7 1.00 16 0.438
50 A 10 7 1.00 16 0.438
51 A 7 7 1.00 16 0.438
52| A 8 7 1.00 16 0.438
53 A 11 7 1.00 16 0.438
54| A 14 7 1.00 16 0.438
55 A 15 10 1.00 18 0.556
56| A 12 9 1.00 18 0.500
571 A 9 8 1.00 18 0.444
58 A 10 9 1.00 18 0.500
59 A 12 10 1.00 18 0.556
60| A 16 9 1.00 18 0.500
61 A 7 5 1.00 8 0.625
62| A 2 2 1.00 12 0.167
63 A 0 0 0.00 0 0.000
64| A 0 0 0.00 0 0.000
65 A 3 3 1.00 20 0.150
66(| A 0 0 0.00 0 0.000
67| A 5 5 1.00 22 0.227
68 A 0 0 0.00 0 0.000
69 A 3 3 1.00 12 0.250
700 A 5 4 1.00 14 0.286
71 A 8 4 1.00 14 0.286

Continued on next page
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36

number of number of normalized
# | grade steps unique antiderivative ntegrand %
o . o leaf size integrand leaf size
72| A 8 4 1.00 14 0.286
73 A 3 2 1.00 8 0.250
74| A 5 3 1.00 10 0.300
75 A 8 3 1.00 10 0.300
76/ A 3 2 1.00 12 0.167
771 A 5 3 1.00 14 0.214
78 A 8 3 1.00 14 0.214
79 A 5 5 1.00 16 0.312
80| A 7 6 1.00 18 0.333
81 A 12 6 1.00 18 0.333
82| A 6 5 1.00 16 0.312
83 A 8 6 1.00 18 0.333
84| A 14 6 1.00 18 0.333
85 A 7 6 1.00 12 0.500
86[| A 5 4 1.00 10 0.400
87| A 1 1 1.00 8 0.125
88 A 0 0 0.00 0 0.000
89 A 0 0 0.00 0 0.000
90| | A 14 3 1.00 18 0.167
91 A 8 3 1.00 16 0.188
92| A 3 3 1.00 14 0.214
93 A 8 4 1.00 18 0.222
o4 | A 10 6 1.00 18 0.333
95 A 20 4 1.00 18 0.222
96| A 11 4 1.00 16 0.250
9711 A 4 3 1.00 14 0.214
98 A 11 4 1.00 18 0.222
99 A 13 6 1.00 18 0.333




Chapter 3

Listing of integrals

3.1 f x3 cos (a + bxz) dx

Optimal. Leaf size=34

CoS (a + bxz) x% sin (a + bxz)
w2 2%

[Out] 1/2*cos(b*x"2+a)/b~2+1/2*x " 2xsin(b*x~2+a)/b

Rubi [A] time = 0.03, antiderivative size = 34, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 12,

number of rules _ ).250, Rules used = {3380, 3296, 2638}

integrand size

cos (a + bxz) x% sin (a + bxz)
w 2%

Antiderivative was successfully verified.

[In] Int[x"3*Cos[a + b*x~2],x]

[Out] Cos[a + bxx72]/(2%b72) + (x72*Sin[a + bxx"2])/(2+%b)
Rule 2638

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3296

Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + fxx])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos|[
e + f*x], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_)*(x_)"(n )I*(M_.)) " (p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x]) p
, xJ, x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQIm, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/n], 0]))

Rubi steps
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1
fx3 cos (a + bxz) dx = 5 Subst (fxcos(a + bx)dx, x, xz)

x%sin (a + bxz) Subst ( [ sin(a + bx) dx, x, xz)

2b 2b
cos (a + bxz) x?% sin (a + bxz)
ST o2 2%

Mathematica [A] time = 0.05, size = 29, normalized size = 0.85

bx? sin (a + bxz) + Cos (a + bxz)
202

Antiderivative was successfully verified.

[In] Integrate[x™3*Cos[a + bxx"2],x]
[Out] (Cos[a + b*x"2] + bxx"2*Sinl[a + b*x72])/(2%b~2)
fricas [A] time = 0.57, size = 27, normalized size = 0.79
bx? sin (bx2 + a) + cos (bx2 + a)
202

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cos(b*x~2+a),x, algorithm="fricas")
[Out] 1/2*%(b*x"2*sin(b*x~2 + a) + cos(b*x™2 + a))/b"2
giac[A] time = 0.38, size = 27, normalized size = 0.79

bx? sin (bx2 + a) + cos (bx2 + a)
2b?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cos(b*x~2+a),x, algorithm="giac")

[Out] 1/2%(b*x"2xsin(b*x"2 + a) + cos(b*x”2 + a))/b"2

maple [A] time = 0.02, size = 31, normalized size = 0.91
cos (b x? + a) x? sin (b x% + a)

T 2D

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*cos(b*x~2+a),x)
[Out] 1/2*cos(b*x~2+a)/b~2+1/2*x"2*sin(b*x~2+a) /b
maxima [A] time = 1.11, size = 27, normalized size = 0.79
bx? sin (bxz + a) + cos (bx2 + a)
2 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cos(b*x"2+a),x, algorithm="maxima"

38
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[Out] 1/2*%(b*x"2*sin(b*x"2 + a) + cos(b*x™2 + a))/b"2

mupad [B] time = 0.10, size = 27, normalized size = 0.79

cos (bx2 + a) +bx? sin(bx2 + a)
2b?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*cos(a + b*x"2),x)
[Out] (cos(a + b*x"2) + b*x"2%sin(a + b*x"2))/(2xb"2)

sympy [A] time = 0.77, size = 36, normalized size = 1.06

x2 sin (a+bx2) cos (a+bx2)

> + — forb # 0

x* cos (a)

1 otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*cos(b*x**2+a),x)

[Out] Piecewise((x**2xsin(a + b*x**2)/(2*b) + cos(a + b*x*x2)/(2*xb**2), Ne(b, 0))
, (x*xx4dxcos(a)/4, True))
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32  [x%cos (a + bxz) dx
Optimal. Leaf size=91

7 on@C (Vo) 5 cos@s (Voy2a) s a )

2b3/2 2b3/2 2b

[Out] 1/2*x*sin(b*x"2+a)/b-1/4xcos(a)*FresnelS(xxb~(1/2)*2"(1/2)/Pi~(1/2))*2"(1/2
)¥Pi~(1/2) /b~ (3/2)-1/4*FresnelC(x*b~(1/2)*27(1/2) /Pi~(1/2))*sin(a)*2~(1/2)*
Pi~(1/2)/b~(3/2)

Rubi [A] time = 0.07, antiderivative size = 91, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 12,

number of rules _ ) 333, Rules used = {3386, 3353, 3352, 3351}

integrand size

\/g sin(a)FresnelC (\/g \/Ex) \/7 cos(a)S (\/—\/7 ) x sin a + bx )

2b3/2 B 2632 2b

Antiderivative was successfully verified.
[In] Int[x"2*Cos[a + b*x"2],x]

[Out] -(Sqrt[Pi/2]*Cos[al*FresnelS[Sqrt[b]*Sqrt[2/Pil*x])/(2xb~(3/2)) - (Sqrt[Pi/
2] #*FresnelC[Sqrt [b] *Sqrt [2/Pi]*x]*Sin[a])/(2*xb~(3/2)) + (x*Sin[a + b*x~2])/
(2%Db)

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3353

Int[Sin[(c_) + (d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Dist[Sin[c], Int
[Cos[dx(e + fxx)~2], x], x] + Dist[Cos[c], Int[Sin[d*x(e + f*x)~2], x], x] /
; FreeQ[{c, d, e, f}, xI

Rule 3386

Int[Cos[(c_.) + (d_)*(x_ )" (n_)]*((e_.)*(x_)) " (m_.), x_Symbol] :> Simp[(e”(
n - DD*x(exx)"(m - n + 1)*Sin[c + d*x"n])/(d*n), x] - Dist[(e™n*(m - n + 1))
/(d*n), Int[(exx)"(m - n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] &&
IGtQ[n, 0] && LtQ[n, m + 1]

Rubi steps

xsin (a + bxz) [ sin (a + bxz) dx
2b - 2b
x sin (a + bxz) cos(a) fsin( 2) dx sin a)fcos (bxz) dx

2b
_\/g cos(a)S (‘/E\/g ) \/7(:(‘/—\/7 )sm(a) x sin (a + bx )

20372 20372 2b

fxz cos (a + bxz) dx =
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Mathematica [A] time = 0.15, size = 82, normalized size = 0.90

—v27t sin(a)C (\/_[ ) 271 cos(a)S (\/_[ ) + 2\/Exs1n (a + bx )

153

Antiderivative was successfully verified.

[In] Integrate[x~2*Cos[a + b*x"2],x]

[Out] (-(Sqrt[2*Pi]*Cos[a]*FresnelS[Sqrt[b]*Sqrt[2/Pi]l*x]) - Sqrt[2#Pi]*FresnelC[
Sqrt [b]*Sqrt [2/Pi]*x]*Sin[a] + 2xSqrt[b]l*x*Sin[a + bxx~2])/(4%xb~(3/2))

fricas [A] time = 0.64, size = 72, normalized size = 0.79

\/En[ cos(a) S ( 2x[) \/En[ ( \/g) sin(a) — 2 bx sin (bx2 + a)

412

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(b*x~2+a),x, algorithm="fricas")

[Out] -1/4x*(sqrt(2)*pi*sqrt(b/pi)*cos(a)*fresnel_sin(sqrt(2)*x*sqrt(b/pi)) + sqrt
(2)*pi*sqrt (b/pi)*fresnel_cos(sqrt(2)*xxsqrt(b/pi))*sin(a) - 2*bxx*sin(b*x”

2 +a))/b"2

time = 0.54, size = 135, normalized size = 1.48

giae [C]
i plib?+ia) o (-ibx?-ia) iV2+/m erf (—l \/Ex(—m + 1)\/@)6(”‘) iV2+/m erf (—l V2 x (|b| + 1) Ibl)e'
T av T 4v 819(_m n 1) ] ’ Sb(lbl ¥ 1) 0]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(b*x~2+a),x, algorithm="giac")
g g g

[Out] -1/4xIxxxe” (I*b*x~2 + I*a)/b + 1/4xI*xxxe” (-I*b*x~2 - Ixa)/b - 1/8%I*sqrt(2)
xsqrt (pi) *erf (-1/2*sqrt (2) *x* (-I*b/abs(b) + 1)*sqrt(abs(b)))*e”(I*a)/(b*(-I
xb/abs(b) + 1)*sqrt(abs(b))) + 1/8%Ixsqrt(2)*sqrt(pi)*erf (-1/2*sqrt(2)*xx*(I
xb/abs(b) + 1)*sqrt(abs(b)))*e”(-I*xa)/(bx(I*b/abs(b) + 1)*sqrt(abs(b)))

maple [A] time = 0.02, size = 58, normalized size = 0.64

¥ sin (b 2+ a) V2 T (cos(a)S (X\/\E/%\/E) + sin(a) FresnelC (X\/jgx/i ))

3
2b 4p2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(b*x~2+a),x)
[Out] 1/2*x*sin(b*xx"2+a)/b-1/4/b"(3/2)*2"(1/2)*Pi~(1/2)*(cos(a)*FresnelS(x*xb~(1/2
)%27(1/2)/Pi~(1/2))+sin(a)*FresnelC(x*b~(1/2)*2~(1/2)/Pi~(1/2)))

maxima [C] time = 2.05, size = 67, normalized size = 0.74

8b2xsin (bx2 + a) + V2 (- (i + 1) cos(a) + (i - 1) sin(a)) erf (Vibx) + ((i - 1) cos(a) - (i + 1) sin(a)) e
1663

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(b*x~2+a),x, algorithm="maxima"
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[Out] 1/16%(8*b~2xx*sin(b*x~2 + a) + sqrt(2)*sqrt(pi)*((-(I + 1) *cos(a) + (I - 1)
xsin(a))*erf (sqrt(I*b)*x) + ((I - 1)*cos(a) - (I + 1)*sin(a))*erf(sqrt(-Ix*b
)*x))*b~(3/2)) /073

mupad [F]  time = 0.00, size = -1, normalized size = -0.01
fxz cos (bx2 + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(a + b*x"2),x)
[Out] int(x"2*cos(a + b*x72), x)

sympy [B] time = 1.94, size = 209, normalized size = 2.30

35 1
3 T . 3\ (5 474 | p2s 1 1\ (3 4’ b2t
b2x5\/; sin (a)T (Z) r (Z) oF5 —Tx \/Ex?’\/; cos (a)T (Z) r (Z) oF3 —Tx

o

Verification of antiderivative is not currently implemented for this CAS.

N W

[In] integrate(x**2*cos(b*x**2+a) ,x)

[Out] b**(3/2)*x**5*sqrt(1/b)*sin(a)*gamma (3/4)*gamma (5/4) xhyper ((3/4, 5/4), (3/2
, T/4, 9/4), -b*x2xx*x*4/4)/(8*gamma (7/4)*gamma(9/4)) - sqrt(b)*x**3*sqrt(1/
b)*cos(a)*gamma (1/4) *gamma (3/4) *hyper ((1/4, 3/4), (1/2, 5/4, T/4), -b**2*xx*

x4/4) / (8*gamma (5/4) *gamma (7/4)) - sqrt(2)*sqrt(pi)*x**2*sqrt(1/b)*sin(a)*fr
esnels(sqrt(2)*sqrt(b) *x/sqrt(pi))/2 + sqrt(2)*sqrt(pi)*x**2xsqrt(1/b)*cos(
a)*fresnelc(sqrt(2)*sqrt(b)*x/sqrt(pi))/2
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3.3 fxcos (a + bxz) dx

Optimal. Leaf size=15
sin (a + bxz)
2b
[Out] 1/2*sin(b*xx~2+a)/b

Rubi [A] time = 0.01, antiderivative size = 15, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 10,

number ofrules _ 5 00, Rules used = {3380, 2637}

integrand size
sin (11 + bxz)
2b
Antiderivative was successfully verified.
[In] Int[x*Cos[a + b*x~2],x]
[Out] Sin[a + b*x~2]/(2%Db)
Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dxx]/d, x] /;
FreeQ[{c, 4}, x]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_ )" (n_)]*(b_.))"(p_)*(x)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosl[c + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQlp] && GtQ[Simplifyl[(
m + 1)/n], 01))

Rubi steps

1
fxcos (a + bxz) dx = 5 Subst (fcos(a +bx)dx, x, xz)
sin (a + bxz)
- 2b

Mathematica [A] time = 0.00, size = 15, normalized size = 1.00

sin (a + bxz)
2b

Antiderivative was successfully verified.

[In] Integrate[x*Cos[a + b*x~2],x]
[Out] Sin[a + bxx~2]/(2%b)
fricas [A] time = 0.85, size = 13, normalized size = 0.87
sin (bx2 + a)
2b

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(x*cos(b*x~2+a),x, algorithm="fricas")
[Out] 1/2*sin(b*x~2 + a)/b
giac [A] time = 0.38, size = 13, normalized size = 0.87
sin (bx2 + a)
2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x~2+a),x, algorithm="giac")
[Out] 1/2*sin(b*x"2 + a)/b
maple [A] time = 0.02, size = 14, normalized size = 0.93
sin (b X% + a)
2b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(b*x~2+a),x)
[Out] 1/2*sin(b*x~2+a)/b
maxima [A] time = 0.43, size = 13, normalized size = 0.87
sin (bx2 + a)
2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x~2+a),x, algorithm="maxima"
[Out] 1/2*sin(b*xx~2 + a)/b
mupad [B] time = 0.06, size = 13, normalized size = 0.87
sin (b x? + a)
2b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a + b*x"2),x)
[Out] sin(a + b*x72)/(2%*Db)

sympy [A] time = 0.17, size = 19, normalized size = 1.27

sin (u+bx2)

— forb #0

2

X" cos (4) otherwise

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x**2+a),x)

44

[Out] Piecewise((sin(a + b*x**x2)/(2xb), Ne(b, 0)), (x*x*x2xcos(a)/2, True))
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3.4 f COS (a + bxz) dx

Optimal. Leaf size=70

\/g cos(a)C (\/E \/gx) \/g sin(a)S (\/E \/gx)

Vb Vb

[Out] 1/2*cos(a)*FresnelC(xxb~(1/2)*27(1/2)/Pi~(1/2))*2~(1/2)*Pi~(1/2)/b~(1/2)-1/
2xFresnelS (x*xb~(1/2)*27(1/2)/Pi~(1/2))*sin(a)*2~(1/2)*Pi~(1/2) /b~ (1/2)

Rubi [A] time = 0.02, antiderivative size = 70, normalized size of antiderivative =

f rul
1.00, number of steps used = 3, number of rules used = 3, integrand size = 8§, number of rules

= 0.375, Rules used = {3354, 3352, 3351}

\/g cos(a)FresnelC (\/g Vb x) \/g sin(a)S (\/E \/% x)

Vb Vb

integrand size

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x"2],x]

[Out] (Sqrt[Pi/2]*Cos[a]l*FresnelC[Sqrt[bl*Sqrt[2/Pil*x])/Sqrt[b] - (Sqrt[Pi/2]*Fr
esnelS[Sqrt [b] *Sqrt [2/Pi]*x]*Sin[al)/Sqrt [b]

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)1)/(f*Rt[d, 21), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt [2/Pil*Rt[d, 2]*(e + f*xx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3354

Int[Cos[(c_) + (d_.)*x((e_.) + (f_.)*(x_))"2], x_Symbol] :> Dist[Cos[c], Int
[Cos[d*(e + f*x)~2], x], x] - Dist[Sin[c], Int[Sin[dx*(e + fx*x)~2], x], x] /
; FreeQl{c, d, e, f}, x]

Rubi steps

f cos (a + bxz) dx = cos(a) f oS (bxz) dx — sin(a) f sin (bxz) dx

\/g cos(a)C (\/E \/gx) \/gs (\/E \/gx) sin(a)
Vb

7 _

Mathematica [A] time = 0.09, size = 57, normalized size = 0.81

N (cos(a)C (\/E NE x) ~ sin(a)S (\/E NG x))

Vb

Antiderivative was successfully verified.
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[In] Integrate[Cos[a + bxx"2],x]
[Out] (Sqrt[Pi/2]*(Cos[a]*FresnelC[Sqrt[b]*Sqrt[2/Pil*x] - FresnelS[Sqrt[b]*Sqrt[
2/Pi]*x]*Sin[al))/Sqrt [b]

fricas [A] time = 0.82, size = 61, normalized size = 0.87

\/En\/g cos(a) C (\/Ex\/g) - \/En\/g S (\/Ex\/g) sin(a)
2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a),x, algorithm="fricas")
[Out] 1/2*(sqrt(2)*pixsqrt(b/pi)*cos(a)*fresnel cos(sqrt(2)*x*xsqrt(b/pi)) - sqrt(
2) *pi*sqrt (b/pi)*fresnel_sin(sqrt(2)*x*sqrt(b/pi))*sin(a))/b

giac [C] time = 0.39, size = 95, normalized size = 1.36

V2 erf (—% ‘/Ex(—f—bbl + 1) Ibl)e(i”) ) V2 /1 erf (—% \/Ex(% + 1) |b|)e(—i“)
ib ib
4(—m +1) i 4(m +1) i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a),x, algorithm="giac")

[Out] -1/4%*sqrt(2)*sqrt(pi)*erf (-1/2*sqrt(2)*x*(-Ixb/abs(b) + 1)*sqrt(abs(b)))*e”
(Ixa)/((-Ixb/abs(b) + 1)*sqrt(abs(b))) - 1/4*sqrt(2)*sqrt(pi)*erf(-1/2%sqrt
(2)*x* (I*¥b/abs(b) + 1)*sqrt(abs(b)))*e”(-I*a)/((I*b/abs(b) + 1)*sqrt(abs(b)

))

maple [A] time = 0.02, size = 44, normalized size = 0.63

V2 \n (cos(a) FresnelC (x‘/\;/i ) - sin(a)S (X\/jg‘/i ))

2vb

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a),x)
[Out] 1/2*%27(1/2)*Pi~(1/2)/b"(1/2)*(cos(a)*FresnelC(x*xb~(1/2)*2~(1/2)/Pi~(1/2))-s
in(a)*FresnelS(x*b~(1/2)*2~(1/2)/Pi~(1/2)))

maxima [C] time = 0.81, size = 48, normalized size = 0.69

V2 T (((i —1) cos(a) + (i + 1) sin(a)) erf (\/Ex) + (= (i+1) cos(a) — (i — 1) sin(a)) erf (\/Ex))
8 Vb

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a),x, algorithm="maxima"
[Out] -1/8*sqrt(2)*sqrt(pi)*(((I - 1)*cos(a) + (I + 1)xsin(a))*erf(sqrt(I*b)*x) +
(-(I + Dxcos(a) - (I - Dxsin(a))*erf(sqrt(-Ixb)*x))/sqrt(b)

time = 0.36, size = 51, normalized size = 0.73

V2 Vi C(ﬁ\/\f) cos(a) V2 s(‘fzvf) sin(a)

2+0b 2b

mupad [B]
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2),x)

[Out] (27(1/2)*pi~(1/2)*fresnelc((27(1/2)*b~(1/2)*x)/pi~(1/2))*cos(a))/(2*b~(1/2)
) - (27(1/2)*pi~(1/2) *fresnels ((27(1/2)*b~(1/2)*x) /pi~(1/2) )*sin(a))/(2*b~ (

1/2))
sympy [A] time = 0.44, size = 61, normalized size = 0.87

VR (sin@s () + cos@e (Y

2

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(b*x**2+a),x)

[Out] sqrt(2)*sqrt(pi)*(-sin(a)*fresnels(sqrt(2)*sqrt(b)*x/sqrt(pi)) + cos(a)*fre
snelc(sqrt(2)*sqrt(b)*x/sqrt(pi)))*sqrt(1/b)/2
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cos\a x2
35 | )

X

Optimal. Leaf size=25
! cos(a)Ci (bxz) ! sin(a)Si (bxz)
2 2

[Out] 1/2%Ci(b*x"2)*cos(a)-1/2%Si(b*xx~2)x*sin(a)

Rubi [A] time = 0.03, antiderivative size = 25, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 12,

number of rules _ ).250, Rules used = {3378, 3376, 3375}

integrand size

% cos(a)CosIntegral (bxz) - % sin(a)Si (bxz)

Antiderivative was successfully verified.

[In] Int[Cos[a + b*xx~2]/x,x]

[Out] (Cos[al*CosIntegral[b*x~2])/2 - (Sin[al*SinIntegral[b*x~2])/2
Rule 3375

Int[Sin[(d_.)*(x_)"(n_)]/(x_), x_Symbol] :> Simp[SinIntegral [d*x"n]/n, x] /
; FreeQ[{d, n}, x]

Rule 3376

Int[Cos[(d_.)*(x_)"(n_)]/(x_), x_Symbol] :> Simp[CosIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, x]

Rule 3378

Int[Cos[(c_) + (d_.)*(x_)"(n_)]/(x_), x_Symbol] :> Dist[Cos[c], Int[Cos[d*x
“n]/x, x], x] - Dist[Sin[c], Int[Sin[d*x"nl/x, x], x] /; FreeQ[{c, d, n}, x
]

Rubi steps

2 2 . 2
f cos (a + bx ) dx = cos(a) f cos Scbx ) dx - sin(a) f sin Ecbx ) 0

X
= %cos(a)Ci (bx?) - %sin(a)Si (bx?)

Mathematica [A] time = 0.05, size = 24, normalized size = 0.96
1
> (cos(@Ci (bx?) - sin()si (b))

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*xx"2]/x,x]
[Out] (Cos[al*CosIntegral[b*x~2] - Sin[al*SinIntegral [b*x~2])/2

fricas [A] time = 0.88, size = 29, normalized size = 1.16

(€1 (122) + Ci (~22)) cosa) - 5 sina) i (022)

=
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x,x, algorithm="fricas")
[Out] 1/4*(cos_integral(b*x~2) + cos_integral(-b*x~2))*cos(a) - 1/2*sin(a)*sin_in
tegral (bxx~2)

giac [A] time = 0.42, size = 21, normalized size = 0.84

% cos(a) Ci (bx?) - % sin(a) Si (bx?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x,x, algorithm="giac")

[Out] 1/2*cos(a)*cos_integral(b*x~2) - 1/2*sin(a)*sin_integral (b*x~2)

maple [A] time = 0.02, size = 22, normalized size = 0.88

Ci(bx?)cos(a)  Si(bx?)sin(a)
2 B 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x"2+a)/x,x)
[Out] 1/2%Ci(b*xx~2)*cos(a)-1/2%Si(b*x"2)*sin(a)

maxima [C] time = 1.14, size = 43, normalized size = 1.72

(i (0x2) + Bi (i) cos(a) + § (1Ei (ib2?) - i i (~i122)) sin(a)

AN

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x,x, algorithm="maxima"

[Out] 1/4*%(Ei(I*b*x~2) + Ei(-Ix*b*x"2))*cos(a) + 1/4%(I*Ei(I*b*x~2) - I*Ei(-Ixb*x~

2))*sin(a)
mupad [F] time = 0.00, size = -1, normalized size = -0.04

cos(a) cosint (b x2) sin(a) sinint (b xz)

2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"2)/x,x)
[Out] (cos(a)*cosint(b*x"2))/2 - (sin(a)*sinint(b*xx~2))/2
sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

f cos (a + bxz)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)/x,x)

[Out] Integral(cos(a + b*x**2)/x, x)



50

cos\a x2
36 | <) oy

x2

Optimal. Leaf size=80
b 2
=N sin@c(va yd ) Vb cos(o)s (vz\/% ] _ssleve)

[Out] -cos(b*x"2+a)/x-cos(a)*FresnelS(x*b~(1/2)*2~(1/2)/Pi~(1/2))*b~(1/2)*2~(1/2)
*Pi~(1/2)-FresnelC(x*xb~(1/2)*2~(1/2)/Pi~(1/2))*sin(a)*b~(1/2)*2~(1/2)*Pi~ (1
/2)

Rubi [A] time = 0.04, antiderivative size = 80, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 12,

number of rules _ ) 333, Rules used = {3388, 3353, 3352, 3351}

integrand size
—V2r Vb sin(a)FresnelC (\/% \/Ex) ~V2r Vb cos(a)S (\/E % x] -

cos (a + bxz)

X

Antiderivative was successfully verified.
[In] Int[Cosl[a + b*x"2]/x"2,x]

[Out] -(Cos[a + b*x~2]/x) - Sqrt[b]l*Sqrt[2*Pi]*Cos[a]*FresnelS[Sqrt [b]*Sqrt[2/Pi]
*x] - Sqrt[b]l*Sqrt[2*Pi]*FresnelC[Sqrt[b]*Sqrt[2/Pi]*x]*Sin[a]

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pil*Rt[d, 2]*(e + f*xx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3353

Int[Sin[(c_) + (d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Dist[Sin[c], Int
[Cos[d*x(e + fxx)~2], x], x] + Dist[Cos[c], Int[Sin[dx(e + f*xx)"2], x], x] /
; FreeQ[{c, d, e, f}, xI

Rule 3388

Int[Cos[(c_.) + (d_)*(x_)"(n_)]*((e_.)*(x_)) " (m_), x_Symbol] :> Simp[((exx
) (m + 1)*Cos[c + d*x"n])/(ex(m + 1)), x] + Dist[(d*n)/(e"n*(m + 1)), Int[(
exx)”"(m + n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] && IGtQ[n, O] &&
LtQ[m, -1]

Rubi steps
2 2
fcos (a : b?) dy = _M - (2b)fsin (a+bx?) dx
X X

cos (a + bxz)

= ————— - (?bcos(a)) f sin (bx2) dx - (2bsin(a)) f cos (bx?) dx
b 2
B cos(a)S[%\Ex) - x/Ex/z_nc[x/E\Ex)smm)

X
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Mathematica [A] time = 0.18, size = 81, normalized size = 1.01

sin(a) sin (bxz) cos(a) cos (bxz)

V2 Vb [sin(a)C [\/E %x) + cos(a)S (\/E %x)) + ” "

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x"2]/x72,x]
[Out] -((Cos[al*Cos[b*xx~2])/x) - Sqrt[b]*Sqrt[2+Pi]*(Cos[a]*FresnelS[Sqrt[b]*Sqrt
[2/Pi]*x] + FresnelC[Sqrt[b]*Sqrt[2/Pil*x]*Sin[al) + (Sin[a]*Sin[b*x~2])/x

fricas [A] time = 0.87, size = 70, normalized size = 0.88

\/Enx\/g cos(a) S (\/E x\/g) + \/inx\/g C (\/Ex\/g) sin(a) + cos (bx2 + a)

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x"2,x, algorithm="fricas")

[Out] -(sqrt(2)*pi*x*sqrt(b/pi)*cos(a)*fresnel_sin(sqrt(2)*x*sqrt(b/pi)) + sqrt(2
)*pi*x*sqrt(b/pi)*fresnel cos(sqrt(2)*xxsqrt(b/pi))*sin(a) + cos(b*x"2 + a)

)/x

giac [F] time = 0.00, size = 0, normalized size = 0.00
cos (b2 + a)
[a s
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x"2,x, algorithm="giac")

[Out] integrate(cos(b*x~2 + a)/x"2, x)

time = 0.03, size = 57, normalized size = 0.71

_cos(bxﬂ Vb2 \n (Cos(a)S [X\/EE\/E] + sin(a) FresnelC (x\/jg\/i ]]

maple [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x"2+a)/x"2,x)
[Out] -cos(b*x"2+a)/x-b~(1/2)*2"(1/2)*Pi~(1/2)*(cos(a)*FresnelS(xxb~(1/2)*2~(1/2)
/Pi~(1/2))+sin(a)*FresnelC(x*b~(1/2)*2~(1/2)/Pi~(1/2)))

maxima [C] time = 1.58, size = 73, normalized size = 0.91

\/ﬁ((— (i+1) \/EF(—%,ibxz) Fi-1) \/EF(—%, —ibxz))cos(a) ; ((i—l) \/EF(—%,ibxz) _(i+1) V2T

8x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x”2+a)/x"2,x, algorithm="maxima"

[Out] 1/8*sqrt(b*x"2)*((-(I + 1)*sqrt(2)*gamma(-1/2, Ixb*x~2) + (I - 1)x*sqrt(2)x*g

amma (-1/2, -Ixb*x~2))*cos(a) + ((I - 1)*sqrt(2)*gamma(-1/2, I*b*xx~2) - (I +
1)*sqrt(2) *gamma(-1/2, -Ixb*x72))*sin(a))/x



mupad [F] time = 0.00, size = -1, normalized size = -0.01

dx

f cos (b x% + a)

x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"2)/x"2,x)
[Out] int(cos(a + b*x~2)/x72, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

f cos (a + bxz)

xz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)/x**2,x)

[Out] Integral(cos(a + b*x*x2)/x**2, x)

52
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cos\a x2
37 | )

x3

Optimal. Leaf size=42

cos (a + bxz)

_%b sin(a)Ci (bxz) B %b cos(a)St (bxz) B 2x?

[Out] -1/2*cos(b*x"2+a)/x"2-1/2xb*cos(a)*Si(bxx~2)-1/2%b*Ci(b*x~2)*sin(a)

Rubi [A] time = 0.09, antiderivative size = 42, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 12,

number of rules _ ) 417, Rules used = {3380, 3297, 3303, 3299, 3302}

integrand size

cos (a + bxz)

1 1
- 2 (a2
_Eb sin(a)CosIntegral (bx ) - Eb cos(a)Si (bx ) - 22

Antiderivative was successfully verified.
[In] Int[Cosl[a + b*x~2]/x"3,x]

[Out] -Cos[a + b*x~2]/(2*x"2) - (b*CosIntegral[b*x~2]*Sin[a])/2 - (b*Cos[a]*SinIn
tegral [bxx~2])/2

Rule 3297

Int[((c_.) + (@_)*(x)) " (m_)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x)"(m + 1)*Sinfe + f*xx])/(d*(m + 1)), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)~(m + 1)*Cos[e + f*x], x], x] /; FreeQ[{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3299

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[dxe - cx*f, O]

Rule 3302

Int[sinl(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fxx]/d, x] /; FreeQ[{c, 4, e, f}, x] && EqQ[dx(e - Pi/2) -
cxf, 0]

Rule 3303

Int[sin[(e_.) + (£_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(dx
e - cxf)/d], Int[Sin[(c*xf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[(c*xf)/d + fxx]/(c + d*x), x], x] /; FreeQ[{c, d, e, £}, x] &&
NeQ[d*e - cxf, 0]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_)*x(x )" (n )]*(_.))"(p_)*(x)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosl[c + d*x])7p
, x], x, x"nl, x] /; FreeQ[{a, b, ¢, 4, m, n, p}, x] && IntegerQ[Simplifyl[(
m + 1)/n]] && (EqQlp, 11 || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplify[(
m + 1)/n], 01))

Rubi steps
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cos (a + bx? 1 b
fﬁdx = ESubst(fwdx,x,xz)

x3 x2
cos(a+bx?) 1 i b
= —M — =bSubst fwdx,x, x?
2x2 2 x
cos (a + bxz) 1 sin(bx) ) 1 cos(bx)
== —(b cos(a)) Subst f dx, x,x=| — =(bsin(a)) Subst f
2x 2 2
cos (a + bxz) 1 1
_ . 2\ . . 2
S EbCl (bx )sm(a) - Eb cos(a)Si (bx )

Mathematica [A] time = 0.07, size = 42, normalized size = 1.00

b2 sin(a)Ci (bx2) + bx? cos(a)Si (bx?) + cos (a + bx?)

2x2

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*xx~2]/x73,x]

[Out] -1/2%(Cos[a + b*x~2] + bxx"2*CosIntegral [bxx~2]*Sin[a] + b*x~2*Cos[a]*SinIn
tegral [b*xx~2])/x72

fricas [A] time = 0.93, size = 57, normalized size = 1.36

2 bx2 cos(a) Si (bx?) + (bx? Ci (bx?) + bx? Ci (~bx?)) sin(a) + 2 cos (bx? + a)

4 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x"3,x, algorithm="fricas")

[Out] -1/4%(2*%b*x~2*cos(a)*sin_integral(b*x~2) + (b*x~2*cos_integral (b*x~2) + b*x
“2xcos_integral (-b*x~2))*sin(a) + 2*cos(b*x"2 + a))/x"2

giac [B] time = 0.49, size = 87, normalized size = 2.07

(bxz + a)bz Ci (bxz) sin(a) — ab?® Ci (bxz) sin(a) + (bx2 + a)bz cos(a) Si (bxz) — ab? cos(a) Si (bxz) + b? cos (bx
2 b2x?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x"3,x, algorithm="giac")

[Out] -1/2%((b*xx"2 + a)*b~2xcos_integral (b*x~2)*sin(a) - a*b~2*cos_integral (bxx~2
)*sin(a) + (b*x"2 + a)*b~2xcos(a)*sin_integral (b*x~2) - ax*b~2*cos(a)*sin_in
tegral (bxx~2) + b~2*cos(b*xx"2 + a))/(b~2*x"2)

maple [A] time = 0.02, size = 39, normalized size = 0.93
cos (b x% + a) cos(a) Si (b xz) sin(a) Ci (b xz)

B a—— 2 M 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x"2+a)/x"3,x)

[Out] -1/2*cos(b*x~2+a)/x"2-b*x(1/2*cos(a)*Si(b*x~2)+1/2*xsin(a)*Ci(b*x~2))
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maxima [C] time = 1.07, size = 48, normalized size = 1.14
—% ((if (—1, i bxz) —iT (—1, —i bxz)) cos(a) + (F (—1, i bxz) +T (—1, —i bxz)) sin(a))b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x"3,x, algorithm="maxima"

[Out] -1/4%((I*xgamma(-1, I*b*x~2) - Ixgamma(-1, -Ixb*x~2))*cos(a) + (gamma(-1, Ix
b*x~2) + gamma (-1, -Ixb*x~2))*sin(a))*b

mupad [F] time = 0.00, size = -1, normalized size = -0.02

dx

f cos (b x% + a)

3
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"2)/x"3,x)
[Out] int(cos(a + b*x"2)/x"3, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

f cos (a + bxz)

X3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)/x**3,x)

[Out] Integral(cos(a + b*xx**2)/x**3, x)
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38 [ x%cos? (a + bxz) dx
Optimal. Leaf size=51

cos? (a + bxz) x? sin (a + bxz) COS (a + bxz) A
sz 4b )

[Out] 1/8*x"4+1/8%*cos(b*x"2+a) ~2/b"2+1/4xx"2*xcos (b*x~2+a)*sin(b*xx"2+a)/b

Rubi [A] time = 0.05, antiderivative size = 51, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 14,

number of rules _ ) 214, Rules used = {3380, 3310, 30}

integrand size

cos? (a + bxz) x% sin (a + bxz) COS (a + bxz) 4
sz 4b )

Antiderivative was successfully verified.
[In] Int[x"3*Cosl[a + b*x"2]72,x]

[Out] x"4/8 + Cos[a + b*xx"2]72/(8%b"2) + (x"2xCos[a + b*xx"2]*Sin[a + b*xx"2])/(4x*b
)

Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 3310

Int[((c_.) + (d_.)*(x_))*((b_.)*sin[(e_.) + (f_.)*x(x_)]1)"(n_), x_Symbol] :>
Simp[(d*(b*Sin[e + f*x])"n)/(£f72*n"2), x] + (Dist[(b™2x(n - 1))/n, Int([(c
+ d*x)*(b*Sinle + f*x])~(n - 2), x], x] - Simp[(b*(c + d*x)*Cos[e + f*x]*(b
xSinfe + f*x])"(n - 1))/(f*n), x]) /; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1

]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_.)*x(x )" (n )]*(b_.))"(p_)*(x)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosl[c + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] & IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 11 || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplify[(
m + 1)/n], 0]))

Rubi steps

1
fx3 cos? (a + bxz) dx = 5 Subst (fxcosz(a + bx)dx, x, xz)

2 2 2 2\ o 2
_ cos (gb: bx ) s X“ Ccos (a + bx4g sin (a + bx ) .\ jISubst (fxdx, x,xz)
¥4 cos? (a + bxz) x% cos (a + bxz) sin (a + bxz)
3T T s ab

Mathematica [A] time = 0.11, size = 40, normalized size = 0.78

2bx? (sin (2 (a + bxz)) + bxz) + cos (2 (a + bxz))
1602
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Antiderivative was successfully verified.
[In] Integrate[x™3*Cos[a + b*x"2]72,x]
[Out] (Cos[2*(a + b*x72)] + 2xb*x"2x(b*x"2 + Sin[2*(a + b*x72)]))/(16%b~2)

fricas [A] time = 0.94, size = 45, normalized size = 0.88

b2x* + 2 bx? cos (bx2 + a) sin (bx2 + a) + cos (bx2 + a)2
8b?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cos(b*x"2+a)~2,x, algorithm="fricas")
[Out] 1/8%(b~2*x74 + 2xb*x"2%cos(b*x"2 + a)*sin(b*x”2 + a) + cos(b*x"2 + a)~2)/b”

2

giac[A] time = 0.43, size = 55, normalized size = 1.08

2 bx? sin (2 bx? + Za) +2 (bx2 + a)2 -4 (bx2 + a)a + cos (2 bx? + Za)
16 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cos(b*x~2+a)~2,x, algorithm="giac")
[Out] 1/16%(2%b*x~2*sin(2*b*x~2 + 2%a) + 2x(b*x"2 + a)”2 - 4x(b*x"2 + a)*a + cos(

2*%b*x"2 + 2%a))/b"2
maple [A] time = 0.04, size = 42, normalized size = 0.82
¥t x%sin (Zb x% + Za) cos (2b x% + 2a)

i 8b * 1612

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*cos(b*x~2+a)”~2,x)

[Out] 1/8*x"4+1/8/b*x"2*xsin(2%b*x~2+2*%a)+1/16/b"2*xcos (2*¥b*xx"2+2*a)

maxima [A] time = 0.90, size = 42, normalized size = 0.82

2b%x* + 2 bx? sin (2 bx? + Za) + Cos (2 bx? +2 a)
16 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cos(b*x~2+a)~2,x, algorithm="maxima")

[Out] 1/16%(2xb"2%x"4 + 2%b*xx"2*sin(2*b*x"2 + 2*a) + cos(2*xb*x"2 + 2*a))/b"2

mupad [B] time = 0.15, size = 41, normalized size = 0.80

cos(2bx2+2a) “ox2 sin(2bx2+2a)
602 8" 80

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*cos(a + b*x"2)72,x)
[Out] cos(2*%a + 2xbxx~2)/(16%¥b"2) + x~4/8 + (x"2*sin(2*a + 2%b*x~2))/(8%b)
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sympy [A] time = 1.55, size = 78, normalized size = 1.53

x* sin? (a+bx2) 4 x4 cos? (a+bx2) 4 x% sin (a+bx2) cos (a+bx2) 4 cos? (a+bx2)

2 2 m S forb#0

x* cos? (a)

4

otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*cos(b*x*x*2+a)**2,x)

[Out] Piecewise((x**4*sin(a + b*x*x2)*%x2/8 + x**x4d*xcos(a + b*xx**x2)*x2/8 + x**2%sin
(a + b*x*x2)xcos(a + b*x*x2)/(4*b) + cos(a + b*x*x2)**x2/(8%xb**2), Ne(b, 0))
(x**4xcos (a)**x2/4, True))

>
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39 [ x?cos? (a + bxz) dx
Optimal. Leaf size=91

: 2vb 2V
\/7 sin(2a)C (Wx) \/7t cos(2a)S (Wx) X sin (Za 4 bez) 3
TP ) 166%2 ¥ 8b "%

[Out] 1/6*x73+1/8*x*sin(2¥b*x~2+2%a)/b-1/16*cos(2*a)*FresnelS(2*xxb~(1/2)/Pi~(1/2
N*Pi~(1/2)/b"(3/2)-1/16%FresnelC(2*xx*xb~(1/2) /Pi~(1/2))*sin(2*a)*Pi~(1/2) /b
~(3/2)

Rubi [A] time = 0.10, antiderivative size = 91, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 5, integrand size = 14,

number of rules _ ),357, Rules used = {3404, 3386, 3353, 3352, 3351}

integrand size

/7t sin(2a)FresnelC (2://__%) \/1t cos(2a)S (2://__%) xsin (Za + szZ) 3
- 16532 - 16532 * 8b "%

Antiderivative was successfully verified.
[In] Int[x"2*Cos[a + b*x~2]"2,x]

[Out] x~3/6 - (Sqrt[Pi]*Cos[2*a]*FresnelS[(2xSqrt[b]l*x)/Sqrt[Pil])/(16%b~(3/2)) -
(Sqrt [Pi]*FresnelC[(2*Sqrt [b]*x)/Sqrt [Pi]]*Sin[2*a])/(16*b~(3/2)) + (x*Sin
[2%a + 2%b*x72])/(8*Db)

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*x((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3353

Int[Sin[(c_) + (d_.)*x((e_.) + (f_.)*(x_))"2], x_Symbol] :> Dist[Sin[c], Int
[Cos[dx(e + fxx)~2], x], x] + Dist[Cos[c], Int[Sin[d*x(e + f*xx)~2], x], x] /
; FreeQ[{c, d, e, f}, xI

Rule 3386

Int[Cos[(c_.) + (d_)*(x_D)"(n_)]*((e_.)*(x_)) " (m_.), x_Symbol] :> Simp[(e”(
n - DD*x(exx)"(m - n + 1)*Sin[c + d*x"n])/(d*n), x] - Dist[(e"n*(m - n + 1))
/(d*n), Int[(exx)"(m - n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] &&
IGtQ[n, 0] && LtQ[n, m + 1]

Rule 3404

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(m_)I*(b_.)) " (p_)*((e_.)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*xx)"m, (a + b*Cos[c + d*x"n])~p, x], x]
/; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, O]

Rubi steps
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fxz cos? (a + bxz) dx = f(x; + %xz CoS (Za + bez)) dx

= x_3 + ! fxz cos (2a + 2bx2) dx

6 2

¥3 xsin (2a + 2bx2) f sin (251 + 2bx2) dx
6" 8 ) 8

3  xsin (Za + bez) cos(24) [ sin (2bx2) dx  sin(2a) [ cos (bez) dx
"6 " 8b ) 8b ) 8b

)3 \/1t cos(2a)S (2://__%) \nC (2://__%) sin(2a)  ysin (2& " bez)
6 16032 ) 160772 i 8b

Mathematica [A] time = 0.17, size = 87, normalized size = 0.96

—3+/7t sin(2a)C (2://__%) — 3+/1t cos(2a)S (2://?{) +2vbx (3 sin (2 (a + bxz)) + 4bx2)

48b3/2

Antiderivative was successfully verified.

[In] Integrate[x~2*Cos[a + b*x"2]72,x]

[Out] (-3*Sqrt[Pi]*Cos[2*a]*FresnelS[(2*Sqrt[b]*x)/Sqrt[Pi]] - 3*Sqrt[Pi]*Fresnel
CL(2*Sqrt [b]*x) /Sqrt [Pi]]*Sin[2*a] + 2*xSqrt[b]*x*(4*b*x~2 + 3*Sin[2x(a + bx
x72)1))/(48%b~(3/2))

fricas [A] time = 0.75, size = 84, normalized size = 0.92

8 b%x3 + 12 bx cos (bx2 + a) sin(bx2 + a) —371\/2 cos(Za)S(Zx\/g) —371\/2 C(Zx\/g)sin(Za)

48 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*xcos(b*x"2+a)~2,x, algorithm="fricas")

[Out] 1/48%(8%b~2xx"3 + 12*b*x*cos(b*x”2 + a)*sin(b*x~2 + a) - 3*pixsqrt(b/pi)*co
s(2xa)*fresnel_sin(2xx*sqrt(b/pi)) - 3*pi*sqrt(b/pi)*fresnel cos(2*x*sqrt(b
/pi))*sin(2*a))/b~2

giac [C] time = 0.82, size = 118, normalized size = 1.30

1 jxpl2it®+2ia) o (-2ib?-2ia) i+fmt erf (—\/E x(—% + 1)) e@®) j\[r erf (—\/E x(% + 1)) e(-2ia)
— x3- + - — + —
° 160 160 3202(~ +1) 3202(iF +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(b*x"2+a)~2,x, algorithm="giac")

[Out] 1/6%x7~3 - 1/16%I*x*e” (2*%I*b*x~2 + 2%I*a)/b + 1/16xI*x*e” (-2%xI*b*x~2 - 2xIx*a
)/b - 1/32%xIxsqrt(pi)*erf (-sqrt(b)*x*x(-I*b/abs(b) + 1))*e” (2xIxa)/(b~(3/2)*
(-I*b/abs(b) + 1)) + 1/32%Ixsqrt(pi)*erf (-sqrt(b)*x*(Ixb/abs(b) + 1))*e~ (-2
*Ixa)/ (b~ (3/2)*(I*b/abs(b) + 1))

maple [A] time = 0.04, size = 63, normalized size = 0.69

x3 xsin (Zb x? + 2a) Vr (cos (2a)S (ﬂ) + sin (2a) FresnelC ( 2rvh ))
— 4+ _ \/E - \/ﬁ
° o 16b2
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(b*x~2+a)”~2,x)
[Out] 1/6*x73+1/8*x*sin(2¥b*x~2+2%a)/b-1/16/b"(3/2)*Pi~(1/2)*(cos(2*a)*FresnelS(2
*xxb~(1/2) /Pi~(1/2))+sin(2*a) *FresnelC(2*xxxb~(1/2) /Pi~(1/2)))

maxima [C] time = 1.23, size = 89, normalized size = 0.98

1
64b°x> + 48 F2xsin (2bx? + 2a) + 45 V2 /1 (- (3i + 3) cos (2a) + (3i - 3) sin (2a)) erf (V2ibx) + ((3i -
38413

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(b*x~2+a)~2,x, algorithm="maxima"

[Out] 1/384x%(64*%b~3*x"3 + 48%b~2*x*sin(2%b*x~2 + 2%a) + 47(1/4)*sqrt(2)*sqrt(pi)*
((-(3*%I + 3)*cos(2*a) + (3*I - 3)x*sin(2%a))*erf(sqrt(2xI*b)*x) + ((3*I - 3)
xcos(2%a) - (3*%I + 3)*sin(2*a))x*erf(sqrt(-2xI*b)*x))*b~(3/2))/b~3

mupad [F] time = 0.00, size = -1, normalized size = -0.01

fxz cos (b X%+ a)z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(a + b*x"2)72,x)

[Out] int(x"2*cos(a + b*x"2)"2, x)

sympy [B] time = 2.60, size = 201, normalized size = 2.21
35 13
3 1. 3 5 4’4 1 1 3 474
b2x5\/; Sin (Za)r (Z) I (Z) 2F3 37 9 —b2x4 \/E.XS\/; CcOos (2ﬂ)r (Z) T (Z) 2P3 15 7 —b2x4
274" 4 274" 4 K3 VTLX
+__
7 6

7\ (9 - 5
o (3)r () tor 3)r ()
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cos(b*x**2+a)**2,x)

[Out] b**x(3/2)*x**5*sqrt(1/b)*sin(2x*a)*gamma (3/4)*gamma (5/4) *hyper ((3/4, 5/4), (3
/2, T/4, 9/4), -bx*x2xx*x4)/(8*gamma(7/4)*gamma(9/4)) - sqrt(b)*x**3*sqrt(1/
b)*cos(2*a)*gamma (1/4) xgamma (3/4) *hyper ((1/4, 3/4), (1/2, 5/4, 7/4), -bx*x2x
x*x*x4) / (16*gamma (5/4) *gamma (7/4)) + x**3/6 - sqrt(pi)*x**2*sqrt(1/b)*sin(2*a
)*fresnels(2*sqrt(b)*x/sqrt(pi)) /4 + sqrt(pi)*x**2xsqrt(1/b)*cos(2*a)*fresn

elc(2*sqrt(b)*x/sqrt(pi))/4
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3.10 f X cos? (a + bxz) dx

Optimal. Leaf size=31
sin (a + bxz) cos (a + bxz) 2
+ R
4b

[Out] 1/4*x~2+1/4*cos(bxx~2+a)*sin(b*x~2+a)/b

Rubi [A] time = 0.03, antiderivative size = 31, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 12,
number of rules _ ).250, Rules used = {3380, 2635, 8)

integrand size

sin (a + bxz) Cos (a + bxz) 2
4b 7

Antiderivative was successfully verified.

[In] Int[x*Cos[a + b*x"2]"2,x]

[Out] x72/4 + (Cos[a + bxx"2]*Sin[a + b*x~2])/(4xb)
Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 2635

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> -Simp[(bxCos[c + dxx
J*(b*Sin[c + d*x])"(n - 1))/(d*n), x] + Dist[(b™2%(n - 1))/n, Int[(b*Sin[c
+ d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2+*n
]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_ )" (n_)]*(b_.))"(p_)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x]) p
, x]1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/n], 0]))

Rubi steps

1
fx cos? (a + bxz) dx = 5 Subst (f cos?(a + bx) dx, x, x2)

o\ . 2
_ cos(a+bx Z)ujm(tbe ) +%Subst(f1dx,x,x2)

¥2  cos (a + bxz) sin (a + bxz)
7" 4b

Mathematica [A] time = 0.04, size = 27, normalized size = 0.87

2 (a + bxz) + sin (2 (a + bxz))
8b

Antiderivative was successfully verified.

[In] Integrate[x*Cos[a + b*x~2]72,x]



[Out] (2%(a + b*x"2) + Sin[2*x(a + b*xx"2)])/(8%*b)

fricas [A] time = 1.33, size = 28, normalized size = 0.90

bx? + cos (bx2 + a) sin (bx2 + a)
4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x~2+a)~2,x, algorithm="fricas")
[Out] 1/4*%(b*x"2 + cos(b*x™2 + a)*sin(b*x"2 + a))/b

giac [A] time = 0.40, size = 26, normalized size = 0.84

2bx2+2a+sin(2bx2+2a)
8b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x"2+a)~2,x, algorithm="giac")
[Out] 1/8%(2xb*x~2 + 2*a + sin(2%b*x~2 + 2*a))/b
maple [A] time = 0.03, size = 34, normalized size = 1.10

cos(b x2+a) sin(b x2+a)
2

FLLN
2

NI

2b
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(b*x"2+a)”2,x)
[Out] 1/2/bx(1/2*cos(b*xx~2+a)*sin(b*xx~2+a)+1/2%b*xx~2+1/2%a)
maxima [A] time = 0.59, size = 23, normalized size = 0.74
2bx? + sin (2 bx? + Za)
8b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x~2+a)~2,x, algorithm="maxima")
[Out] 1/8%(2xb*x~2 + sin(2%b*x~2 + 2%a))/b

mupad [B] time = 0.27, size = 22, normalized size = 0.71

sin (2bx2 + 2a) $2
+_
8b 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a + b*x"2)72,x)
[Out] sin(2%a + 2xb*x~2)/(8%b) + x~2/4

sympy [A] time = 0.41, size = 60, normalized size = 1.94

2 Sinziﬂ‘Fbxz) N x2 coszia+bx2) + sin (a+blezos (a+bx2) forb # 0

x2 cos? (a)

> otherwise
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x**2+a)**2,x)

[Out] Piecewise((x**2*sin(a + b*xx**2)*%2/4 + x**2%cos(a + b*x**2)*xx2/4 + sin(a +
bxx**2)*xcos(a + b*x**x2)/(4xb), Ne(b, 0)), (x**x2xcos(a)**2/2, True))
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3.11 f cos? (a + bxz) dx

Optimal. Leaf size=70

VT cos(2a)C (&) VT sin(2a)S (ﬂ)
7] i) x
4b 4b 2
[Out] 1/2*x+1/4*cos(2*a)*FresnelC(2*x*xb~(1/2)/Pi~(1/2))*Pi~(1/2)/b~(1/2)-1/4*Fres
nelS(2*xxb~(1/2) /Pi~(1/2))*sin(2*a)*Pi~(1/2) /b~ (1/2)

Rubi [A] time = 0.04, antiderivative size = 70, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 4, integrand size = 10,

number of rules _ ) 400, Rules used = {3358, 3354, 3352, 3351}

integrand size

\/1t cos(2a)FresnelC (2\\//—?) \/1t sin(2a)S (2\\//—?‘) T

VD B o 2

Antiderivative was successfully verified.

[In] Int[Cos[a + b*x"2]"2,x]

[Out] x/2 + (Sqrt[Pi]*Cos[2*a]*FresnelC[(2*Sqrt[b]*x)/Sqrt[Pil])/(4xSqrt[bl) - (S
qrt [Pi] *FresnelS[(2*Sqrt [b] *x) /Sqrt [Pi]]*Sin[2*a])/(4*Sqrt [b])

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pil*Rt[d, 2]*(e + f*xx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pil*Rt[d, 2]*(e + f*xx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3354

Int[Cos[(c_) + (d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Dist[Cos[c], Int
[Cos[d*(e + f*x)~2], x], x] - Dist[Sin[c], Int[Sin[d*(e + fx*xx)~2], x], x] /
; FreeQl{c, d, e, f}, x]

Rule 3358
Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_)*(x)) " )]1*x(M_.))"(p_), x_Sy

mbol] :> Int[ExpandTrigReduce[(a + bxCos[c + dx(e + f*x)"n])7p, x], x] /; F
reeQ[{a, b, c, d, e, f}, x] && IGtQ[p, 1] && IGtQ[n, 1]

Rubi steps

fcosz (a + bxz) dx = f(% + %cos (2a + bez)) dx

x 1
_ 2
_§+§ cos(2a+2bx)dx
x 1 1
_ 2 . - 2
5 + 5 cos(2a) fcos (be ) dx — > sin(2a) fsm (be ) dx

_x, \/1t cos(2a)C (2\/%) ) T (2\\//—%) sin(2a)

2 4vb 4\
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Mathematica [A] time = 0.05, size = 67, normalized size = 0.96

\/mt cos(2a)C (zﬁx) — /7t sin(2a)S (Zz//_;x) +2vbx
4Vb

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x72]72,x]
[Out] (2*xSqrt[bl*x + Sqrt[Pi]*Cos[2*a]*FresnelC[(2*Sqrt[b]*x)/Sqrt[Pi]] - Sqrt[Pi
1*FresnelS[(2%Sqrt [b]*x) /Sqrt [Pi]]*Sin[2x*a])/(4*Sqrt [b])

time = 0.95, size = 59, normalized size = 0.84

n\/g cos(2a)C(2x\/g) —n\/g S(2x\/g)sin(2a)+2bx

4b

fricas [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2,x, algorithm="fricas")
[Out] 1/4*(pi*sqrt(b/pi)*cos(2*a)*fresnel_cos(2*x*sqrt(b/pi)) - pi*sqrt(b/pi)*fre
snel _sin(2*x*sqrt(b/pi))*sin(2*a) + 2xb*x)/b

time = 0.32, size = 82, normalized size = 1.17

\/m erf (—\/Ex(—% + 1)) e?0)  \[m erf (—\/Ex(% + 1)) e(-2ia)

1

27" 8\/5(—ﬂ+1) 8\/5(%+1)

giac [C]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)”~2,x, algorithm="giac")

[Out] 1/2%x - 1/8*sqrt(pi)*erf (-sqrt(b)*x*x(-Ixb/abs(b) + 1))*e” (2xIx*a)/(sqrt(b)*(
-I*b/abs(b) + 1)) - 1/8xsqrt(pi)*erf (-sqrt(b)*x*x(Ixb/abs(b) + 1))*e~(-2*xIxa

)/ (sqrt(b)*(I*¥b/abs(b) + 1))

maple [A] time = 0.05, size = 45, normalized size = 0.64

x Vr (cos (2a) FresnelC (Zf/f) —sin (24) S (ZJ\C/\E/E ))
2 4\/5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x"2+a)”"2,x)
[Out] 1/2*%x+1/4*Pi~(1/2)/b"(1/2)*(cos(2*a)*FresnelC(2xx*xb~(1/2)/Pi~(1/2))-sin(2*a
)*FresnelS(2*x*b~(1/2)/Pi~(1/2)))

maxima [C] time = 1.45, size = 70, normalized size = 1.00

45\/5 Vi (((i-1) cos (2a) + (i +1) sin (2a)) erf (V2ibx) + (= (i + 1) cos (2a) - (i— 1) sin (2a)) erf (V-2i b,
- 3212

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)”2,x, algorithm="maxima")
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[Out] -1/32%(47(1/4)*sqrt(2)*sqrt(pi)*(((I - 1)*cos(2*a) + (I + 1)*sin(2*a))*erf(
sqrt (2*xI*xb)*x) + (=(I + 1)*cos(2*a) - (I - 1)*sin(2*a))*erf (sqrt(-2*Ix*Db)*x)
)*b~(3/2) - 16%b72*x)/b"2

mupad [F] time = 0.00, size = -1, normalized size = -0.01

fcos (b X%+ a)z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2)72,x)
[Out] int(cos(a + b*x"2)72, x)

sympy [A] time = 0.80, size = 56, normalized size = 0.80

r v (— sin (24)S (2\\//—%) + cos (2a)C (zﬁx)) \/%

—+
2 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)**2,x)

[Out] x/2 + sqrt(pi)*(-sin(2*a)*fresnels(2*sqrt(b)*x/sqrt(pi)) + cos(2*a)*fresnel
c(2xsqrt (b) *x/sqrt(pi))) *sqrt(1/b) /4
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cosz(a+bx2)

X

dx

3.12 f

Optimal. Leaf size=37
1 1 log(x)
. 2 . . 2
1 cos(2a)Ci (be ) ~1 sin(2a)Si (be ) + —

[Out] 1/4%Ci(2%b*xx"2)*cos(2*a)+1/2x1n(x)-1/4*Si(2*%b*xx"2)*sin(2*a)

Rubi [A] time = 0.05, antiderivative size = 37, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 4, integrand size = 14,

number of rules _ ) 86, Rules used = {3404, 3378, 3376, 3375)

integrand size
1 1 1
1 cos(2a)Coslntegral (bez) ~ 1 sin(2a)Si (bez) + %(x)
Antiderivative was successfully verified.
[In] Int[Cosl[a + b*x"2]"2/x,x]

[Out] (Cos[2*al*CosIntegral [2¥b*x~2])/4 + Logl[x]/2 - (Sin[2*al*SinIntegral [2*b*x~
21)/4

Rule 3375

Int[Sin[(d_.)*(x_)"(n_)]/(x_), x_Symbol] :> Simp[SinIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, xI]

Rule 3376

Int[Cos[(d_.)*(x_)"(n_)]/(x_), x_Symbol] :> Simp[CosIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, xI

Rule 3378

Int[Cos[(c_) + (d_.)*(x_)"(n_)]/(x_), x_Symbol] :> Dist[Cos[c], Int[Cos[d*x
“n]/x, x], x] - Dist[Sin[c], Int[Sin[d*x"n]/x, x], x] /; FreeQ[{c, d, n}, x
]

Rule 3404

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)]1*(b_.))"(p_)*((e_)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReducel[(e*x) m, (a + b*Cos[c + d*x"n]) p, x], x]
/; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, O]

Rubi steps

fcos2 (a + bxz) e f[zl N cos (2a + 2bx2)] N

X X 2x

_log(x) 1 f cos (Za + 2bx2)
“ T2 T2 x ax

2 - 2
_ log(x) N % cos(20) f cos (jbx ) . 1 fsm (be ) ”

> 2 sin(2a) "
1

1 . log(x) . .
=7 cos(2a)Ci (bez) =1 sin(2a)Si (bez)
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Mathematica [A] time = 0.06, size = 34, normalized size = 0.92

(cos(Za)Ci (bez) — sin(2a)Si (bez) +2 1og(x))

N

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]72/x,x]

[Out] (Cos[2*al*CosIntegral [2*b*x~2] + 2xLogl[x] - Sin[2*a]l*SinIntegral [2xbxx~2])/
4

fricas [A] time = 0.90, size = 39, normalized size = 1.05

(Ci (2 bxz) +Ci (—2 bxz)) cos (2a) - i sin (2 a) Si (2 bxz) + % log(x)

x| =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x,x, algorithm="fricas")

[Out] 1/8*(cos_integral(2xb*x~2) + cos_integral (-2xb*x~2))*cos(2*a) - 1/4*sin(2xa
)*sin_integral (2%b*x~2) + 1/2%log(x)

giac [A] time = 0.41, size = 35, normalized size = 0.95
! cos (2a)Ci (2 bxz) + ! sin (24) Si (—2 bxz) + ! log (bxz)
4 4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x,x, algorithm="giac")

[Out] 1/4*cos(2%a)*cos_integral(2xb*x~2) + 1/4*sin(2+%a)*sin_integral (-2*b*x~2) +
1/4*%1log(b*x~2)

maple [C] time = 0.15, size = 68, normalized size = 1.84

In(x) e #csgn (b xz) n ie?%Sj (Zb xz) L (1, ~2ib xz) e2i® Ej (1, ~2ib xz)

+
2 8 Z 8 8
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x"2+a)”~2/x,x)

[Out] 1/2*%1n(x)+1/8*I*xexp(-2xIxa)*csgn(bxx~2)*Pi-1/4*I*exp(-2*I*a)*Si(2*b*x~2)-1/
8xexp (-2xI*a)*Ei (1,-2xI*b*x~2)-1/8xexp(2*I*a)*Ei(1,-2*I*b*x"2)

maxima [C] time = 1.31, size = 51, normalized size = 1.38

(Bi (2i0%) + i (~21022)) cos (2a) + 5 (i (21x2) - i Bi (~2i2%))sin (2) + 5 log()

x| =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)”2/x,x, algorithm="maxima")

[Out] 1/8%(Ei(2*xI*b*xx"2) + Ei(-2%Ixb*x"2))*cos(2*a) + 1/8%(I*Ei(2*I*b*xx"2) - Ix*Ei
(-2xI*b*x"2))*sin(2*a) + 1/2*log(x)

mupad [F] time = 0.00, size = -1, normalized size = -0.03

dx

f cos (b X2+ a)2

X



Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2)72/x,x)
[Out] int(cos(a + b*x"2)72/x, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

f cos? (a + bxz)

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)**2/x,x)

[Out] Integral(cos(a + b*x*x2)**2/x, x)

70



71

3.13 f cosz(a+bx2) dx

x2

Optimal. Leaf size=76

2\/Ex
=

[Out] -cos(b*x"2+a) " 2/x—cos(2*a)*FresnelS(2*x*b~(1/2)/Pi~(1/2))*b~(1/2)*Pi~(1/2)-
FresnelC(2xx*xb~(1/2)/Pi~(1/2))*sin(2*a)*b~(1/2)*Pi~(1/2)

-/ Vb sin(2a)C (

) Vb cos(2)S (zﬁx] ) cos? (a + bxz)

\r x

Rubi [A] time = 0.07, antiderivative size = 76, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 14,

number of rules _ ). 429, Rules used = {3394, 4573, 3373, 3353, 3352, 3351}

integrand size

2\/Ex
=

2\/Ex) cos? (a + bxz)

—/n Vb sin(2a)FresnelC [ NG X

] - \/E\/E cos(2a)5(
Antiderivative was successfully verified.
[In] Int[Cos[a + b*x"2]72/x"2,x]

[Out] -(Cos[a + b*x72]72/x) - Sqrt[b]*Sqrt[Pi]*Cos[2*a]*FresnelS[(2*Sqrt[b]*x)/Sq
rt[Pi]] - Sqrt[b]*Sqrt[Pi]*FresnelC[(2*Sqrt [b]*x)/Sqrt[Pi]]*Sin[2*a]

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pil*Rt[d, 2]*(e + f*xx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pil*Rt[d, 2]*(e + f*xx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3353

Int[Sin[(c_) + (d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Dist[Sin[c], Int
[Cos[d*(e + f*x)~2], x], x] + Dist[Cosl[c], Int[Sin[d*(e + fx*xx)~2], x], x] /
; FreeQl{c, d, e, f}, x]

Rule 3373

Int[((a_.) + (b_.)*Sin[u_])~(p_.), x_Symbol] :> Int[(a + b*Sin[ExpandToSum[
u, x]1)7p, x] /; FreeQ[{a, b, p}, x] && BinomialQ[u, x] && !BinomialMatchQ
[u, x]

Rule 3394

Int[Cos[(a_.) + (b_)*x )" (@ )] (p)*(x_)"(m_.), x_Symbol] :> Simp[(x~(m +
1)*Cos[a + b*x™n]"p)/(m + 1), x] + Dist[(b*n*p)/(m + 1), Int[Cos[a + b*x"n

17(p - 1)*Sin[a + b*x"n], x], x] /; FreeQ[{a, b}, x] && IGtQ[p, 1] && EqQ[m
+ n, 0] && NeQ[n, 1] && IntegerQ[nl]

Rule 4573

Int[Cos[w_]~(p_.)*(u_.)*Sin[v_]"(p_.), x_Symbol] :> Dist[1/27p, Int[u*Sin[2
*v]~°p, x], x] /; EqQlw, v] && IntegerQ[p]
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— (2b cos(2a)) f sin be ) dx — (2bsin(2a)) f cos 2bx

Rubi steps
2 2 2 2
IM dx = —M — (4b) fcos (a - bxz) sin (a - bxz) dx
X X
2 2
_ (ax+ o ) — (2b) fsin (2 (a + bxz)) dx
2 2
__cos(awbe) (2b) f sin (24 + 26x2) dx
X
cos? (a + bxz)
(a-+02)

\/—\/Ecos(Za)S( ://__] \/_\/—C[

] sin(2a)

Mathematica [A] time = 0.16, size = 76, normalized size = 1.00

Vi Vb xsin(2a)C (2://?) i Vb x cos(2a)S ( ) + cos (a + bxz)

X

Antiderivative was successfully verified.

[In] Integratel[Cos[a + b*x"2]72/x72,x]

[Out] -((Cos[a + b*x~2]"2 + Sqrt[b]l*Sqrt[Pi]*x*Cos[2*a]*FresnelS[(2xSqrt [b]*x)/Sq
rt[Pi]] + Sqrt[b]*Sqrt[Pi]*x*FresnelC[(2*Sqrt[b]*x)/Sqrt[Pi]]*Sin[2x*a])/x)

fricas [A] time = 0.89, size = 66, normalized size = 0.87

nx\/g cos(2a)S (2 x\/g) + nx[ C (2 x\/7) sin (2a) + cos (bx + a)z

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)”~2/x72,x, algorithm="fricas")

[Out] -(pi*x*sqrt(b/pi)*cos(2*a)*fresnel_sin(2*x*sqrt(b/pi)) + pixx*sqrt(b/pi)x*fr
esnel cos(2xx*sqrt(b/pi))*sin(2*a) + cos(b*x”2 + a)~2)/x

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

f cos (bx2 + a)z

12
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x72,x, algorithm="giac")
[Out] integrate(cos(b*x"2 + a)~2/x72, x)

maple [A] time = 0.04, size = 62, normalized size = 0.82
1 cos (Zb X2+ Za)

- = ~Vb \r (COS (2a)S [Zx\/E ] + sin (2a) FresnelC [ZX\/E ]]

2x 2x \/E \/ﬁ

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cos(b*x~2+a)~2/x"2,x)
[Out] -1/2/x-1/2/x*cos(2%b*xx~2+2%a)-b~(1/2)*Pi~(1/2)*(cos(2*a)*FresnelS (2*x*xb~(1/

2)/Pi~(1/2))+sin(2*a)*FresnelC(2*xx*xb~(1/2)/Pi~(1/2)))

maxima [C] time = 1.54, size = 83, normalized size = 1.09

ﬁx/ﬁ((— (i+1) V2T (-%,21' be) +(i—1) V2T (—%,—21’ bxz)) cos(2a) + ((i _1) 2T (—%,21' bxz) -
16 x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x72,x, algorithm="maxima"

[Out] 1/16%(sqrt(2)*sqrt(b*x~2)*((-(I + 1)*sqrt(2)*gamma(-1/2, 2*I*b*x~2) + (I -

1) *xsqrt (2) xgamma(-1/2, -2%I*b*x~2))*cos(2*a) + ((I - 1)*sqrt(2)*gamma(-1/2,
2xI*b*x~2) - (I + 1)*sqrt(2)*gamma(-1/2, -2*I*bxx~2))*sin(2*a)) - 8)/x

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

dx

f cos (b X%+ a)2

xz
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"2)"2/x"2,x)

[Out] int(cos(a + b*x"2)72/x"2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

X
x2

f cos? (a + bxz) ;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)**2/x**2,x)

[Out] Integral(cos(a + bxx**2)**2/x**2, x)
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cosz(a+bx2)

3

dx

3.14 f

Optimal. Leaf size=57

2
—%bsin(Za)Ci (262) - %bcos(Za)Si (20:2) - =2 & gjc; b)) é

[Out] -1/4/x"2-1/4%cos(2*b*xx"2+2%a)/x"2-1/2%bxcos (2*a) *Si (2xb*xx"2)-1/2*b*Ci (2*b*x
~2)*sin(2x*a)

Rubi [A] time = 0.12, antiderivative size = 57, normalized size of antiderivative

= 1.00, number of steps used = 7, number of rules used = 6, integrand size = 14,
number of rules _ ) 429, Rules used = {3404, 3380, 3297, 3303, 3299, 3302}

integrand size

2
—%b sin(2a)Coslntegral (bez) - %b cos(2a)Si (bez) _ (2 Elax: i )) - 41?

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~2]°2/x"3,x]

[Out] -1/(4xx"2) - Cos[2x(a + b*x"2)]/(4%x72) - (b*CosIntegral [2xb*x~2]*Sin[2*a])
/2 - (b*Cos[2*a]*SinIntegral [2xb*x~2])/2

Rule 3297

Int[((c_.) + (d_.)*(x_)) " (m_)*sinl[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x)"(m + 1)*Sinf[e + fx*x])/(d*(m + 1)), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)"(m + 1)*Cos[e + f*x], x], x] /; FreeQl{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3299

Int[sin[(e_.) + (£_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[dxe - cx*f, O]

Rule 3302

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x1/d, x] /; FreeQl{c, d, e, £}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3303

Int[sin[(e_.) + (£_)*(x)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(dx
e - cxf)/d], Int[Sin[(c*f)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[(c*xf)/d + fxx]/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_)*(x )" (@ )I*(M_.))"(p_)*(x)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosl[c + d*x])7p
, x]1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/nl, 0]1))

Rule 3404
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Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(m_)I*(b_.)) " (p_)*((e_.)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cos[c + d*x"n])~p, x], x]
/; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, 0]

Rubi steps

x3 2x3 2x3

f cos? (a + bxz) ; f[ 1  cos (211 + 2bx2)] ;
— Tdx= X

2
:_L+lfcos(2a+2bx)dx
2 X

4x2 3
1 1 cos(2a + 2bx)
= —@ + ZSUbSt (dex/x,xZ)
1 cos(2(a+bx?)) 1 in(2a + 2b
Rl G| O PSP LT o e
4x? 4x2 x
1  cos (2 (a + bxz)) 1 sin(2bx) y 1, . ‘
=-1z" 12 ~ 5(bcos(2a)) Subst ( f dx, x, x ) ~ 5(bsin(2a)).
1 cos(2(a+ba?)) 1 e 1 (o
=i o - EbCl (2bx )sm(Za) - Eb cos(2a)Si (be )

Mathematica [A] time = 0.12, size = 50, normalized size = 0.88

bx? sin(2a)Ci (bez) + bx? cos(2a)Si (bez) + cos? (a + bxz)

2x2

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*xx~2]72/x73,x]

[Out] -1/2%(Cos[a + b*x72]72 + b*x"2*CosIntegral [2xb*x~2]*Sin[2*a] + b*x~2*Cos[2*
al]*SinIntegral [2%b*x~2])/x"2

fricas [A] time = 0.67, size = 65, normalized size = 1.14

2532 cos (2a) Si (2b32) +2 cos (bx? + a) + (bx2 Ci (25x2) + bx2 Ci (<2 bx2) ) sin (20)
- 4 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x73,x, algorithm="fricas")

[Out] -1/4%(2%b*x~2*cos(2*a)*sin_integral (2*%b*x~2) + 2xcos(b*x”2 + a)~2 + (b*x~2%
cos_integral (2¥bxx~2) + b*x~2xcos_integral (-2*b*x~2))*sin(2%*a))/x"2

giac [B] time = 0.40, size = 107, normalized size = 1.88

2 (bx2 + a)bz Ci (2 bxz) sin (2a) - 2 ab* Ci (2 bxz) sin(2a) -2 (bx2 + a)bz cos(2a)Si (—2 bxz) + 2 ab? cos (
4 b2x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x"3,x, algorithm="giac")

[Out] -1/4%(2%(b*x”2 + a)*b~2*cos_integral (2xb*x~2)*sin(2%a) - 2*a*b~2*cos_integr
al (2xb*x~2)*sin(2*a) - 2x(b*x~2 + a)*b~2xcos(2*a)*sin_integral (-2*b*x~2) +



76

2%axb~2xcos (2*a)*sin_integral (-2*b*x~2) + b~ 2*cos(2*b*xx~2 + 2*a) + b~2)/(b~

2%x72)
maple [C] time = 0.16, size = 89, normalized size = 1.56
1 me %%csgn (b x2) b e2agj (Zb xz) b ie %7 Ej (1, —2ib xz) b ie?%pEi (1, —2ib xz) cos (Zb X2+ Za)
4x? 4 2 4 4 4x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x"2+a)"2/x"3,x)

[Out] -1/4/x"2+1/4*Pixexp(-2xI*a)*csgn(b*xx~2)*b-1/2%exp(-2*I*a)*Si(2xb*xx~2)*b+1/4
*xIxexp (-2%Ixa)*Ei(1,-2%xI*bxx"2)*b-1/4*I*xexp(2*I*a)*b*Ei (1,-2*%I*xb*x~2)-1/4%c

0s (2%b*x~2+2%a) /x"2

maxima [C] time = 1.74, size = 61, normalized size = 1.07

(T (-1,2ibx2) - iT (-1, -2i bx?)) cos (2a) + (T (-1, 2i bx?) + T (-1, -2i bx?)) sin (2a) )bx? + 1
- 4 x?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x73,x, algorithm="maxima"
[Out] -1/4%(((I*gamma(-1, 2*%I*b*x~2) - Ixgamma(-1, -2*I*b*x~2))*cos(2*a) + (gamma
(-1, 2xI*b*x"2) + gamma(-1, -2%I*b*x~2))*sin(2%a))*b*x"2 + 1)/x72

mupad [F] time = 0.00, size = -1, normalized size = -0.02

dx

f cos (b X%+ a)2

x3
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"2)"2/x"3,x)

[Out] int(cos(a + b*x"2)72/x"3, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

f cos? (a + bxz)

x3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)**2/x**3,x)

[Out] Integral(cos(a + b*x**2)**2/x**3, X)
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315 [ x*cos® (a + bxz) dx
Optimal. Leaf size=79

cos? (a + bxz) Cos (a + bxz) x2 sin (a + bxz) X2 sin (a + bxz) cos? (a + bxz)
+ + +
1802 3b? 3b 6b

[Out] 1/3*cos(b*x"2+a)/b"2+1/18*cos(b*xx"2+a) "3/b"2+1/3*x " 2*sin(b*x~2+a) /b+1/6*x"2
*cos (b*xx~2+a) "2*xsin(b*x"2+a) /b

Rubi [A] time = 0.07, antiderivative size = 79, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 14,

number of rules _ ) 286, Rules used = {3380, 3310, 3296, 2638}

integrand size

cos® (a + bxz) cos (a + bxz) x2 sin (a + bxz) X2 sin (a + bxz) cos? (a + bxz)
+ + +
1802 3b? 3b 6b

Antiderivative was successfully verified.
[In] Int[x~3*Cosl[a + b*x~2]73,x]

[Out] Cosl[a + b*x"2]/(3*b"2) + Cosl[a + b*x"2]"3/(18%b"2) + (x"2xSinl[a + b*x"2])/(
3*xb) + (x"2*Cos[a + b*x~2]"2*Sinl[a + b*x~2])/(6%*b)

Rule 2638

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, xI]

Rule 3296

Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + fxx])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos|[
e + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 3310

Int[((c_.) + (@_)*(x_))*((b_.)*sinl[(e_.) + (f_.)*(x_)])"(n_), x_Symbol] :>

Simp[(d*(b*Sin[e + f*x])"n)/(£72*n"2), x] + (Dist[(b™2x(n - 1))/n, Int([(c
+ d*x)*(b*Sinle + f*x])~(n - 2), x], x] - Simp[(b*(c + d*x)*Cos[e + f*x]*(b
*Sinf[e + f*x])"(n - 1))/(f*n), x]) /; FreeQ[{b, c, d, e, £}, x] && GtQ[n, 1
]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_)*x(x )" (n )]*(_.))"(p_)*(x)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x]) p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/nl, 0]1))

Rubi steps
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1
fx3 cos® (a + bxz) dx = 5 Subst (fxcos3(a +bx)dx, x, xz)

3 2 2 2 2\ o 2
= o8 E:b—; b ) + T oS (a i b:b) - (a + b ) + 1Subst (fxcos(a + bx) dx,x,xz)
cos® (a + bxz) x? sin (a + bxz) x? cos? (a + bxz) sin (a + bxz) Subst ( [ sin(a -
= + + —
18b2 3b 6b 3t
cos (a + bxz) cos® (a + bxz) xZ sin (a + bxz) x% cos? (a + bxz) sin (a + bxz)
+

32 18, 3D &b

Mathematica [A] time = 0.14, size = 55, normalized size = 0.70

3bx? (9 sin (a + bxz) + sin (3 (a + bxz))) + 27 cos (a + bxz) + cos (3 (a + bxz))
72b2

Antiderivative was successfully verified.

[In] Integrate[x~3#*Cos[a + b*x~2]73,x]
[Out] (27*Cos[a + b*xx"2] + Cos[3*(a + b*x"2)] + 3*b*xx"2*x(9*Sin[a + b*x"2] + Sin[3
*(a + b*x"2)]1))/(72%b"2)

fricas [A] time = 0.87, size = 58, normalized size = 0.73

cos (bx2 + a)3 +3 (bx2 cos (bx2 + a)z +2 bxz) sin (bx2 + a) + 6 cos (bxz + a)

18 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x”™3*cos(b*x"2+a)”3,x, algorithm="fricas")
[Out] 1/18*(cos(bxx™2 + a)~3 + 3x(b*x"2*cos(b*x"2 + a)72 + 2*b*x72)*sin(b*x"2 + a
) + 6%cos(b*x”2 + a))/b"2

giac[A] time = 0.37, size = 58, normalized size = 0.73

3 bx?sin (3 bx?+3 a) + 27 bx? sin (bxz + a) + Cos (3 bx?+3 a) + 27 cos (bx2 + a)
72 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cos(b*x~2+a)~3,x, algorithm="giac")
[Out] 1/72*%(3*b*xx"2%sin(3*b*x"2 + 3%a) + 27*b*x"2*sin(b*x"2 + a) + cos(3*xbxx"2 +
3%a) + 27*cos(b*x”"2 + a))/b"2

maple [A] time = 0.04, size = 66, normalized size = 0.84

3x2 sin (b X2 + a) 3 cos (b X2 + a) x2 sin (3b x2 + 3a) cos (3b X2 + Sa)
+ + +
8b 8b? 24b 72b?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*cos(b*x"2+a)”~3,x)
[Out] 3/8*x"2*sin(b*x~2+a)/b+3/8*cos(b*x”2+a) /b~ 2+1/24/b*x"2*sin (3*b*x~2+3%a)+1/7
2/b"2%cos (3*bxx"2+3*a)
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maxima [A] time = 1.05, size = 58, normalized size = 0.73

3 bx?sin (3 bx? +3 a) + 27 bx? sin (bx2 + a) + cos (3 bx? +3 a) + 27 cos (bx2 + a)
72 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cos(b*x"2+a)~3,x, algorithm="maxima")
[Out] 1/72*(3*b*x"2*sin(3*b*x~2 + 3*a) + 27*b*x"2*sin(b*x~2 + a) + cos(3*bxx"2 +
3xa) + 27*cos(b*x”2 + a))/b"2

mupad [B] time = 0.41, size = 66, normalized size = 0.84

cos(b x2+a) cos(b xz+a)3 (xz sin(b x2+a) x2 cos(b x2+a)2 sin(b x2+a) )

3 + 18 3 6

B2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*cos(a + b*x"2)73,x)
[Out] (cos(a + b*x"2)/3 + cos(a + b*xx"2)"3/18 + bx((x"2*sin(a + b*x"2))/3 + (x~2%
cos(a + b*x72) " 2*xsin(a + b*x~2))/6))/b"2

time = 2.77, size = 92, normalized size = 1.16

sympy [A]
x2 sin> (a+bx2) x% sin (a+bx2) cos? (a+bx2) sin? (11+bx2) cos (a+bx2) 7 cos® (11+bx2)
2 + o0 + 0z + T forb #0
4 3
al CO: @) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*cos(bxx**2+a)**3,x)

[Out] Piecewise((x**2xsin(a + b*x**2)**x3/(3%b) + x**2*sin(a + b*x**x2)*cos(a + b*x
*%2)*%%2/(2%b) + sin(a + b*x**2)**2%cos(a + bxx*x*x2)/(3%b**2) + T*cos(a + b*x

*%x2) **x3/(18*%bx*2) , Ne(b, 0)), (x**xdxcos(a)**3/4, True))
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3.16 f x? cos® (a + bxz) dx

Optimal. Leaf size=188

_3\/§ sin(a)C (\/E \/gx) ) \/g sin(3a)C (\/E \/gx) _3\/§ cos(a)S (\/E \/gx) ) \/g cos(3a)S (\/E \/gx) %

81312 24132 8b3/2 24132

[Out] 3/8*x*sin(b*x~2+a)/b+1/24*x*sin(3*xb*x~2+3*a)/b-1/144*cos(3*a)*FresnelS (x*b~
(1/2)*%6~(1/2)/Pi~(1/2))*6~(1/2)*Pi~(1/2) /b~ (3/2)-1/144*FresnelC(x*b~ (1/2) %6
~(1/2)/Pi~(1/2))*sin(3*a)*6~(1/2)*Pi~(1/2) /b~ (3/2)-3/16%cos (a)*FresnelS (x*b
~(1/2)*27(1/2) /Pi~(1/2))*2~(1/2)*Pi~(1/2) /b~ (3/2)-3/16%FresnelC(x*b~ (1/2) %2
~(1/2)/Pi~(1/2))*sin(a)*2~(1/2)*Pi~(1/2) /b~ (3/2)

Rubi [A] time = 0.18, antiderivative size = 188, normalized size of antiderivative
= 1.00, number of steps used = 10, number of rules used = 5, integrand size = 14,

number of rules _ ) 357, Rules used = {3404, 3386, 3353, 3352, 3351}

integrand size

3\/§ sin(a)FresnelC (\/g \/Ex) \/% sin(3a)FresnelC (\/g \/Ex) 3\/§ cos(a)S (\/E \/g x) \/% cos(3a)

8312 24372 81312 24b

Antiderivative was successfully verified.
[In] Int[x"2*xCosl[a + b*x"2]73,x]

[Out] (-3*Sqrt[Pi/2]*Cos[a]*FresnelS[Sqrt[b]*Sqrt[2/Pi]*x])/(8%b~(3/2)) - (Sqrt[P
i/6]*Cos [3*a] *FresnelS[Sqrt [b]*Sqrt [6/Pi]*x])/(24%b~(3/2)) - (3*Sqrt[Pi/2]*
FresnelC[Sqrt [b]*Sqrt [2/Pi]*x]*Sin[a])/(8*b~(3/2)) - (Sqrt[Pi/6]*FresnelC[S

qrt [bl*Sqrt [6/Pi]*x]*Sin[3*a])/(24*b~(3/2)) + (3*xxSin[a + bxx~2])/(8%b) +
(x*3in[3*a + 3*b*x~2])/(24*b)

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pil*Rt[d, 2]*(e + fxx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)]1)/(fxRt[d, 21), x] /; FreeQ[{d, e, f}, x]

Rule 3353

Int[Sin[(c_) + (d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Dist[Sin[c], Int
[Cos[dx(e + f*x)~2], x], x] + Dist[Coslc], Int[Sin[d*(e + f*x)~2], x], x] /
; FreeQ[{c, d, e, f}, x]

Rule 3386

Int[Cos[(c_.) + (d_)*(x )" (n_)]*((e_.)*(x_))"(m_.), x_Symbol] :> Simp[(e~(
n - 1)*x(exx)"(m - n + 1)*Sin[c + d*x"n])/(d*n), x] - Dist[(e"n*(m - n + 1))
/(d*n), Int[(e*x)"(m - n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] &&
IGtQ[n, 0] && LtQ[n, m + 1]

Rule 3404

Int[((a_.) + Cosl[(c_.) + (d_)*(x_)"( )]1*(_.)) " (p_)*x((e_)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReducel[(e*x)"m, (a + b*Cos[c + d*x"n])"p, x], x]
/; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, O]
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Rubi steps

fxz cos® (a + bxz) dx = f(%xz cos (a + bxz) + ixz cos (3a + 3bx2)) dx

= % fxz cos (3a + bez) dx + Z fxz cos (a + bxz) dx
3xsin (a + bxz) x sin (3a + 3bx2) fsin (Sa + 3bx2) dx 3 fsin (a + bxz) d

- 8b ¥ 24D ) 24b 8b
3x sin (a + bxz) N x sin (3a + 3bx2) (3 cos(a)) f sin (bxz) dx cos(3a) [ sin(
24b
3[ cos(a)S (\/_[ ) \/7 cos(3a)S (\/—\/7 ) 3[C (\/_\/7 )sm
332 24132 Sp32

Mathematica [A] time = 0.43, size = 160, normalized size = 0.85

2721 sin(a)C (\/_\/7 ) Vern sin(3a)C (\/_\/7 ) 27271 cos(a)S (\/—\/7 ) Vern cos(3a)S (\/_

144372

Antiderivative was successfully verified.

[In] Integrate[x~2*Cos[a + b*x~2]73,x]

[Out] (-27*Sqrt[2+Pi]*Cos[al]*FresnelS[Sqrt[b]l*Sqrt[2/Pi]*x] - Sqrt[6*Pi]*Cos[3*a]
*FresnelS[Sqrt [b]*Sqrt [6/Pi]l*x] - 27*Sqrt[2*Pi]*FresnelC[Sqrt [b]*Sqrt[2/Pi]
xx]*Sin[a] - Sqrt[6#Pi]*FresnelC[Sqrt[b]*Sqrt[6/Pi]*x]*Sin[3*a] + 54xSqrt[b
I*x*Sin[a + b*x72] + 6*Sqrt[b]*x*Sin[3*(a + b*x~2)])/(144xb~(3/2))

fricas [A] time = 0.66, size = 148, normalized size = 0.79

_\/gn\/gcosGa)S(\/gx\/g)+27\5n[c0s(u)8( 2x\/7) Vén \/7C( 6x\/7)sm(3a)+271

144 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(b*x~2+a)~3,x, algorithm="fricas")

[Out] -1/144x*(sqrt(6)*pi*sqrt(b/pi)*cos(3*a)*fresnel_sin(sqrt(6)*x*sqrt(b/pi)) +
27*sqrt (2) *pixsqrt (b/pi)*cos(a)*fresnel sin(sqrt(2)*x*sqrt(b/pi)) + sqrt(6)
*xpixsqrt(b/pi)*fresnel cos(sqrt(6)*x*sqrt(b/pi))*sin(3%a) + 27*sqrt(2)*pixs
qrt(b/pi)*fresnel cos(sqrt(2)*x*sqrt(b/pi))*sin(a) - 24*(bxx*cos(b*x~2 + a)

T2 + 2%bxx)*sin(b*x”2 + a))/b"2

time = 0.52, size = 259, normalized size = 1.38

(-3ibx?-3ia) z\/_\/Eerf(——\/—\/_ (——+1)) (Bia)  3j+,

i ot +3ia) oo (ibPria) gi o (<ib?-ia)

- + 4
48D 160 16b 48b 288b2(‘m +1)

giac [C]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(b*x~2+a)~3,x, algorithm="giac")
[Out] -1/48%Ixx*e”(3*I*b*x"2 + 3*I*a)/b - 3/16%Ixxxe” (Ixb*x~2 + Ixa)/b + 3/16%Ix*x
xe” (-Ixb*x~2 - Ixa)/b + 1/48*%Ixx*e” (-3*%Ixb*x~2 - 3xI*a)/b - 1/288*I*sqrt(6)
*xsqrt (pi) *erf (-1/2*%sqrt (6) *sqrt (b) *x* (-I*b/abs(b) + 1))*e~(3xIxa)/(b~(3/2)*
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(-Ixb/abs(b) + 1)) - 3/32*I*xsqrt(2)*sqrt(pi)*erf(-1/2xsqrt(2)*x*(-I*b/abs(b
) + 1)*sqrt(abs(b)))*e”~(I*a)/(b*x(-I*b/abs(b) + 1)*sqrt(abs(b))) + 3/32*I*sq
rt(2) *sqrt (pi) *erf (-1/2*sqrt (2) *x*x (I*b/abs(b) + 1)*sqrt(abs(b)))*e”(-I*a)/(
b*(I*b/abs(b) + 1)*sqrt(abs(b))) + 1/288*Ixsqrt(6)*sqrt(pi)*erf(-1/2xsqrt(6
)*sqrt (b) *x* (I¥b/abs(b) + 1))*e”(-3*Ixa)/(b~(3/2)*(I*b/abs(b) + 1))

maple [A] time = 0.04, size = 130, normalized size = 0.69

xVb V2 xVb V2

3xsin (b X% + a) _3‘/5 Vr (COS(‘Z)S ( 7 ) + sin(a) FresnelC (T)) x sin (319 X% + 311) ) V2 v V3 ((

+

3
8b L6ba 24b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(b*x"2+a)"3,x)

[Out] 3/8*x*sin(b*xx"2+a)/b-3/16/b"(3/2)*2~(1/2)*Pi~(1/2)*(cos(a)*FresnelS(x*b~(1/

2)*x27(1/2)/Pi~(1/2))+sin(a)*FresnelC(x*xb~(1/2)*2~(1/2) /Pi~(1/2)))+1/24*xx*si
n(3xb*x~2+3%a) /b-1/144/b"(3/2) %2~ (1/2)*Pi~(1/2)*3"(1/2) *(cos (3*a) *FresnelS(
27(1/2)/Pi~(1/2)*3"(1/2)*b~(1/2) *x)+sin(3*a) *FresnelC (2" (1/2) /Pi~(1/2)*3~ (1
/2)*b~(1/2)*x))

maxima [C] time = 0.96, size = 143, normalized size = 0.76

1
72b2xsin (3bx2 + 3 a) + 648 b2x sin (bx? + a) + 3- 95 V2 /i (= (i + 1) cos (3a) + (i — 1) sin (3a)) erf (V3ibx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(b*x~2+a)~3,x, algorithm="maxima"

[Out] 1/1728%(72*b~2xx*sin(3*b*x~2 + 3%a) + 648%xb 2xx*sin(b*x”~2 + a) + 3*x9~(1/4)x

sqrt (2) *sqrt (pi) *((-(I + 1)*cos(3*a) + (I - 1)*sin(3+*a))*erf (sqrt(3*I*b)*x)
+ ((I - 1)*cos(3*a) - (I + 1)*sin(3%*a))*erf (sqrt(-3*xI*b)*x))*b~(3/2) + sqr
t(2)*sqrt (pi) *((-(81*I + 81)*cos(a) + (81*I - 81)*sin(a))*erf (sqrt(Ix*b)*x)
+ ((81*%I - 81)*cos(a) - (81*I + 81)*sin(a))x*erf (sqrt(-Ixb)*x))*b~(3/2))/b"3

mupad [F] time = 0.00, size = -1, normalized size = -0.01
3
fxz cos (bx2 + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(a + b*x"2)73,x)
[Out] int(x"2*cos(a + b*x"2)"3, x)

sympy [B] time = 4.38, size = 439, normalized size = 2.34

35
4" 4

4

35
3 T . 3\ (5 474 | p2s 3 1 . 3\ (5 b2t
3b2x5\/; sin (a)l"(z)l"(z) oF3 —Tx 3b2x5\/; sin (3a)T (Z)F(Z)ZF?’ - 4x

9 79
4 747 4

3 7
24’

3\/Ex3\/% C

3
2
7\ - (9 * 7\ - (9
sor ()1 (3) o (5)r(3)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cos(b*x**2+a)**3,x)

[Out] 3xb*x*(3/2)*x**5xsqrt(1/b)*sin(a)*gamma(3/4)*gamma (5/4) *hyper ((3/4, 5/4), (3

/2, T/4, 9/4), -bx*2xx*x4/4)/(32*gamma (7/4)*gamma (9/4)) + 3*b**(3/2)*x**5xs
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qrt(1/b)*sin(3+*a) *gamma (3/4) *gamma (5/4) *hyper ((3/4, 5/4), (3/2, 7/4, 9/4),
—9xb**2xx**4/4) / (32*gamma (7/4) xgamma (9/4)) - 3*sqrt(b)*x**3*sqrt(1/b)*cos(a
) *gamma (1/4) *gamma (3/4) *hyper ((1/4, 3/4), (1/2, 5/4, 7/4), -b**x2*xxx*x4/4)/(3
2*gamma (5/4) *gamma (7/4)) - sqrt(b)*x**3*sqrt(1/b)*cos(3*a)*gamma(1/4)*gamma
(3/4) *hyper ((1/4, 3/4), (1/2, 5/4, 7/4), -9xb**2*xx*4/4)/(32xgamma (5/4)*gam
ma(7/4)) - 3xsqrt(2)*sqrt(pi)*x**2*sqrt(1/b)*sin(a)*fresnels(sqrt(2)*sqrt(b
)*x/sqrt(pi)) /8 - sqrt(6)*sqrt(pi)*x**2xsqrt(1/b)*sin(3*a)*fresnels(sqrt(6)
xsqrt (b) *x/sqrt(pi)) /24 + 3*sqrt(2)*sqrt(pi)*x**2*sqrt(1/b)*cos(a)*fresnelc
(sqrt (2)*sqrt (b) *x/sqrt (pi)) /8 + sqrt(6)*sqrt (pi)*x**2*sqrt (1/b) *cos (3*a)*f
resnelc(sqrt(6)*sqrt(b)*x/sqrt(pi)) /24
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3.17 fxcos3 (a + bxz) dx

Optimal. Leaf size=33

sin (a + bxz) sin® (a + bxz)

2b 6b
[Out] 1/2*sin(b*x~2+a)/b-1/6%*sin(b*x"~2+a) ~3/b

Rubi [A] time = 0.03, antiderivative size = 33, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 2, integrand size = 12,

number of rules 0.167, Rules used = {3380, 2633}

integrand size
sin (a + bxz) sin® (a + bxz)
2 6b

Antiderivative was successfully verified.

[In] Int[x*Cos[a + b*x72]73,x]

[Out] Sin[a + b*x72]/(2xb) - Sin[a + b*x~2]73/(6%b)
Rule 2633

Int[sin[(c_.) + (d_.)*(x_ )]~ (n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
nd[(1 - x72)"((n - 1)/2), x], x], x, Coslc + d*x]], x] /; FreeQ[{c, d}, x]
&& I1GtQ[(n - 1)/2, 0]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_)*(x )" (n )]*(_.))"(p_)*(x)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x])~p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify[(
m + 1)/nl, 0]1))

Rubi steps

fx cos® (a + bxz) dx = % Subst (f cos?(a + bx) dx, x, xz)
_ Subst (f (1 - x2) dx, x, — sin (a + bxz))

2b
sin (a + bxz) sin® (a + bxz)
- 6b

Mathematica [A] time = 0.02, size = 33, normalized size = 1.00
sin (a + bxz) sin® (a + bxz)

2b 6b

Antiderivative was successfully verified.

[In] Integrate[x*Cos[a + b*x72]73,x]
[Out] Sinl[a + b*x"2]/(2xb) - Sin[a + b*x"2]~3/(6%b)
fricas [A] time = 0.72, size = 25, normalized size = 0.76
2
(cos (bx2 + a) + 2) sin (Iax2 + a)
6b
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x"2+a)~3,x, algorithm="fricas")
[Out] 1/6%(cos(b*x™2 + a)”2 + 2)*sin(b*x"2 + a)/b

giac [A] time = 0.37, size = 26, normalized size = 0.79

sin (bx2 + a)3 -3 sin (bx2 + a)
6b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x~2+a)~3,x, algorithm="giac")
[Out] -1/6*(sin(b*x"2 + a)~3 - 3*sin(b*x"2 + a))/b

maple [A] time = 0.03, size = 26, normalized size = 0.79

(2 + cos? (b X2+ a)) sin (b x% + u)
6b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(b*x"2+a)”~3,x)
[Out] 1/6/b*(2+cos(b*x~2+a) ~2)*sin(b*x~2+a)
maxima [A] time = 0.47, size = 27, normalized size = 0.82
sin (3 bx? +3 a) +9 sin (bx2 + a)
24D

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x~2+a)”3,x, algorithm="maxima")
[Out] 1/24*(sin(3*b*xx"2 + 3*%a) + 9*xsin(b*x"2 + a))/b

mupad [B] time = 0.29, size = 28, normalized size = 0.85

3 sin (bx2 + a) —sin (bx2 + a)3

6b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a + b*x"2)73,x)
[Out] (3*sin(a + b*x~2) - sin(a + b*x~2)"3)/(6x%b)

sympy [A] time = 0.77, size = 44, normalized size = 1.33

sin3 (a+bx2) sin (a+bx2) cos? (a+bx2)

" " = forb+0
2 3
x cozs () otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x**2+a)**3,x)

[Out] Piecewise((sin(a + b*xx**2)**x3/(3%b) + sin(a + b*x**x2)*xcos(a + bxx**x2)*x2/(2
xb), Ne(b, 0)), (x*¥*2xcos(a)**x3/2, True))
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3.18 f cos’ (a + bxz) dx

Optimal. Leaf size=153

3\/§ cos(a)C (\/E \/gx) \/g cos(3a)C (\/E \/gx) 3\/§ sin(a)S (\/E\/gx) \/g sin(3a)S (\/E \/gx)

+ — —
4vb 4vb 4Vb 4vb

[Out] 1/24*cos(3*a)*FresnelC(x*b~(1/2)*67(1/2)/Pi~(1/2))*6~(1/2)*Pi~(1/2)/b~(1/2)

-1/24%FresnelS(xxb~(1/2)*6~(1/2) /Pi~(1/2))*sin(3*a)*6~(1/2)*Pi~(1/2) /b~ (1/2

)+3/8*cos(a)*FresnelC(xxb~(1/2)*2"(1/2)/Pi~(1/2))*2~(1/2)*Pi~(1/2) /b~ (1/2)-

3/8*FresnelS(xxb~(1/2)*27(1/2) /Pi~(1/2))*sin(a)*2~(1/2)*Pi~(1/2) /b~ (1/2)

Rubi [A] time = 0.09, antiderivative size = 153, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 4, integrand size = 10,

number of rules _ ) 400, Rules used = {3358, 3354, 3352, 3351}

integrand size

3\/§ cos(a)FresnelC (\/g \/Ex) \/% cos(3a)FresnelC (\/g \/Ex) 3\/§ sin(a)S (\/E \/g x) \/% sin(3a4)S ‘
4

+
Vb 4Vb 4Vb 4
Antiderivative was successfully verified.
[In] Int[Cosla + b*x"2]73,x]

[Out] (3*Sqrt[Pi/2]*Cos[a]*FresnelC[Sqrt[b]*Sqrt[2/Pi]*x])/(4xSqrt[b]l) + (Sqrt[Pi
/6]1*Cos [3*a] *FresnelC[Sqrt [b] *Sqrt [6/Pi]*x])/(4xSqrt[b]) - (3*Sqrt[Pi/2]*Fr
esnelS[Sqrt [b]*Sqrt [2/Pi]*x]*Sin[al)/(4*Sqrt[b]) - (Sqrt[Pi/6]*FresnelS[Sqr

t [b]*Sqrt [6/Pi]*x]*Sin[3+*a])/(4*Sqrt[b])

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pil*Rt[d, 2]*(e + fxx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pil*Rt[d, 2]*(e + fxx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3354

Int[Cos[(c_) + (d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Dist[Cos[c], Int
[Cos[dx(e + f*x)~"2], x], x] - Dist[Sinlc], Int[Sin[d*(e + f*x)~2], x], x] /
; FreeQ[{c, d, e, f}, x]

Rule 3358

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_)*(x_))"(m )1*(b_.))"(p_), x_Sy
mbol] :> Int[ExpandTrigReduce[(a + b*Cos[c + dx(e + f*x)"n])7p, x], x] /; F
reeQ[{a, b, c, d, e, £}, x] && IGtQ[p, 1] && IGtQ[n, 1]

Rubi steps
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fcos3 (a + bxz) dx = f(z COS (a + bxz) + %cos (3a + 3bx2)) dx
= ijcos (311 + 3bx2) dx + chos (a + bxz) dx

= 31(3 cos(a)) f cos (bxz) dx + jIcos(C%a) f cos (3bx2) dx — %(3 sin(a)) f sin (bxz) d

3\/§ cos(a)C (\/E \/gx) \/g cos(3a)C (\/E \/gx) 3\/§S (\/E \/gx) sin(a)
) b ’ ) b N

Vb 4V

Mathematica [A] time = 0.23, size = 116, normalized size = 0.76

\/g (3\/5 cos(a)C («/E \/g x) + cos(3a)C (\/E \/g x) — 343 sin(@)S (\/E \/g x) _ sin(3a)S (\/E \/g x))
4Vb

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]73,x]

[Out] (Sqrt[Pi/6]=(3*Sqrt[3]*Cos[al*FresnelC[Sqrt[b]l*Sqrt[2/Pi]*x] + Cos[3*a]*Fre
snelC[Sqrt [b]*Sqrt [6/Pi]*x] - 3*Sqrt[3]*FresnelS[Sqrt [b]*Sqrt[2/Pi]*x]*Sin[
a] - FresnelS[Sqrt[b]l*Sqrt[6/Pi]*x]*Sin[3*a]))/(4*Sqrt[b])

fricas [A] time = 1.37, size = 121, normalized size = 0.79

\/En\/g cos(3a)C(\/€x\/g)+9\/§n\/g cos(a)C(\/zx\/g)—\/gn\/g S(\/gx\/g)sin(3a)—9\/§r

240D

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x”2+a)~3,x, algorithm="fricas")

[Out] 1/24x*(sqrt(6)*pi*sqrt(b/pi)*cos(3*a)*fresnel cos(sqrt(6)*x*sqrt(b/pi)) + 9%
sqrt (2) *pixsqrt (b/pi)*cos(a)*fresnel_cos(sqrt(2)*x*sqrt(b/pi)) - sqrt(6)*pi

xsqrt (b/pi)*fresnel_sin(sqrt(6)*x*sqrt(b/pi))*sin(3*a) - 9*sqrt(2)*pi*sqrt(
b/pi)*fresnel _sin(sqrt(2)*x*sqrt(b/pi))*sin(a))/b

giac [C] time = 0.60, size = 185, normalized size = 1.21
V6 /1t erf (—% \/E\/Ex(—;—bbl + 1)) i) 32\ erf (—% \/Ex(—% + 1)\/@) el 327 erf (—% V2

48\/5(—f + 1) 16 (—% + 1) 7] 16 (% +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~3,x, algorithm="giac")

[Out] -1/48*sqrt(6)*sqrt(pi)*erf (-1/2*sqrt(6)*sqrt(b)*x*x(-I*b/abs(b) + 1))*e” (3*I
*xa) / (sqrt (b) *(-I*b/abs(b) + 1)) - 3/16%sqrt(2)*sqrt(pi)*erf (-1/2*xsqrt(2)*x*
(-Ixb/abs(b) + 1)*sqrt(abs(b)))*e”(Ixa)/((-I*b/abs(b) + 1)*sqrt(abs(b))) -
3/16xsqrt (2) *sqrt (pi)*erf (-1/2*sqrt (2) *x* (I*xb/abs(b) + 1)*sqrt(abs(b)))*e”(
-Ixa)/((Ixb/abs(b) + 1)*sqrt(abs(b))) - 1/48xsqrt(6)*sqrt(pi)*erf(-1/2*sqrt

(6) *sqrt (b) *x* (I*b/abs(b) + 1))*e~(-3xIxa)/(sqrt(b)*(I*b/abs(b) + 1))

maple [A] time = 0.04, size = 101, normalized size = 0.66

3v2 1 (cos(a) FresnelC (x\/jg/z) — sin(a)S (xvg%\/z )) V2 \m V3 (cos (3a) FresnelC (%ﬂfbx) — si
+

8vVb 24b
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)~3,x)

[Out] 3/8*2~(1/2)*Pi~(1/2) /b~ (1/2)*(cos(a)*FresnelC(xxb~(1/2)*2~(1/2)/Pi~(1/2))-s
in(a)*FresnelS(x*b~ (1/2)*2~(1/2) /Pi~(1/2)))+1/24x2~(1/2)*Pi~(1/2)*3"(1/2) /b
~(1/2)*(cos(3*a) *FresnelC(2"(1/2) /Pi~(1/2)*3~(1/2)*b" (1/2) *x) -sin(3*a) *Fres

nelS(27(1/2)/Pi~(1/2)*37(1/2)*b~ (1/2)*x))

maxima [C] time = 1.29, size = 112, normalized size = 0.73

3-9@5&((@-1) cos (3a) + (i +1) sin (3a)) erf (V3ibx) + (- (i + 1) cos (3a) - (i — 1) sin (3a)) erf (V-3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x”"2+a)”~3,x, algorithm="maxima")

[Out] -1/288%(3%97(1/4)*sqrt(2)*sqrt(pi)*(((I - 1)*cos(3*a) + (I + 1)*sin(3*a))*e
rf (sqrt(3*I*xb)*x) + (-(I + 1)*cos(3*a) - (I - 1)*sin(3%*a))x*erf (sqrt(-3*Ixb)
*x))*b~(3/2) + sqrt(2)*sqrt(pi)*(((27*I - 27)*cos(a) + (27*I + 27)*sin(a))*
erf(sqrt(Ixb)*x) + (-(27*I + 27)*cos(a) - (27*I - 27)*sin(a))*erf (sqrt(-I*b

)*x))*b~(3/2))/b"2
time = 0.00, size = -1, normalized size = -0.01

fcos (b X%+ a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

mupad [F]

[In] int(cos(a + b*x"2)"3,x)

[Out] int(cos(a + b*x"2)73, x)

sympy [A] time = 1.14, size = 129, normalized size = 0.84
32\ (- sin @) (ﬁﬁg) +cos(@)C (222)) |1 G (- sin Gays (& f?21+ cos (o) (2] |

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)**3,x)

[Out] 3*sqrt(2)*sqrt(pi)*(-sin(a)*fresnels(sqrt(2)*sqrt(b)*x/sqrt(pi)) + cos(a)x*f
resnelc(sqrt(2)*sqrt(b)*x/sqrt(pi))) *sqrt(1/b)/8 + sqrt(6)*sqrt(pi)*(-sin(3
xa)*fresnels(sqrt (6)*sqrt(b)*x/sqrt(pi)) + cos(3*a)*fresnelc(sqrt(6)*sqrt(b

)*x/sqrt(pi)))*sqrt(1/b)/24
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cos3(a+bx2)

X

dx

319 |

Optimal. Leaf size=55
> cos(a)Ci (bx2) + L cos(@aci (3bx2) - > sin(a)Si (bx?) - ! sin(3a)si (3bx2)
8 8 8 8

[Out] 3/8%Ci(b*x"2)*cos(a)+1/8*Ci(3*b*xx"2)*cos(3*%a)-3/8*%S1i(b*x"2)*sin(a)-1/8*Si(3
*b*xx~2)*sin (3*a)

Rubi [A] time = 0.08, antiderivative size = 55, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 4, integrand size = 14,

number of rules _ ). 286, Rules used = {3404, 3378, 3376, 3375)

integrand size

3 1 3 1
3 cos(a)CosIntegral (bx2)+§ cos(3a)Coslntegral (3bx2)—§ sin(a)Si (bxz)—g sin(3a)Si (3bx2)

Antiderivative was successfully verified.
[In] Int[Cosl[a + b*x~2]"3/x,x]

[Out] (3*Cos[al*CosIntegral[b*x~2])/8 + (Cos[3*al*CosIntegral[3*b*x~2])/8 - (3%Si
nla]*SinIntegral [bxx~2])/8 - (Sin[3*a]*SinIntegral [3*xb*xx~2])/8

Rule 3375

Int[Sin[(d_.)*(x_)~(n_)]1/(x_), x_Symbol] :> Simp[SinIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, x]

Rule 3376

Int[Cos[(d_.)*(x_)"(n_)]/(x_), x_Symbol] :> Simp[CosIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, x]

Rule 3378

Int[Cos[(c_) + (d_.)*(x_)"(n_)]1/(x_), x_Symbol] :> Dist[Cos[c], Int[Cos[d*x
“n]/x, x], x] - Dist[Sin[c], Int[Sin[d*x"n]/x, x], x] /; FreeQ[{c, d, n}, x
]

Rule 3404

Int[((a_.) + Cos[(c_.) + (d_)*(x_ )" (@ )I*(_.))"(pI*x((e_)*x(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReducel[(e*x)"m, (a + b*Cos[c + d*x"n])"p, x], x]
/; FreeQ[{a, b, ¢, 4, e, m}, x] && IGtQ[p, 1] && IGtQ[n, O]

Rubi steps

x = +
X 4x 4x

f cos® (a + bxz) ; f[3 cos (a + bxz) cos (311 + 3bx2)] n

dx

_1 fcos (3a + 3bx2) s 3 f cos (a + bxz)
4 X 4 X

2
= %(3 cos(a)) f M dx + icos(?)a)f

X

d.

cos (bez) sin (bxz)
x x

dx — %(3 sin(a)) f

= g cos(a)Ci (bxz) + % cos(3a)Ci (3bx2) —~ g sin(a)Si (bxz) —~ % sin(3a)Si (bez)
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Mathematica [A] time = 0.09, size = 50, normalized size = 0.91

(3 cos(a)Ci (bx2) + cos(3a)Ci (3b22) - 3 sin(a)Si (bx?) - sin(3a)Si (3bx2))

| =

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*xx~2]73/x,x]
[Out] (3*Cos[al*CosIntegral[b*x~2] + Cos[3*a]*CosIntegral [3*b*x~2] - 3*Sin[a]#*Sin
Integral [b*x”"2] - Sin[3*al*SinIntegral [3*b*x~2])/8

fricas [A] time = 1.52, size = 63, normalized size = 1.15

11_6 (Ci (3 bxz) +Ci (—3 bxz)) cos (3 a)+% (Ci (bxz) +Ci (—bxz)) cos(a)—% sin (3 a) Si (3 bxz)—g sin(a) Si (ble

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~3/x,x, algorithm="fricas")

[Out] 1/16*(cos_integral (3*b*x~2) + cos_integral (-3*b*x~2))*cos(3*a) + 3/16%(cos_
integral (b*x”2) + cos_integral(-b*x72))*cos(a) - 1/8*sin(3+*a)*sin_integral(
3xb*x72) - 3/8xsin(a)*sin_integral (b*x~2)

giac [A] time = 0.61, size = 47, normalized size = 0.85

1 cos (3a)Ci (3 bxz) + % cos(a) Ci (bxz) —~ % sin(a) Si (bxz) + % sin (34) Si (—3 bxz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~3/x,x, algorithm="giac")

[Out] 1/8*cos(3*a)*cos_integral (3*b*x~2) + 3/8*cos(a)*cos_integral (b*x~2) - 3/8*s
in(a)*sin_integral (b*x~2) + 1/8+%sin(3%a)*sin_integral (-3*b*x~2)

time = 0.17, size = 125, normalized size = 2.27

ie 3 csgn (b xz) ie ™31 Sj (3b xz) e %" Ei (1, ~3ib xz) 3im csgn (b xz) e 3ie7Si (b xz) 3e " Ei (1, —ib
16 s 16 ’ 16 8 16

maple [C]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x"2+a)”~3/x,x)

[Out] 1/16*I*xexp(-3*I*a)*Pixcsgn(b*xx~2)-1/8*I*xexp(-3*Ixa)*Si(3*bxx"2)-1/16%exp(-3
*xIxa)*Ei(1,-3*%I*bxx"2)+3/16%xI*Pixcsgn(b*x~2)*exp(-I*a)-3/8*I*xexp(-I*a)*Si(b
*xx72)-3/16%exp(-I*a)*Ei(1,-I*b*xx"2)-3/16%exp(I*a)*Ei(1,-Ixb*x"2)-1/16*exp(3
*I*a)*Ei(1,-3*%I*b*xx"2)

maxima [C] time = 1.51, size = 89, normalized size = 1.62

(B (3102) + Bi (-3i122)) cos (e (Ei (ib22) + Bi (~i122)) cosla)+ o (i Ei (312) ~ i (-3ibx2)) s

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~3/x,x, algorithm="maxima"

[Out] 1/16%(Ei(3*I*bxx"2) + Ei(-3%I*b*x"2))*cos(3*a) + 3/16%(Ei(I*b*x"2) + Ei(-Ix
b*x"2))*xcos(a) + 1/16%(I*Ei(3*xI*xb*x"2) - I*Ei(-3*I*b*x"2))*sin(3*a) + 1/16%

(3*xI*Ei (I*b*xx"2) - 3*%I*Ei(-I*b*x"2))*sin(a)



mupad [F] time = 0.00, size = -1, normalized size = -0.02

dx

f cos (b X2+ a)3

X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"2)7~3/x,x)
[Out] int(cos(a + b*x"2)73/x, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f cos? (a + bxz)

X

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)**3/x,x)

[Out] Integral(cos(a + b*x**2)**3/x, x)

91
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3.20 f cos3(a+bx2) dx

x2

Optimal. Leaf size=168

_g\/g‘/g sin(a)C (\/E %x]—%\/g Vb sin(3a)C [\/E \/gx]—g\/g\/g cos(a)S (\/E %x]—% 3771 Vb

[Out] -cos(b*x"2+a)~3/x-3/4*cos(a)*FresnelS(x*xb~(1/2)*27(1/2)/Pi~(1/2))*b~(1/2)*2
~(1/2)*Pi~(1/2)-3/4*FresnelC(xxb~(1/2)*27(1/2) /Pi~(1/2))*sin(a)*b~ (1/2)*27(
1/2)*Pi~(1/2)-1/4*cos(3*a) *FresnelS(x*xb~(1/2)*6~(1/2)/Pi~(1/2))*b~(1/2)*6~(
1/2)*Pi~(1/2)-1/4*FresnelC(xxb~(1/2)*6~(1/2)/Pi~(1/2))*sin(3*a)*b~(1/2)*6"(
1/2)*Pi~(1/2)

Rubi [A] time = 0.14, antiderivative size = 168, normalized size of antiderivative
= 1.00, number of steps used = 9, number of rules used = 5, integrand size = 14,

number of rules _ ) 357, Rules used = {3394, 4574, 3353, 3352, 3351}

integrand size

—g\/E Vb sin(a)FresnelC (\/z \/Ex]—l\/E Vb sin(3a)FresnelC (\/E \/Ex]—g\/E Vb cos(a)S [\/E \/z
2\2 T 2V 2 T 2\2 T

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~2]73/x"2,x]

[Out] -(Cos[a + b*x"2]73/x) - (3*Sqrt[b]*Sqrt[Pi/2]*Cos[a]*FresnelS[Sqrt[b]*Sqrt[
2/Pil*x])/2 - (Sqrt[b]*Sqrt[(3*xPi)/2]*Cos[3*a]*FresnelS[Sqrt[b]*Sqrt[6/Pi]*

x])/2 - (3*Sqrt[b]*Sqrt[Pi/2]*FresnelC[Sqrt [b]l*Sqrt[2/Pil*x]*Sinfal)/2 - (S

qrt [b]*Sqrt [(3*Pi) /2] *FresnelC[Sqrt [b]*Sqrt [6/Pi]*x]*Sin[3*a])/2

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pil*Rt[d, 2]*(e + fxx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt [2/Pil*Rt[d, 2]*(e + f*xx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3353

Int[Sin[(c_) + (d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Dist[Sin[c], Int
[Cos[d*(e + f*x)~2], x], x] + Dist[Cosl[c], Int[Sin[d*(e + fx*xx)~2], x], x] /
; FreeQl{c, d, e, f}, x]

Rule 3394

Int[Cos[(a_.) + (b_)*x )" (0 )] (p)*(x_)"(m_.), x_Symbol] :> Simp[(x~(m +
1 *Cos[a + b*xx™n]"p)/(m + 1), x] + Dist[(b*n*p)/(m + 1), Int[Cos[a + b*x"n
17(p - 1)*Sinla + b*x"n], x], x] /; FreeQ[{a, b}, x] && IGtQlp, 1] && EqQ[m
+ n, 0] && NeQ[n, 1] && IntegerQ[nl]

Rule 4574

Int[Cos[w_]1"(q_.)*Sin[v_]~(p_.), x_Symbol] :> Int[ExpandTrigReduce[Sin[v]~p
*Cos[w]l~q, x], x] /; IGtQlp, 0] && IGtQlq, 0] && ((PolynomialQ[v, x] && Pol
ynomialQ[w, x]) || (BinomialQ[{v, w}, x] && IndependentQ[Cancel[v/w], x]))
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Rubi steps
3 2 3 2
fcos—(a; bx ) dx = _M — (6b) fcosz (a + bxz) sin (a + bxz) dx
X X

3 2
- _M — (6b) f (i sin (a + bxz) + %sin (3a + 3bx2)) dx

3 2
- _w - %(319) fsin (a + bxz) dx — %(317) fsin (Sa + 3bx2) dx

3 2
= —w - %(3!) cos(a)) fsin (bxz) dx — %(3!} cos(3a)) fsin (Bbxz) dx — %(:

3 b 2
_ o) SOV L cos(a)s[\/i \/sz _LV5 22 cos(3a)s [\/E\/Ex]
X 2 2 e 2 2 e

Mathematica [A] time = 0.64, size = 166, normalized size = 0.99

_3\/2_71 \/Exsin(a)C (\/E \/gx) + \/6_71 \/Ex sin(3a)C (\/E \/gx) + 3\/2_7'( \/Excos(a)S (\/E \/gx) + \/@ \/

4x

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x"2]73/x72,x]

[Out] -1/4%(3*Cos[a + b*x72] + Cos[3*(a + b*x72)] + 3*Sqrt[b]*Sqrt[2*Pi]*x*Cos [a]
xFresnelS[Sqrt [b] *Sqrt [2/Pi]*x] + Sqrt[b]*Sqrt [6*Pi]*x*Cos[3*a]*FresnelS[Sq

rt [b]*Sqrt [6/Pil*x] + 3*Sqrt[b]l*Sqrt[2*Pi]*x*FresnelC[Sqrt [b]*Sqrt[2/Pi]*x]
xSin[a] + Sqrt[b]*Sqrt[6+Pi]*x*FresnelC[Sqrt[b]*Sqrt[6/Pi]*x]*Sin[3*a]l)/x

fricas [A] time = 0.86, size = 136, normalized size = 0.81

\/Enx\/g cos(3a)8(\/€x\/g) +3\/§nx\/§ cos(a)S(\/Ex\/g) + \/gnx\/gC(\/gx\/g)sin(Ba)+3

4x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~3/x72,x, algorithm="fricas")

[Out] -1/4x%(sqrt(6)*pi*x*sqrt(b/pi)*cos(3*a)*fresnel_sin(sqrt(6)*x*sqrt(b/pi)) +
3xsqrt (2) *pi*xxsqrt(b/pi)*cos(a)*fresnel sin(sqrt(2)*x*sqrt(b/pi)) + sqrt(6
)*pi*xx*sqrt(b/pi)*fresnel_cos(sqrt(6)*x*sqrt(b/pi))*sin(3*%a) + 3*sqrt(2)*pi
xx*sqrt (b/pi) *fresnel cos(sqrt(2)*x*sqrt(b/pi))*sin(a) + 4*xcos(b*x"2 + a)~3

)/x

giac [F] time = 0.00, size = 0, normalized size = 0.00
3
cos (bx2 + a)
el
X
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x"2+a)~3/x72,x, algorithm="giac")
[Out] integrate(cos(b*x~2 + a)~3/x72, x)

maple [A] time = 0.04, size = 128, normalized size = 0.76

3 cos (b ¥ + a) 3\/5 \/E \/E (Cos(a)S (x\/i;/i) + sin(a) FresnelC (%)) cos (3b 2+ 3a) \/E \/E -

4x 4 4x -
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)~3/x72,x)

[Out] -3/4x*cos(b*x~2+a)/x-3/4%b~(1/2)*27(1/2)*Pi~(1/2)*(cos(a)*FresnelS(x*b~(1/2)
*27(1/2)/Pi~(1/2))+sin(a)*FresnelC(x*b~(1/2)*2°(1/2)/Pi~(1/2)))-1/4*cos(3*b
*x"2+3%a) /x-1/4*b” (1/2)*2~(1/2)*Pi~ (1/2)*3"(1/2) *(cos (3*a) *FresnelS (27 (1/2)
/Pi~(1/2)*37(1/2)*b~(1/2)*x)+sin(3*a) *FresnelC(2~(1/2)/Pi~(1/2)*3~(1/2)*b~(

1/2)*x))

maxima [C] time = 3.09, size = 151, normalized size = 0.90

«/3@((— (i+1) V2T (-%,31' bxz) +(i—1) V2T (—%,—31’ bxz)) cos (3a) + ((i _1) 2T (—%,31' bxz) (41

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~3/x72,x, algorithm="maxima"

[Out] 1/32%(sqrt(3)*sqrt(b*x~2)*((-(I + 1)*sqrt(2)*gamma(-1/2, 3*I*b*x~2) + (I -
1)*sqrt(2)*gamma(-1/2, -3*I*b*x~2))*cos(3*a) + ((I - 1)*sqrt(2)*gamma(-1/2,
3xI*b*x"2) - (I + 1)*sqrt(2)*gamma(-1/2, -3*I*xbxx~2))*sin(3*a)) + sqrt(b*x
“2)*x((-(3*I + 3)*sqrt(2)*gamma(-1/2, I*bxx~2) + (3*I - 3)*sqrt(2)*gamma(-1/

2, -I*xb*x"2))*cos(a) + ((3*I - 3)x*sqrt(2)*gamma(-1/2, I*b*x"2) - (3*xI + 3)*
sqrt(2)*gamma (-1/2, -I*b*x~2))*sin(a)))/x

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f cos (b X2+ a)3

dx
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"2)"3/x72,x)
[Out] int(cos(a + b*x72)73/x"2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

f cos® (a + bxz)

x2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)**3/x**2,x)

[Out] Integral(cos(a + b*x**2)*x3/x**2, x)
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cos3(a+bx2)

3

dx

3.21 f

Optimal. Leaf size=91

2
—gb sin(a)Ci (bxz)—gb sin(3a)Ci (3bx2)—§b cos(a)Si (bxz)—gb cos(3a)Si (3bx2)—3 o g;: be) 0 & g;

[Out] -3/8*cos(b*x"2+a)/x"2-1/8%cos (3xb*x~2+3%a) /x"2-3/8%*b*xcos(a)*Si(b*x~2)-3/8%b
*cos (3*a) *S1 (3*b*xx~2)-3/8*b*Ci(b*x~2)*sin(a)-3/8*b*Ci (3*b*x"2)*sin(3*a)

Rubi [A] time = 0.20, antiderivative size = 91, normalized size of antiderivative
= 1.00, number of steps used = 12, number of rules used = 6, integrand size = 14,

number of rules _ 5 429, Rules used = {3404, 3380, 3297, 3303, 3299, 3302}

integrand size

3 N 3. N 3 o\ 3 ' ) 3 cos
—gb sin(a)CosIntegral (bx )—gb sin(3a)CosIntegral (3bx )—gb cos(a)Si (bx )—gb cos(3a)Si (3bx )—

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~2]"3/x"3,x]

[Out] (-3*Cos[a + b*x72])/(8%x"2) - Cos[3*(a + bxx"2)]/(8*x72) - (3*b*CosIntegral
[b*x~2]*Sin[a])/8 - (3*bxCosIntegral [3*xb*x~2]*Sin[3*a])/8 - (3*bxCos[a]*Sin
Integral [b*x~2])/8 - (3*b*Cos[3*a]*SinIntegral [3*xb*x~2])/8

Rule 3297

Int[((c_.) + (d_.)*(x_)) " (m_)*sinl[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x) " (m + 1)*Sinf[e + fx*x])/(d*(m + 1)), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)"(m + 1)*Cos[e + f*x], x], x] /; FreeQl{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3299

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[dxe - cx*f, 0]

Rule 3302

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x1/d, x] /; FreeQl{c, d, e, f}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3303

Int[sin[(e_.) + (£_)*(x)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(dx*
e - cxf)/d], Int[Sin[(c*f)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[(c*xf)/d + fxx]/(c + d*x), x], x] /; FreeQ[{c, 4, e, £}, x] &&
NeQ[d*e - cxf, 0]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_)*(x )" (@ )I*Mm_.))"(p_)*(x)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x]) p
, xJ, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/nl, 0]1))

Rule 3404
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Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(m_)I*(b_.)) " (p_)*((e_.)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*xx)"m, (a + b*Cos[c + d*x"n])~p, x], x]
/; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, 0]

Rubi steps

+
x3 4x3 4x3

f cos® (a + bxz) ; f[3 cos (a + bxz) cos (3a + 3bx2)] ;
— Jix= X

1 cos (3a + 3bx2) 3 (cos (a + bxz)
o ==

3 dx + 1 v dx
1 b b
= = Subst f cos(3a + 3bx) dx, x, x% | + §Subst f cos(a + bx) dx, x, x2
8 x2 8 x2
3 cos (a + bxz) cos (3 (a + bxz)) 1 sin(a + bx) 1
__ _ _Z sinia + bx) 2| _ 2
_ - S < (3b) Subst ( f 2 ) ~(BD)St
3 cos (a + bxz) cos (3 (a + bxz)) 1 sin(bx) 1
_ _ __ 2| _ _
_ - e < (3b c0s(a)) Subst ( f 2 dx, ¢ ) (3
3 cos (a + bxz) cos (3 (a + bxz)) 3 3 3
. 2 . : 2 1 <
=— ") - o - gbCl (bx )sm(a) - gbC1 (3bx )sm(3a) - gb CO¢

Mathematica [A] time = 0.18, size = 90, normalized size = 0.99

3bx? sin(a)Ci (bx?) + 3bx? sin(3a)Ci (3bx?) + 3bx? cos(a)Si (bx2) + 3bx? cos(3a)Si (3bx?) + 3 cos (a + bx?) +
- 8x2

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*xx~2]73/x73,x]

[Out] -1/8%(3*Cos[a + b*x~2] + Cos[3*(a + b*x"2)] + 3*bxx"2*CosIntegral [bxx~2]*Si
nla] + 3xb*x"2*CosIntegral [3xb*x~2]*Sin[3*a] + 3*b*x~2%Cos[a]*SinIntegral[b
*xx"2] + 3%b*x"2*Cos[3*a]*SinIntegral [3xb*xx~2])/x72

fricas [A] time = 0.68, size = 108, normalized size = 1.19

6 bx? cos (3a) Si (3 bxz) + 6 bx? cos(a) Si (bxz) + 8 cos (bx2 + a)S +3 (bx2 Ci (3 bxz) + bx? Ci (—3 bxz)) sin (3.
- 1612

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x"2+a)~3/x73,x, algorithm="fricas")

[Out] -1/16%(6%b*x"2*cos(3*a)*sin_integral (3xb*x~2) + 6%bxx~2*cos(a)*sin_integral
(b*x72) + 8%cos(b*x"2 + a)~3 + 3*(b*x"2*cos_integral (3*b*x~2) + b*x"2*cos_i
ntegral (-3*b*x~2))*sin(3*a) + 3*(b*x~2xcos_integral (b*x~2) + b*x~2*cos_inte

gral (-b*x~2))*sin(a))/x"2

giac [B] time = 0.46, size = 185, normalized size = 2.03

3 (bx2 + a)bz Ci (3 bxz) sin (3a) — 3 ab? Ci (3 bxz) sin(3a)+ 3 (bx2 + a)bz Ci (bxz) sin(a) — 3 ab? Ci (bxz) sin(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~3/x73,x, algorithm="giac")
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[Out] -1/8%(3*(b*x”"2 + a)*b~2*cos_integral (3xb*x~2)*sin(3*a) - 3*a*b~2*cos_integr
al (3*xb*x~2)*sin(3*a) + 3*(b*xx~2 + a)*b~2*cos_integral (b*x~2)*sin(a) - 3*a*b
~2%cos_integral (bxx"2)*sin(a) + 3*(b*x”"2 + a)*b~2*cos(a)*sin_integral (b*x~2

) - 3xaxb~2*cos(a)*sin_integral (b*x~2) - 3*(b*x72 + a)*b~2*cos(3*a)*sin_int

egral (-3*%bxx~2) + 3*axb~2*cos(3*a)*sin_integral (-3xb*x~2) + b~2*cos(3*b*x"2

+ 3%a) + 3xb"2*cos(b*xx"2 + a))/(b72xx72)

maple [C] time = 0.20, size = 162, normalized size = 1.78
3e dicsgn (b xz) nb 3e7%Si (3b xz) b 3ie %" Fi (1, -3ib xz) b 3csgn (b xz) enh 3eSi (b xz) b 3i

—_— +_
16 8 * 16 * 16 8

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)~3/x73,x)

[Out] 3/16xexp(-3*I*a)*csgn(b*x~2)*Pi*b-3/8*exp(-3*I*a)*Si(3xb*xx~2)*b+3/16*I*exp (
-3*I*a)*Ei(1,-3*I*b*x"2)*b+3/16*csgn(b*x”~2) *exp (-I*a)*Pixb-3/8*exp(-I*a)*Si
(b*x72) *b+3/16%I*exp (-I*a)*Ei (1,-I*xb*x"2)*b-3/16*I*exp (I*a)*b*Ei(1,-I*b*x~2
)=3/16%I*exp (3*I*a)*xb*Ei(1,-3*xI*b*x~2)-3/8*cos (b*x~2+a) /x"2-1/8%cos (3xb*x~2

+3*a) /x"2

maxima [C] time = 1.06, size = 98, normalized size = 1.08
—% ((3ir (-1,3ibx?) - 3iT (-1,-3i bx?)) cos (3a) + (3i T (=1, bx?) - 3iT (-1, -i bx?)) cos(a) + 3 (T (-1, 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x"2+a)~3/x73,x, algorithm="maxima")

[Out] -1/16%((3*%I*gamma (-1, 3*Ixb*x~2) - 3*%Ixgamma(-1, -3*I*b*x~2))*cos(3*a) + (3
xI*xgamma (-1, I*b*x72) - 3*Ixgamma(-1, -Ixb*x72))*cos(a) + 3*(gamma(-1, 3*Ix*
b*x72) + gamma (-1, -3*I*b*x"2))*sin(3*a) + 3*(gamma(-1, I*b*x~2) + gamma(-1

, —I*b*xx~2))*sin(a))*b

mupad [F] time = 0.00, size = -1, normalized size = -0.01

dx

f cos (b X2+ a)3

3
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2)7~3/x73,x)
[Out] int(cos(a + b*x"2)73/x"3, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

cos® (a + bx?)

fetld),,
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)**3/x**3,x)

[Out] Integral(cos(a + bxx**2)*x3/x**3, x)
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3.22 f x cos’ (a + bxz) dx

Optimal. Leaf size=67

sin’ (a + bxz) 3sin’ (a + bxz) sin® (a + bxz) sin (a + bxz)
1w T o T w»

[Out] 1/2*sin(b*x"2+a)/b-1/2*sin(b*x"2+a) " 3/b+3/10*sin(b*x"2+a) 5/b-1/14*sin(b*x”~
2+a)~7/b

Rubi [A] time = 0.05, antiderivative size = 67, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 2, integrand size = 12,

numberofrules _ 167, Rules used = {3380, 2633}

integrand size

sin’ (a + bxz) 3sin’ (a + bxz) sin® (a + bxz) sin (a + bxz)
T A

Antiderivative was successfully verified.
[In] Int[x*Cos[a + b*x~2]77,x]

[Out] Sinl[a + b*x"2]/(2xb) - Sin[a + b*x"2]73/(2*b) + (3*Sin[a + b*x~2]75)/(10%b)
- Sinl[a + b*x~2]"7/(14xb)

Rule 2633

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
nd[(1 - x”2)~((n - 1)/2), x], x], x, Cosl[c + d*x]], x] /; FreeQ[{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(n_)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x]) p
, xJ, x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQIm, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/n], 0]))

Rubi steps

1
fxcos7 (a + bxz) dx = 5 Subst (f cos’(a + bx)dx, x, x2)

Subst (f (1 —3x2 + 3x* - x6) dx, x, — sin (a + bxz))
T 2b
_sin (a + bxz) sin® (a + bxz) 3sin® (a + bxz) sin’ (a + bxz)

T T * 106 T 1ap

Mathematica [A] time = 0.09, size = 54, normalized size = 0.81

—5sin’ (u + bxz) + 21 sin® (a + bxz) — 35sin’ (a + bxz) + 35sin (a + bxz)
70b

Antiderivative was successfully verified.

[In] Integrate[x*Cos[a + b*x~2]77,x]
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[Out] (35%Sin[a + b*x"2] - 35*Sinf[a + b*x~2]"3 + 21x*Sin[a + b*x~2]"5 - 5%Sin[a +
bxx~2]77)/(70%b)
fricas [A] time = 0.94, size = 51, normalized size = 0.76
6 4 2
(5 cos (bx2 + a) + 6 cos (bx2 + a) + 8 cos (bx2 + a) + 16) sin (bx2 + a)

70b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x~2+a)~7,x, algorithm="fricas")
[Out] 1/70%(5%cos(b*x”2 + a)”6 + 6xcos(b*x™2 + a)~4 + 8xcos(b*x™2 + a)~2 + 16)*si

n(b*x"2 + a)/b

giac [A] time = 0.37, size = 52, normalized size = 0.78

5 sin (bx2 + a)7 —21 sin (bx2 + a)5 + 35 sin (bx2 + a)3 - 35 sin (bx2 + a)
- 70b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x"2+a)~7,x, algorithm="giac")
[Out] -1/70%(5xsin(b*x”2 + a)~7 - 21*sin(b*x"2 + a)”5 + 35*%sin(b*x"2 + a)~3 - 3b%

sin(b*x"2 + a))/b

maple [A] time = 0.03, size = 50, normalized size = 0.75

4 b 2 2 2
(% + cos® (b X2 + a) + ofcos (SX +) + 5(cos (:x +u))) sin (b X2 + a)

14b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(b*x~2+a)~7,x)
[Out] 1/14/b*x(16/5+cos(b*x"~2+a) ~6+6/5%cos (b*x~2+a) "4+8/5*cos (b*xx"2+a) "2) *sin(b*x~

2+a)
maxima [A] time = 1.10, size = 55, normalized size = 0.82
5 sin (7 bx? + 7a) + 49 sin (5 bx% +5 a) + 245 sin (3 bx% +3 a) + 1225 sin (bx2 + a)

44800

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x~2+a)~7,x, algorithm="maxima"
[Out] 1/4480%*(5*sin(7*b*x~2 + 7*a) + 49%sin(b*b*x~2 + b*a) + 245%sin(3*b*x~2 + 3
a) + 1226xsin(b*x”2 + a))/b

mupad [B] time = 0.75, size = 55, normalized size = 0.82

245 sin(3bx2 +3a) +49 sin(5bx2 +5a) +5 sin(7bx2 + 7a) +1225 sin(bx2 + a)
4480 b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a + b*x"2)77,x)
[Out] (245*sin(3*a + 3*b*x"2) + 49*%sin(b*a + b*b*x"2) + b*sin(7*a + 7*xb*x"2) + 12

25xsin(a + b*x"2))/(4480%Db)
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sympy [A] time = 7.82, size = 94, normalized size = 1.40

8sin’ (a+bx2) 4sin® (a+bx2) cos? (a+bx2) sin® (a+bx2) cos? (a+bx2) sin (a+bx2) cos® (a+bx2)

+ + for

- 4 = - % orb+#0

2 7

x cozs (a) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x**2+a)**7,x)

[Out] Piecewise((8*sin(a + bxx*x*2)*x7/(35%b) + 4xsin(a + b*xx**2)*x*5xcos(a + b*x*x
2)*x%x2/(5%b) + sin(a + b*x**2)**x3*cos(a + b*x*x2)*x*x4/b + sin(a + b*xx**2)*cos
(a + b*x*x2)**x6/(2*xb), Ne(b, 0)), (x**2xcos(a)**7/2, True))
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3.23 f x°2 cos (a + bxz) dx

Optimal. Leaf size=111

22 gin ( 1+ bxz) 3iel*x32T (%, —ibxz) 3iex32T (Z, ibxz)

3/4

2 16b (~ibx2) 16b (ibx2)

[Out] -3/16%Ixexp(I*a)*x”~(3/2)*GAMMA(3/4,-I*b*x~2)/b/(-I*b*x~2)"(3/4)+3/16%I*x" (3
/2)*GAMMA (3/4,I*b*x"2) /b/exp(I*a)/(Ixb*x~2)~(3/4)+1/2xx~ (3/2)*sin(b*x"2+a)/

b

Rubi [A] time = 0.08, antiderivative size = 111, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 14,

number of rules _ ).214, Rules used = {3386, 3389, 2218}

integrand size

iy 3. L 3 .
3ie"x3?Gamma (Z’ —lbxz) 3ie " x32Gamma (Z’ szz) 2 gin ( 1+ bxz)
)3/4 " 2b

+
16b (-ibx?) " 16b (ibx>

Antiderivative was successfully verified.
[In] Int[x~(5/2)*Cos[a + b*x~2],x]

[Out] (((-3%I)/16)*E~(I*a)*x"(3/2)*Gammal[3/4, (-I)*b*xx~2])/(bx((-I)*b*x"2)"(3/4))
+ (((3%I)/16)*x~(3/2)*Gamma [3/4, Ixbxx"2])/(b*E~(I*a)*(I*b*x"2)"(3/4)) + (
x~(3/2)*Sin[a + b*xx~2])/(2xb)

Rule 2218

Int[(F_)~((a_.) + (b_.)*x((c_.) + (d_)*x_))"(m))*x((e_.) + (f_)*(x_)) " (m_
.), x_Symbol] :> -Simp[(F~a*(e + f*x)~(m + 1)*Gamma[(m + 1)/n, -(b*x(c + d*x
) "n*xLog[F]1)1)/ (f*n* (- (b*(c + d*x) n*Log[F]))~((m + 1)/n)), x] /; FreeQ[{F,
a, b, ¢, d, e, f, m, n}, x] && EqQ[d*e - cx*f, 0]

Rule 3386

Int[Cos[(c_.) + (d_)*(x )" (n_)]*((e_.)*(x_)) " (m_.), x_Symbol] :> Simp[(e~(
n - 1)*x(exx)"(m - n + 1)*Sin[c + d*x"n])/(d*n), x] - Dist[(e"n*(m - n + 1))
/(d*n), Int[(e*x)"(m - n)*Sin[c + d*x"n], x], x] /; FreeQl{c, d, e}, x] &&
IGtQ[n, 0] && LtQ[n, m + 1]

Rule 3389
Int[((e_.)*(x_))"(m_.)*Sin[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[I/2,

Int[(e*xx) "m*E~(-(c*I) - d*I*x"n), x], x] - Dist[I/2, Int[(e*xx) m*E~(c*xI +
d*I*x"n), x], x] /; FreeQl{c, d, e, m}, x] && IGtQ[n, 0]

Rubi steps

x32 sin (a + bxz) 3 [ sin (a + bxz) dx

fx5/2 cos (a + bxz) dx =

2b 4b
x32 sin (a + bxz) (37) f e‘i“‘ibxzﬁ dx (30 f ei””bxzxﬂ dx
= 2b B 8b " 8b
3iel*x32T (2, —ibxz) 3iex32T (Z, ibxz) 2 gin ( g+ bxz)
= — + +

16b (—ibr2)" 16b (ibx2)" 2b
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Mathematica [A] time = 0.20, size = 113, normalized size = 1.02

4

bx'1/2 (8 (b2x4)3/ sin (a + bxz) +3 (ibx2)3/4 (sin(a) — i cos(a))l (Z —ibxz) +3 (—ibx2)3/4 (sin(a) + i cos(a))T (Z

)7/4

16 (b2x4

Antiderivative was successfully verified.

[In] Integrate[x”™(5/2)*Cos[a + b*x"2],x]

[Out] (b*x~(11/2)* (3% (I*b*x~2) " (3/4)*Gamma [3/4, (-I)*b*x~2]*((-I)*Cos[a] + Sinl[a]
) + 3x((-I)*bxx"2) " (3/4)*Gamma [3/4, Ixbxx"2]*(I*Cos[a] + Sin[a]) + 8*(b~2x*x
~4)~(3/4)*Sin[a + b*x"2]))/(16%(b~2*x~4)~(7/4))

fricas [A] time = 0.88, size = 58, normalized size = 0.52
3 N i (3 N o (3
8 bx2 sin (bx2 + a) +3 (ib)ieiar (Z’ i bxz) +3 (—ib)ielar (Z’ ~i bxz)
16 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(5/2)*cos(b*x~2+a),x, algorithm="fricas")

[Out] 1/16%(8*b*x~(3/2)*sin(b*x"2 + a) + 3*%(I*b)~(1/4)*e”(-I*a)*gamma(3/4, I*b*xx~
2) + 3% (-Ixb)~(1/4)*e” (I*a)*gamma(3/4, -I*xb*xx"2))/b"2

giac [F] time = 0.00, size = 0, normalized size = 0.00
5
fxz cos (bx2 + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(5/2)*cos(b*x~2+a),x, algorithm="giac")
[Out] integrate(x~(5/2)*cos(b*x™2 + a), x)

maple [C] time = 0.11, size = 229, normalized size = 2.06

7 7 1 7 7 1
3 Zx% 2% (;,2)% sin(b xz) 3x2 (bz) 821 sin(b x2) LommelSl(g,g,b xz) 3x2(1?) 822 (cos(p xz)xzb—sin(b 2)) LommelSl(}I,
21 cos(a)\nt T + - + 5
141 (bxz)1 8+/n (bxz)Z

7
8

2(p?)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(5/2)*cos(b*x~2+a),x)

[Out] 1/2%27(3/4)/(b~2)~(7/8)*cos(a)*Pi~(1/2)*(2/7/Pi~(1/2)*x~(3/2)*2~(1/4)*(b"2)
~(7/8) /b*sin(bxx~2)+3/14/Pi~(1/2)*x~(7/2)*x(b~2) ~(7/8)*2~(1/4) / (bxx~2) ~(5/4)
*sin(b*x~2) *LommelS1(5/4,3/2,b*x"2)+3/8/Pi~(1/2)*x~(7/2)*(b"2) ~(7/8)*2"(1/4
)/ (b*xx"2) " (9/4)*(cos (b*x"2) *x"2*xb-sin(b*x"2) ) *LommelS1(1/4,1/2,bxx"2))-1/2%
27(3/4) /b~ (7/4)*sin(a)*Pi~ (1/2)*(=1/8/Pi~ (1/2) *x~ (7/2) b~ (7/4) %2~ (1/4) / (b*x
~2)7(5/4) *sin(b*x~2) *LommelS1(1/4,3/2,bxx"2)-1/2/Pi~(1/2)*x~(7/2) *b~ (7/4) %2
~(1/4)/ (b*xx"2) " (9/4) *(cos (b*x~2) *x~2*b-sin(b*x~2) ) *LommelS1(5/4,1/2,b*xx"2))

maxima [B] time = 2.19, size = 156, normalized size = 1.41

: 3 3
16 b2 sin (bx? + a) + (bx?)’ ((3 JV2 +2 (r (Z,ibxz) 4T (Z —ibxz)) —=V2 42 (—31‘1‘ (Z,ibxz) +3iT (Z'

32
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(5/2)*cos(b*x~2+a),x, algorithm="maxima")

[Out] 1/32%(16%b*x"2*sin(b*x”2 + a) + (b*x72)7(1/4)*((3*sqrt(sqrt(2) + 2)*(gamma(

3/4, I*b*xx"2) + gamma(3/4, -I*b*xx"2)) - sqrt(-sqrt(2) + 2)*(-3*Ixgamma(3/4,
I*¥b*x~2) + 3xI*xgamma(3/4, -Ixb*x~2)))*cos(a) + (3xsqrt(-sqrt(2) + 2)*(gamm

a(3/4, Ixbxx~2) + gamma(3/4, -I*b*x~2)) - sqrt(sqrt(2) + 2)*(3xI*gamma(3/4,
Ixbxx~2) - 3*I*gamma(3/4, -I*b*x72)))*sin(a)))/ (b~ 2*sqrt(x))

mupad [F] time = 0.00, size = -1, normalized size = -0.01
fx5/2 cos (b X% + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(5/2)*cos(a + b*x"2),x)
[Out] int(x~(5/2)*cos(a + b*x"2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
5
fxz cos (a + bxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(5/2)*cos (b*x*x*2+a),x)

[Out] Integral (x**(5/2)*cos(a + b*x**2), x)
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3.24 f x32 cos (a + bxz) dx

Optimal. Leaf size=111

Vx sin (a n bxz) ie\/[xT (i, —ibxz) ie\xT (le, ibxz)
- +
2b 16bV—ibx? 16bVibx?

[Out] -1/16%Ix*exp(I*a)*GAMMA(1/4,-T*xb*xx"2)*x~(1/2)/b/(-I*b*x~2)~(1/4)+1/16*I*GAMM
A(1/4,I*b*xx"2)*x~(1/2) /b/exp(I*a)/(Ixbxx~2) "~ (1/4)+1/2*sin(b*x~2+a)*x~(1/2)/
b

Rubi [A] time = 0.08, antiderivative size = 111, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 14,

number of rules _ ).214, Rules used = {3386, 3389, 2218}

integrand size
iy 1. L 1.
ia 2 —ia 2 .
ie'"/x Gamma (Z,—sz ) ie”/x Gamma (Z’be ) VX sin (a + bxz)
+

+
16bV—ibx? 16bibx? 2b

Antiderivative was successfully verified.

[In] Int[x~(3/2)*Cos[a + b*x"2],x]

[Out] ((-I/16)*E~(I*a)*Sqrt[x]*Gammal[1/4, (-I)x*bxx~2])/(b*((-I)*b*x"2)"(1/4)) + (
(I/16)*Sqrt [x]*Gamma[1/4, Ixb*xx~2])/(b*E~(I*a)*(I*xb*x~2)~(1/4)) + (Sqrt[x]x*
Sinla + b*x72])/(2%b)

Rule 2218

Int[(F_)~((a_.) + (b_.)*x((c_.) + (d_)*x_))"(m))*x((e_.) + (f_)*(x_)) " (m_
.), x_Symbol] :> -Simp[(F~a*(e + f*x)"(m + 1)*Gamma[(m + 1)/n, -(b*x(c + d*x
) "n*xLog[F]1)]1)/ (f*n* (- (b*(c + d*x) n*Log[F]))~((m + 1)/n)), x] /; FreeQ[{F,
a, b, c, d, e, £, m, n}, x] && EqQ[d*e - cx*f, 0]

Rule 3386

Int[Cos[(c_.) + (d_)*(x )" (n_)]*((e_.)*(x_)) " (m_.), x_Symbol] :> Simp[(e~(
n - 1*x(exx)"(m - n + 1)*Sin[c + d*x"n])/(d*n), x] - Dist[(e"n*(m - n + 1))
/(d*n), Int[(e*x)"(m - n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] &&
IGtQ[n, 0] && LtQ[n, m + 1]

Rule 3389

Int[((e_.)*(x_))"(m_.)*Sin[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[I/2,
Int[(e*xx) "m*E~(-(c*I) - d*I*x"n), x], x] - Dist[I/2, Int[(e*x) m*E~(c*xI +
d*I*x"n), x], x] /; FreeQl{c, d, e, m}, x] && IGtQ[n, O]

Rubi steps
sin(a+bx2)
\/x sin (a + bxz) / N dx
3/2 2 _
fx/cos(a+bx)dx— D - 1D
. e—ia—ibxz . eia+ibx2
_Vx sin (a + bx?) ) ldex ldex
2b 8b 8b

iy 1. . 1.
ie\/xT (Z,—szz) ie7\/xT (Z,szz) Vx sin (a n bxz)
- + +
16bV-ibx? 16bVibx? 2b
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Mathematica [A] time = 0.15, size = 111, normalized size = 1.00

b2 (8\/4 b2t sin (a + bx?) + Viba? (sin(a) — i cos(a))T (1, —ibxz) + =02 (sin(a) + i cos(a))T (jz ibxz))

)5/44

16 (b2x*
Antiderivative was successfully verified.

[In] Integratel[x~(3/2)*Cos[a + b*x~2],x]

[Out] (b*x~(9/2)*((I*b*x~2)~(1/4)*Gammal[1/4, (-I)*bxx"2]*((-I)*Cos[a] + Sin[a]l) +
((-D*b*xx"2)~(1/4)*Gamma[1/4, Ixb*xx"2]*(I*Cos[a] + Sin[a]) + 8x(b"2*x"4)"(
1/4)*Sin[a + b*x"2]))/(16x(b"2*xx~4)~(5/4))

fricas [A] time = 0.60, size = 56, normalized size = 0.50
3 ) 3.
(ib)i c-i0T (i,ibxz) + (—ib)1 elinT (411 —ibxz) + 8By sin (bx? + a)
16 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(b*x~2+a),x, algorithm="fricas")

[Out] 1/16%((Ixb)~(3/4)*e”(-I*a)*gamma(l/4, I*xbxx~2) + (-I*b)~(3/4)*e”(I*a)*gamma
(1/4, -I*b*x~2) + 8*b*sqrt(x)*sin(b*x~2 + a))/b~2

giac [F] time = 0.00, size = 0, normalized size = 0.00
3
fo cos (bx2 + a) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(b*x~2+a),x, algorithm="giac")
[Out] integrate(x™(3/2)*cos(b*x”2 + a), x)

maple [C] time = 0.08, size = 290, normalized size = 2.61

3 5 3 5 9 33 9
1 2VE 28(2) sin(b22) 2R 28(12)3 (cos(ba2)2b-sin(b:2)) X2 (#)52%bsin(b:?) LommelSl(%,g,bxz) 2:2(
21 cos(a)\/nt w=n + = + 7 -
10y (pa2)4
5
2(p2)°

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(3/2)*cos(b*x~2+a),x)

[Out] 1/2%27(1/4)/(b~2)"(5/8)*cos(a)*Pi~(1/2)*(2/5/Pi~(1/2)*x~(1/2)*2~(3/4)*(b~2)
~(5/8) /b*sin(bxx~2)+2/5/Pi~(1/2) *x~ (1/2)*27(3/4)*(b~2) " (5/8) /bx (cos (b*x~2) *
x"2xb-sin(b*x~2))+1/10/Pi~(1/2)*x~(9/2)*(b~2) ~(5/8)*2~(3/4) *b/ (b*xx~2) ~(7/4)
*xsin(b*x~2)*LommelS1(3/4,3/2,b*xx"2)-2/5/Pi~(1/2)*x~(9/2)*(b~2)~(5/8)*2~(3/4

)*b/ (b*xx~2) " (11/4) *(cos (b*x~2) *x~2*b-sin(b*x"~2) ) *LommelS1(7/4,1/2,b*x"2))-1
/2*%27(1/4) /b~ (5/4)*sin(a) *Pi~ (1/2)*(2/9/Pi~(1/2)*x~ (5/2) %2~ (3/4)*b~ (5/4) *si
n(b*x~2)-2/9/Pi~(1/2)*x~(9/2)*b~(9/4)*2~(3/4) / (b*x~2) " (7/4) *sin (b*x~2) *Lomm
elS1(7/4,3/2,bxx72)-1/2/Pi~(1/2)*x~(9/2)*b~(9/4)*2~(3/4) / (b*x~2)~(11/4) *(co
s(b*x"2) *x"2*xb-sin(b*x~2)) *LommelS1(3/4,1/2,b*xx"2))

maxima [B] time = 1.34, size = 158, normalized size = 1.42

16 (bxz)‘lI \/x sin (bx2 + a) + ((\/—\/5 +2 (F (i,ibxz) +T (jz,—i bxz)) +4/V2 +2 (iF (i,ibxz) —il (i, —i

32




106

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(b*x~2+a),x, algorithm="maxima")

[Out] 1/32%(16%(b*x"2)7(1/4)*sqrt(x)*sin(b*x~2 + a) + ((sqrt(-sqrt(2) + 2)*(gamma
(1/4, Ixb*xx"2) + gamma(1l/4, -Ixb*x72)) + sqrt(sqrt(2) + 2)*(I*xgamma(1/4, Ix
b*x72) - I*gamma(1l/4, -I*b*x~2)))*cos(a) + (sqrt(sqrt(2) + 2)*(gamma(1/4, I
*xb*x~2) + gamma(l/4, -Ixb*x~2)) + sqrt(-sqrt(2) + 2)*(-Ixgamma(l/4, I*b*x~2

) + Ixgamma(1l/4, -Ixb*x~2)))*sin(a))*sqrt(x))/((b*x~2)~(1/4)*b)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

fx3/2 CoS (b X2+ a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(3/2)*cos(a + b*x"2),x)

[Out] int(x~(3/2)*cos(a + b*x72), x)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

fxg cos (a + bxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(3/2)*cos(b*x*x*2+a),x)

[Out] Integral (x**(3/2)*cos(a + b*x**2), x)
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325 [ +/x cos (cz + bxz) dx

Optimal. Leaf size=81

elx32T (Z, —ibxz) e iay32T (Z, ibxz)
N )3/4 - )3/4

4 (—ibx2 4 (ibx2

[Out] -1/4x*exp(Ix*a)*x~(3/2)*GAMMA(3/4,-I*xb*x"2)/(-I*b*xx"2)~(3/4)-1/4%x"(3/2)*GAMM

A(3/4,I*xb*x"2)/exp(I*a)/(I*xb*xx~2)~(3/4)

Rubi [A] time = 0.06, antiderivative size = 81, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 2, integrand size = 14,

number of rules _ ) 143, Rules used = {3390, 2218}

integrand size

: 3. » 3,
¢x3¥2Gamma (Z’ —szz) e~ 1x32Gamma (Z’ szz)

3/4 B 3/4
) )

4 (—ibx2 4 (ibx2

Antiderivative was successfully verified.
[In] Int[Sqrt[x]*Cos[a + b*x~2],x]

[Out] -(E~(I*a)*x~(3/2)*Gammal[3/4, (-I)*b*xx~2])/(4*x((-I)*b*x~2)~(3/4)) - (x~(3/2)
*Gamma [3/4, Ixbxx~2])/(4*E~(I*xa)*(Ixb*xx"2)~(3/4))

Rule 2218

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(m_))*((e_.) + (f_.)*(x_)) " (m_
.), x_Symbol] :> -Simp[(F~a*(e + f*x)"(m + 1)*Gamma[(m + 1)/n, -(b*x(c + d*x
) "n*xLog[F]1)]1)/ (f*n* (- (b*(c + d*x) n*Log[F]))~((m + 1)/n)), x] /; FreeQ[{F,
a, b, ¢, d, e, f, m, n}, x] && EqQ[d*e - cx*f, 0]

Rule 3390

Int[Cos[(c_.) + (d_)*(x )" (m_)I*((e_.)*x(x_))"(m_.), x_Symbol] :> Dist[1/2,
Int[(exx)  m*E~(-(c*xI) - d*I*x"n), x], x] + Dist[1/2, Int[(e*x) m*E~(c*xI +
d*I*x"n), x], x] /; FreeQ[{c, d, e, m}, x] && IGtQ[n, O]

Rubi steps

1 o 1 .
f Vx cos (a +bx?) dx = 5 f et [y dx + 5 f el \[x dx

ely32r (%, —ibxz) e~iax32T (Z, ibxz)
)3/4 - )3/4

4 (—ibx2 4 (ibx2

Mathematica [A] time = 0.08, size = 89, normalized size = 1.10

Y ((—ibx2)3/ * (cos(a) — i sin(a))T (Z ibxz) + (ibx2)" (cos(a) + i sin(a))T (Z —ibxz))

4 (b2x4)3/4

Antiderivative was successfully verified.

[In] Integrate[Sqrt[x]*Cos[a + b*x"2],x]
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[Out] -1/4%(x~(3/2)*(((-I)*b*xx~2)"(3/4)*Gamma[3/4, Ixbxx~2]*(Cos[al - I*Sin[a]) +
(I*xb*x~2)"(3/4)*Gamma[3/4, (-I)*bxx"2]*(Cos[al + Ix*Sin[al)))/(b"2xx"4)~(3/
4)

fricas [A] time = 0.99, size = 44, normalized size = 0.54
Ny (i 3. et 3.
i (ib)3 10T (Z’ i bxz) —i (-ib)ieliaT (Z’ —i bxz)
4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(b*x~2+a),x, algorithm="fricas")

[Out] 1/4*(I*x(I*b)~(1/4)*e”(-I*a)*gamma(3/4, I*b*x~2) - Ix(-Ixb)~(1/4)*e”(I*a)*ga
mma (3/4, -I*b*x"2))/b

giac [F] time = 0.00, size = 0, normalized size = 0.00
f\/& cos (bx2 + zz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(b*x~2+a),x, algorithm="giac")
[Out] integrate(sqrt(x)*cos(b*x™2 + a), x)

maple [C] time = 0.06, size = 290, normalized size = 3.58

7 31 7 31
3 \/_ 42% (bz)% sin(b xZ) 42% (bz)g (cos(b xz)xzb—sin(b xz)) x2 (bZ)gzib sin(b xz) LommelSl(i,g,b xz) 4x2 (bz) 5 2117((:(
24 cos(a)y/m + - = -
3ym \x b 3ym \x b 3 (042)8
3
4(p?)°

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(1/2)*cos(b*x~2+a),x)

[Out] 1/4%27(3/4)/(b~2)~(3/8)*cos(a)*Pi~(1/2)*(4/3/Pi~(1/2)/x~(1/2)*2~(1/4)*(b"2)
~(3/8) /b*sin(b*x~2)+4/3/Pi~(1/2) /3~ (1/2)*27(1/4)*(b~2) ~(3/8) /b* (cos (b*x~2) *
x"2%b-sin(b*x"2))-1/3/Pi~(1/2) *x~ (7/2)*(b~2) ~(3/8) *2~ (1/4) xb/ (b*x~2) ~ (5/4) *
sin(b*x"2)*LommelS1(1/4,3/2,b*x"2)-4/3/Pi~(1/2)*x~(7/2)*(b~2)~(3/8)*2~(1/4)

*b/ (bxx~2) ~(9/4) *(cos (b*x~2) *x~2%b-sin(b*x~2) ) *LommelS1(5/4,1/2,b*x"2))-1/4
*27(3/4) /b~ (3/4)*sin(a)*Pi~(1/2)*(4/7/Pi~(1/2)*x~(3/2)*2~(1/4) *b~(3/4) *sin(
b*x~2)-4/7/Pi~ (1/2)*x~(7/2)*b~(7/4)*2"(1/4) / (b*xx~2) " (5/4) *sin (b*x~2) *Lommel
S1(5/4,3/2,b%x72)-1/Pi~(1/2)*x~(7/2)*b~ (7/4) %2~ (1/4) / (b*xx~2) ~(9/4) * (cos (b*x
~2)*x"2*%b-sin(b*x”2) ) *LommelS1(1/4,1/2,b*x"2))

maxima [B] time = 1.16, size = 138, normalized size = 1.70

() (V=2 2 (0 (G 0) o (3 mi02) - SN2 2o (0] i1 (-0 ot (V2 -

8 by/x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(b*x~2+a),x, algorithm="maxima")

[Out] -1/8*(b*x72)~(1/4)*((sqrt(-sqrt(2) + 2)*(gamma(3/4, I*b*x~2) + gamma(3/4, -
I¥b*x~2)) - sqrt(sqrt(2) + 2)*(Ixgamma(3/4, I*b*x~2) - Ixgamma(3/4, -I*xbxx"
2)))*cos(a) - (sqrt(sqrt(2) + 2)*(gamma(3/4, I*b*x~2) + gamma(3/4, -Ixb*x~2
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)) + sqrt(-sqrt(2) + 2)*(Ixgamma(3/4, Ixb*x~2) - Ikgamma(3/4, -I*b*x"2)))x*s
in(a))/(b*sqrt(x))

mupad [F] time = 0.00, size = -1, normalized size = -0.01
f\/& cos (bxz + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(1/2)*cos(a + b*x"2),x)
[Out] int(x~(1/2)*cos(a + b*x"2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f\/? cos (a + bxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(1/2)*cos(b*x**2+a),x)

[Out] Integral(sqrt(x)*cos(a + b*x**2), x)
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cos(a+bx2)

\/}dx

326 |

Optimal. Leaf size=81
e \xT (i,—ibxz) e \[xT (i,ibxz)
4V=ibx? 4Vibx?

[Out] -1/4%exp(Ix*a)*GAMMA(1/4,-Ixb*x"2)*x~(1/2)/(-I*b*xx"2)"(1/4)-1/4+%GAMMA(1/4,1I*
b*x72)*x~(1/2) /exp(I*a)/(Ixbxx~2)~(1/4)

Rubi [A] time = 0.07, antiderivative size = 81, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 2, integrand size = 14,

number of rules _ ) 143 Rules used = {3390, 2218}

integrand size
; 1. : 1.
e"y/x Gamma (Z’ —szz) e"y/x Gamma (Z’ szz)
- 4 - 4
4V —ibx? 4Vibx?

Antiderivative was successfully verified.

[In] Int[Cos[a + b*x~2]/Sqrt[x],x]

[Out] -(E~(I*a)*Sqrt[x]*Gammal[1/4, (-I)*bxx~2])/(4*x((-I)*b*x~2)~(1/4)) - (Sqrtl[x]
*Gamma [1/4, I*b*x~2])/(4*E~(I*a)*(I*b*x"2)"(1/4))

Rule 2218

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_)*(x_))"(m_))*((e_.) + (f_.)*(x_)) " (m_
.), x_Symbol] :> -Simp[(F~a*(e + f*x)"(m + 1)*Gamma[(m + 1)/n, -(b*x(c + d*x
) "n*Log[F]1)1)/ (f*n* (- (b*(c + d*x) n*Log[F]))~((m + 1)/n)), x] /; FreeQ[{F,
a, b, ¢, d, e, £, m, n}, x] && EqQ[d*e - cxf, 0]

Rule 3390

Int[Cos[(c_.) + (d_)*(x )" (@ )I*x((e_.)*x(x_))"(m_.), x_Symbol] :> Dist[1/2,
Int[(exx) " m*E~(-(c*xI) - d*I*x"n), x], x] + Dist[1/2, Int[(e*x) m*E~(c*xI +
d*I*x"n), x], x] /; FreeQl[{c, d, e, m}, x] && IGtQ[n, O]

Rubi steps

f Ccos (61 + bxz) dy = 1 f e—ia—ibxz s 1 f eia+ibx2 o
2

Vx 2J x Vx
e"\/xT (i, —ibxz) e"\/xT (i, ibxz)
S a4V

Mathematica [A] time = 0.07, size = 89, normalized size = 1.10

VX (x/‘* Ziba? (cos(a) — i sin(a))T (i ibxz) + b2 (cos(a) + i sin(a))T (i —ibxz))
- 4P

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]/Sqrt[x],x]
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[Out] -1/4%(Sqrt[x]*(((-I)*b*x~2)~(1/4)*Gammal[1/4, I*bxx~2]*(Cos[a] - IxSin[a]) +
(I*xb*x~2) " (1/4)*Gamma[1/4, (-I)*b*x"2]*(Cos[a] + I*Sin[al)))/(b"2*x"4)"(1/
4)

fricas [A] time = 0.95, size = 44, normalized size = 0.54
AN 1. cnS o (1
i (ib)ielHiar (Z’ i bxz) —i (—ib)3elaT (Z’ —i bxz)
4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x"(1/2),x, algorithm="fricas")

[Out] 1/4%(I*x(I*b)~(3/4)*e”(-I*a)*gamma(l/4, I*b*x~2) - Ix(-Ixb)~(3/4)*e”(I*a)*ga
mma(1/4, -Ixb*xx~2))/b

giac [F] time = 0.00, size = 0, normalized size = 0.00

cos (bxz + a)
=5

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x"(1/2),x, algorithm="giac")
[Out] integrate(cos(b*x"2 + a)/sqrt(x), x)

maple [C] time = 0.08, size = 338, normalized size = 4.17

3 lioan 9 1 3
1] 624 (52)8 (%+§) sin(b x2) 42%(172)%(@5(}, xz)xzb—sin(bxz)) 163{5(1)2)81722Z sin(b xz) LommelSl(%,
3
2

N W

b x2)

cos(a)\/rt 2% 3 +
v x2b \rox

7

b 97 (b:2)7
4(1?)

Verification of antiderivative is not currently implemented for this CAS.

[ I

[In] int(cos(b*x~2+a)/x~(1/2),x)

[Out] 1/4*cos(a)*Pi~(1/2)*2~(1/4)/(b~2)~(1/8)*(6/Pi~(1/2)/x~(3/2)*2~(3/4)*(b~2)~(
1/8) *(8/27*x~4*xb~2+2/3) /b*xsin(b*x~2)+4/Pi~(1/2) /x~(3/2)*2~(3/4)*(b~2)~(1/8)

/b* (cos (b*x~2) *x"2*b-sin(b*x~2))-16/9/Pi~(1/2)*x~(9/2)*(b~2) ~(1/8) *b~2*x2" (3

/4)/ (bxx"2) " (7/4)*sin(b*x~2)*LommelS1(7/4,3/2,b*xx"2)-4/Pi~ (1/2)*x~(9/2) % (b~
2)7(1/8)*b"2x27(3/4) / (b*xx~2) " (11/4) *(cos (b*x~2) *x~2*b-sin (b*x~2) ) *Lomme1S1 (
3/4,1/2,b*x72))-1/4*xsin(a)*Pi~(1/2)*27(1/4) /b~ (1/4)*(4/5/Pi~ (1/2)*x~ (1/2) *2
~(3/4)*b~(1/4)*sin(b*x~2)-16/5/Pi~ (1/2)*x~ (1/2)*2~(3/4)*b~ (1/4) * (cos (b*x~2)
*x"2%b-sin(b*x~2))-4/5/Pi~(1/2)*x~(9/2)*b~(9/4)*2~(3/4) / (b*x~2) ~(7/4) *sin(b
*x72)*LommelS1(3/4,3/2,b%x"2)+16/5/Pi~(1/2)*x~(9/2)*b~(9/4) %2~ (3/4) / (b*x~2)
~(11/4) *(cos (b*x"2) *x~2*b-sin(b*x~2) ) *LommelS1(7/4,1/2,b*x"2))

maxima [B] time = 2.84, size = 135, normalized size = 1.67

(V22 () i) i () < (i) ot - (2 2

5 (1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x"~(1/2),x, algorithm="maxima"
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[Out] -1/8*((sqrt(sqrt(2) + 2)*(gamma(1/4, Ixb*x"2) + gamma(l/4, -Ixb*x~2)) - sqr
t(-sqrt(2) + 2)*(Ixgamma(1/4, Ixb*x~2) - I*gamma(1l/4, -I*bxx~2)))*cos(a) -
(sqrt(-sqrt(2) + 2)*(gamma(1/4, Ixb*x"2) + gamma(l/4, -Ixb*x72)) + sqrt(sqr

t(2) + 2)*(Ixgamma(1/4, Ixb*x~2) - Ikgamma(1l/4, -I*b*x~2)))*sin(a))*sqrt(x)

/ (bxx~2)~(1/4)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

dx

fcos (b\/x_2 + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"2)/x~(1/2),x)
[Out] int(cos(a + b*x"2)/x~(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

cos (a + bxz)
=5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)/x*x(1/2),%)

[Out] Integral(cos(a + b*x**2)/sqrt(x), x)
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327 [y

32

Optimal. Leaf size=98

2 cos (a " be) iebx32T (z, —ibxz) ie"1px32T (2, ibxz)

- +
Vx (—ibx2)3/4 (ibx2)3/4

[Out] -Ixbxexp(I*a)*x~(3/2)*GAMMA(3/4,-I*b*x~2)/(-Ixb*x~2)~(3/4)+I*bxx~(3/2)*GAMM

A(3/4,Ixbxx"2) /exp(I*a)/(I*xb*x"2) " (3/4)-2*cos (b*x~2+a) /x~(1/2)

Rubi [A] time = 0.08, antiderivative size = 98, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 14,

number of rules _ ) 214, Rules used = {3388, 3389, 2218}

integrand size
iy 3. L 3 .
ie'"bx3?Gamma (Z’ —szz) ie""hx32Gamma (Z’ szz) 2 cos (a + bx?)

(22)™" Vx

(—ibxz)
Antiderivative was successfully verified.
[In] Int[Cos[a + b*xx~2]/x7(3/2),x]
[Out] (-2*Cos[a + b*x72])/Sqrtlx] - (I*b*E~(I*a)*x~(3/2)*Gammal[3/4, (-I)*bxx~2])/

((-D*b*x"2)"(3/4) + (Ixbxx~(3/2)*Gammal[3/4, I*b*x"2])/(E~(I*a)*(I*b*xx~2)" (
3/4))

Rule 2218

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_)*(x_))"(m_))*((e_.) + (f_.)*(x_)) " (m_
.), x_Symbol] :> -Simp[(F~a*(e + f*x)~(m + 1)*Gamma[(m + 1)/n, -(b*x(c + d*x
) "n*xLog[F]1)1)/ (f*n* (- (b*(c + d*x) n*Log[F]))~((m + 1)/n)), x] /; FreeQ[{F,
a, b, ¢, d, e, £, m, n}, x] && EqQ[d*e - cxf, 0]

Rule 3388

Int[Cos[(c_.) + (d_)*(x )" (n_)]*((e_.)*(x_)) " (m_), x_Symbol] :> Simp[((exx
)" (m + 1)*Cos[c + d*x"n])/(ex(m + 1)), x] + Dist[(d*n)/(e"n*(m + 1)), Int[(
e*x)~(m + n)*Sinl[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] && IGtQ[n, 0] &&
LtQ[m, -1]

Rule 3389

Int[(Ce_.)*(x_)) " (m_.)*Sin[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[I/2,
Int[(exx) "m*E~(-(c*I) - d*I*x"n), x], x] - Dist[I/2, Int[(e*xx) m*E~(c*xI +
d*I*x"n), x], x] /; FreeQ[{c, d, e, m}, x] && IGtQ[n, O]

Rubi steps
cos (a + bx? 2 cos (a + bx?
f (x3/2 ) dx = - (\/E ) - (4b) f\ﬂ sin (a + bxz) dx
2cos (a + bx? o o
= — (\/_ ) _ (2ib)fe—za—sz2\/; dx + (2ib)fezu+sz2\/§ dx
x

2 cos (a i bxz) ibe'x32T (Z, —ibxz) ibe~1ax32T (Z, ibxz)

Vi (o)™ ' (i)™
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Mathematica [A] time = 0.17, size = 114, normalized size = 1.16

—2 (82)"" cos (a + bx?) + bx? (ibx?)" (sin(a) — i cos(a)T (Z —ibxz) +i(=ibx2) " (sin(a) + i cos(@)T (5, ibx

V& (1229

3/4

Antiderivative was successfully verified.

[In] Integrate[Cos[a + bxx~2]/x~(3/2),x]

[Out] (-2%x(b~2%*x"4)"(3/4)*Cos[a + b*x"2] + b*x" 2% (I*b*x"2) " (3/4)*Gamma[3/4, (-I)x*
bxx~2]*x((-I)*Cos[a] + Sin[a]) + I*((-I)*b*xx"2)~(7/4)*Gammal[3/4, Ixb*xx~2]*(I
xCos[al + Sin[a]))/(Sqrt[x]*(b~2*xx~4)~(3/4))

fricas [A] time = 0.80, size = 56, normalized size = 0.57

1 . 1 .
(ib)1 xe-ioT (Z, ibxz) + (~ib)3 xell T (Z, —i bxz) —24/x cos (bx2 + a)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x~(3/2),x, algorithm="fricas")

[Out] ((I*b)~(1/4)*x*e”(-I*a)*gamma(3/4, I*bxx~2) + (-Ixb)~(1/4)*x*e” (I*a)*gamma (
3/4, -Ixb*x~2) - 2*sqrt(x)*cos(b*x”2 + a))/x

giac [F] time = 0.00, size = 0, normalized size = 0.00

3 dx

X2

f cos (bx2 + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x~(3/2),x, algorithm="giac")
[Out] integrate(cos(b*x~2 + a)/x~(3/2), x)

maple [C] time = 0.07, size = 338, normalized size = 3.45

142 7 1 7 1
1224 (8x21b +§) sin(b xz) 8 2% (cos(b xz)xzb—sin(b xZ)) 32x2b22% sin(b xz) LommelSl(g,;,b xz) 8x2h2214
- 5
2

1
cost@)yr 21 (12)" | -——— et il Lk 0
v x2(b2)8b v x2(b2) 85 7 (12)8 (pa2)*
8

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)/x~(3/2),x%)

[Out] 1/8*cos(a)*Pi~(1/2)*27(3/4)*(b~2)~(1/8)*(-12/Pi~(1/2)/x~(5/2)*2~(1/4)/(b~2)
~(1/8)*(8/21xx~4*xb~2+2/3) /b*sin(b*x~2)-8/Pi~(1/2) /x~(5/2)*2~(1/4) / (b~2) ~(1/

8) /b*x(cos (b*x™2) *x~2%b-sin(b*x~2))+32/7/Pi~(1/2)*x~(7/2)/ (©~2) " (1/8) *b~2%x2~
(1/4)/ (b*xx"2)~(5/4)*sin(b*x~2) *LommelS1(5/4,3/2,b*x~2)+8/Pi~(1/2)*x~(7/2) /(

b~2) " (1/8)*b"2x2~(1/4) / (b*x"2) " (9/4) * (cos (b*x~2) *x~2*b-sin(b*x~2) ) *LommelS1
(1/4,1/2,b%x"2))-1/8*sin(a)*Pi~(1/2)*2"(3/4)*b~(1/4)*(8/3/Pi~(1/2) /x~(1/2)*
27(1/4) /b~ (1/4)*sin(b*x~2)+32/3/Pi~(1/2) /x~(1/2)*27(1/4) /b~ (1/4) * (cos (b*x~2
)*x"2%b-sin(b*x~2))-8/3/Pi~(1/2)*x~ (7/2)*b~(7/4) %2~ (1/4) / (b*x~2) " (5/4) *sin(
bxx~2) *LommelS1(1/4,3/2,b*x"2)-32/3/Pi~(1/2)*x~(7/2)*b~(7/4) %2~ (1/4) / (b*x~2

)7 (9/4) % (cos (b*x™2) *x~2*b-sin(b*x~2) ) *Lommel1S1(5/4,1/2,b*x"2))
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maxima [B] time = 1.34, size = 133, normalized size = 1.36

() (V2 2 () o (i) o V2 0 (-Lit?) i (- ) cost +

- e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x~(3/2),x, algorithm="maxima"

[Out] -1/8%(b*x~2)~(1/4)*((sqrt(sqrt(2) + 2)*(gamma(-1/4, I*b*x"2) + gamma(-1/4,
-I*b*x~2)) + sqrt(-sqrt(2) + 2)*(Ixgamma(-1/4, I*b*xx"2) - I*gamma(-1/4, -Ix*
b*x~2)))*cos(a) + (sqrt(-sqrt(2) + 2)*(gamma(-1/4, I*b*x~2) + gamma(-1/4, -
I¥b*x~2)) + sqrt(sqrt(2) + 2)*(-Ixgamma(-1/4, I*bxx~2) + I*gamma(-1/4, -Ixb
*xx~2)))*sin(a))/sqrt(x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

dx

f cos (b X% + a)

32
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2)/x"(3/2),x)

[Out] int(cos(a + b*x"2)/x"(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f cos (a + bxz)

3
x2

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)/x**(3/2),%)

[Out] Integral(cos(a + b*x**2)/x*x(3/2), x)
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328 [y

512
Optimal. Leaf size=104
- 1.
zel’lb\/—I’(— —ibx? ) ie Z“b\/}F(Z,szz) 2 cos (a + bxz)

+

3vV—ibx2 3/ibx? B 3x3/2

[Out] -2/3*cos(b*x~2+a)/x”(3/2)-1/3*%Ixb*exp(I*a)*GAMMA(1/4,-Ixb*xx~2)*x~(1/2)/(-I*

b*xx~2) " (1/4)+1/3*xI*xb*GAMMA (1/4, I*b*x~2)*x~ (1/2) /exp(I*a)/(I*b*xx~2)~(1/4)
Rubi [A] time = 0.07, antiderivative size = 104, normalized size of antiderivative

= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 14,
number of rules _ ).214, Rules used = {3388, 3389, 2218}

integrand size

ie""b+/x Gamma (i, —ibxz) ie”b+/x Gamma (i/ ibe) 2 cos (a + bxz)
_ +

3 ib? 332 L

Antiderivative was successfully verified.

[In] Int[Cos[a + b*x~2]/x"(5/2),x]

[Out] (-2*Cos[a + b*x~2])/(3*x~(3/2)) - ((I/3)*b*E~(I*a)*Sqrt[x]*Gammal[l/4,
b*xx~2]) /((~I)*b*x~2)~(1/4) + ((I/3)*b*Sqrt[x]*Gamma[1/4, Ixb*x~2])/(E~(I*a)
*(Ixbxx~2)~(1/4))

Rule 2218

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_)*(x_))"(n_))*((e_.) + (f_.)*(x_))"(m_
.), x_Symbol] :> -Simp[(F~a*(e + f*x)~(m + 1)*Gammal[(m + 1)/n, -(b*(c + d*x
) "n*xLog[F1)1)/(f*n*(-(b*(c + d*x) n*Log[F]))~((m + 1)/n)), x] /; FreeQ[{F,
a, b, ¢, d, e, f, m, n}, x] && EqQ[d*e - cx*f, 0]

Rule 3388

Int[Cos[(c_.) + (d_)*(x_) " (n_)]1*((e_.)*x(x_))"(m_), x_Symbol] :> Simp[((ex*x
)" (m + 1)*Cos[c + d*x"n])/(ex(m + 1)), x] + Dist[(d*n)/(e"n*(m + 1)), Int[(
exx) " (m + n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] && IGtQ[n, 0] &&
LtQ[m, -1]

Rule 3389

Int[((e_.)*(x_))"(m_.)*Sin[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[I/2,
Int[(exx)  m*E~(-(c*xI) - d*xI*x"n), x], x] - Dist[I/2, Int[(e*x) m*E~(c*xI +
d*I*x"n), x], x] /; FreeQ[{c, d, e, m}, x] && IGtQ[n, O]

Rubi steps
fcos (a + bxz) = _2cos (a + bx ) 1 L) f sin (a + bxz) 0
x9/2 3x3/2 3 \/—
2 cos (a + bx 1 pia=ibx? pla+ibx?
- Sit) f dx + (2zb) f o
2 cos (a + bxz) ibe'*[xT (Z’ —ibx? ) ibe"\/xT (Z’ ibx )

=- - +

3x3/2 3vV—ibx2 3/ibx?

(-D*
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Mathematica [A] time = 0.15, size = 117, normalized size = 1.12

23 cos (a+bx2) + bx2ibx? (sin(a) — i cos(a)T (411 —ibxz) +i(=ibx®)” (sin(a) + i cos(@)T (1, ibxz)

4
3x32/p2xA

Antiderivative was successfully verified.

[In] Integrate[Cos[a + bxx~2]/x~(5/2),x]

[Out] (-2%x(b"2*x"4)"(1/4)*Cos[a + b*x"2] + b*x"2*x(I*b*x~2)"(1/4)*Gamma[1/4, (-I)x*
b*xx~2]*x((-I)*Cos[a] + Sin[al) + I*((-I)*b*xx"2)~(5/4)*Gammal1/4, Ixb*x~2]*(I
*xCos[a] + Sinf[al))/(3*x~(3/2)*(b~2*x~4)~(1/4))

fricas [A] time = 0.91, size = 61, normalized size = 0.59
3 , 3 .
(ib)1 x2el-iaT (i,ibxz) + (~ib)1 x2elaT (411’ —i bxz) —24/x cos (bx2 + a)

3 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x~(5/2),x, algorithm="fricas")

[Out] 1/3*%((I*b)~(3/4)*x"2%e” (-I*a)*gamma(1/4, Ixb*xx~2) + (-Ixb)~(3/4)*x"2xe~(I*a
)*gamma (1/4, -I*b*x~2) - 2*sqrt(x)*cos(b*x™2 + a))/x"2

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

f cos (bx2 + a)
.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x~(5/2),x, algorithm="giac")
[Out] integrate(cos(b*x~2 + a)/x~(5/2), x)

maple [C] time = 0.06, size = 358, normalized size = 3.44

3 422(8x4b2+g) . (bxz) 3 9 3 3 . ) 33
1 2\5 TN R 824(—16x4b2+5)(c05(bxz)xzb—sin(bxz)) 32x224b sm(bx )LommelSl(Z,E,bx
cos(a)\/rt 24 (b ) - —3 - 7 3 + 5 7
Vi x2(?)8p 15y x2(12)8b 157 (12)8 (ba2)*
8

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)/x~(5/2),x%)

[Out] 1/8*cos(a)*Pi~(1/2)*27(1/4)*(b~2)~(3/8)*(-4/Pi~(1/2)/x~(7/2)*2(3/4)/(b"2)~
(3/8)*(8/15%x~4xb~2+2/3) /b*sin(b*x~2)-8/15/Pi~(1/2) /x~(7/2)*2~(3/4) / (b~2) ~(
3/8) /bx(-16xb~2*xx~4+5) * (cos (b*x~2) *x~2*b-sin(b*x~2) )+32/15/Pi~ (1/2) *x~(9/2)
/(b72)7(3/8)*27(3/4) *b~3/ (bxx~2) ~(7/4) *sin (b*x~2) *Lomme1S1(3/4,3/2,b*x"2) -1
28/15/Pi~(1/2)*x~(9/2)/(b™2)~(3/8)*27(3/4) *b~3/ (b*x~2) " (11/4) * (cos (b*x~2) *x
~2%b-sin(b*x~2))*LommelS1(7/4,1/2,b*x"2))-1/8*sin(a)*Pi~(1/2)*2~(1/4)*b~(3/
4)*(12/Pi~(1/2)/x~(3/2)*27(3/4) /b~ (3/4) *(32/81*x~4%b~2+2/3) *sin(b*x~2)+32/3
/Pi~(1/2)/x~(3/2)*27(3/4) /b~ (3/4) *(cos (bxx~2) *x~2%b-sin(b*x~2))-128/27/Pi~(
1/2)*x~(9/2)*b~(9/4)*2~(3/4) / (b*x~2) " (7/4) *sin(b*x~2) *LommelS1(7/4,3/2,bxx"
2)-32/3/Pi~(1/2)*x~(9/2)*b~(9/4) %27 (3/4) / (bxx~2) " (11/4) * (cos (b*x~2) *x~2%b-s
in(b*x~2))*LommelS1(3/4,1/2,b*x72))
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maxima [B] time = 1.80, size = 133, normalized size = 1.28

(zaxz)Z (( V242 (r (—Z,ibxz) AT (—Z i bxz)) ; \/E (zT (—Z,ibxz) T (—Z,—i bxz))) cos(a) + (

3

8x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x~(5/2),x, algorithm="maxima")

[Out] -1/8%(b*x"2)~(3/4)*((sqrt(-sqrt(2) + 2)*(gamma(-3/4, Ixb*x"2) + gamma(-3/4,
~I¥b*x72)) + sqrt(sqrt(2) + 2)*(I*xgamma(-3/4, I*b*x"2) - I*gamma(-3/4, -I*
bxx~2)))*cos(a) + (sqrt(sqrt(2) + 2)*(gamma(-3/4, I*b*x~2) + gamma(-3/4, -I
*xb*x72)) + sqrt(-sqrt(2) + 2)*(-I*gamma(-3/4, Ixb*x"2) + I*gamma(-3/4, -I*b
*x72)))*sin(a))/x~(3/2)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

dx

f cos (b x% + a)

Verification of antiderivative is not currently implemented for this CAS.
[In] int(cos(a + b*x"2)/x~(5/2),%)

[Out] int(cos(a + b*x"2)/x"(5/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

z dx

f cos (a + bxz)
3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)/x**(5/2),x)

[Out] Integral(cos(a + bxx*x2)/x**(5/2), x)
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329 [ x%2cos? (a + bxz) dx
Optimal. Leaf size=132

2 gin (2 (a 4 bxz)) 3ie?iax32T (Z, —2ibx2) 3ie~21ex32T (Z, Zibxz) 72

X

8b 64 23/4p (—ibx2)3/ ! 64 23/4p (ibx2)3/ ! 7

[Out] 1/7*x~(7/2)-3/128*I*xexp(2*xI*a)*x~(3/2)*GAMMA (3/4,-2xI*b*x~2)*27(1/4) /b/ (-I*
b*x72) " (3/4)+3/128*I*x~(3/2) *GAMMA (3/4,2*%I*bxx"2)*27(1/4) /b/exp (2xI*a)/(I*Db
*x72) 7 (3/4)+1/8*x7(3/2) *sin(2*b*x~2+2xa) /b

Rubi [A] time = 0.17, antiderivative size = 132, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 5, integrand size = 16,
number of rules _ ) 312, Rules used = {3402, 3404, 3386, 3389, 2218}
integrand size
-y 3 4. Y 3 .
3ie?"x¥2Gamma (Z’ —21bx2) 3ie 2" x¥2Gamma (Z’ 2sz2) 2 gin (2 ( 0+ bxz))

)" 6424 (ibx2) ' 8b "7

x/2

64 23/4p (—ibx2

Antiderivative was successfully verified.
[In] Int[x~(5/2)*Cos[a + b*x~2]"2,x]

[Out] x~(7/2)/7 - (((3*%I)/64)*E~((2*xI)*a)*x~(3/2)*Gamma[3/4, (-2*I)*b*xx~2])/(2°(3
/4)¥bx ((-I)*b*xx~2)~(3/4)) + (((3%I)/64)*x~(3/2)*Gamma[3/4, (2*I)*xbxx~2])/(2
~(3/4)*b*E” ((2*%I)*a) * (Ixb*x"2)~(3/4)) + (x~(3/2)*Sin[2*(a + b*x~2)])/(8%*b)

Rule 2218

Int[(F_)~((a_.) + (b_.)*x((c_.) + (d_D)*x_))"(m))*x((e_.) + (f_.)*(x_)) " (m_
.), x_Symbol] :> -Simp[(F~a*(e + f*x)~"(m + 1)*Gamma[(m + 1)/n, -(b*(c + d*x
) "n*xLog[F]1)1)/ (f*n* (- (b*(c + d*x) n*Log[F]))~((m + 1)/n)), x] /; FreeQ[{F,
a, b, ¢, d, e, f, m, n}, x] && EqQ[d*e - cx*f, 0]

Rule 3386

Int[Cos[(c_.) + (d_)*(x_ )" (n_)]*((e_.)*(x_)) " (m_.), x_Symbol] :> Simp[(e”(
n - D*x(exx)"(m - n + 1)*Sin[c + d*x"n])/(d*n), x] - Dist[(e™n*(m - n + 1))
/(d*n), Int[(e*xx)"(m - n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] &&
IGtQ[n, 0] && LtQ[n, m + 1]

Rule 3389

Int[((e_.)*(x_))"(m_.)*Sin[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[I/2,
Int[(exx) m*E~(-(c*xI) - d*I*x"n), x], x] - Dist[I/2, Int[(e*x) m*E~(c*xI +
d*I*x"n), x], x] /; FreeQl[{c, d, e, m}, x] && IGtQ[n, O]

Rule 3402

Int[((a_.) + Cos[(c_.) + (d_)*(x_ )" (@ )I*(_.))"(p_)*((e_)*(x ))"(m), x
_Symbol] :> With[{k = Denominator[m]}, Dist[k/e, Subst[Int[x~(kx(m + 1) - 1
)*(a + b*Cos[c + (d*x~(k*n))/e"nl)7p, x], x, (exx)"(1/k)], x1]1 /; FreeQ[{a,
b, c, d, e}, x] && IntegerQ[p] && IGtQ[n, O] && FractionQ[m]

Rule 3404

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)]1*(b_.)) " (p_)*((e_)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReducel[(e*x)"m, (a + b*Cos[c + d*x"n]) p, x], x]
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/; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, O]

Rubi steps

fx5/2 cos? (a + bxz) dx = 2 Subst (fx6 cos? (a + bx4) dx, x, \/§)
6

1
= 2 Subst (f (% + Exé cos (Za + 2bx4)) dx, x, \/E)

7/2
= XT + Subst (fx6 cos (Za + 2bx4) dx, x, \/;)

72 x¥2sin (2 (a + bxz)) 3 Subst ( f x% sin (Za + 2bx4) dx, x, \/E)
X _

7 8b 8b
AR x%2 sin (2 (a + bxz)) (3i) Subst ( f p2ia-2ibx4 22 gy \/E) (3i) Subst ( f e
A 8b ) 160 i
o 3ietxPT (2, —2ibx2) 3ie~2ix32T (2, 2ibx2) 2sin (2 (a + bx?))
= — - + +
7 a0 (~ibx2) 6424 (ibx2) " 8b

Mathematica [A] time = 0.40, size = 142, normalized size = 1.08

bal1/2 (16 (b2x4)3/ ! (7sin (2 (a + bx?)) + 8bx?) + 212 (ibx2)3/ * (sin(2a) — i cos(2a))T (2 —2ibx2) + 212 (~ib.

896 (124)”"

Antiderivative was successfully verified.

[In] Integrate[x~(5/2)*Cos[a + b*x~2]72,x]

[Out] (b*x~(11/2)*(21%x2~(1/4) *(I*b*x~2) " (3/4)*Gamma [3/4, (-2*I)*b*xx~2]*((-I)*Cos[
2%a] + Sin[2*a]) + 21*27(1/4)*((-I)*bxx~2)~(3/4)*Gamma [3/4, (2*I)*bxx~2]*(I
*Cos[2*a] + Sin[2*a]) + 16%(b~2*x"4) " (3/4)*(8*b*x~2 + 7xSin[2*(a + b*x"2)])

))/ (896 (b~2*x~4)~(7/4))

fricas [A] time = 1.05, size = 78, normalized size = 0.59
1 . 1 .
21 (2ib)1 e-2iaT (Z, 2i bxz) +21 (=2ib) T (Z, —2i bxz) +32 (4 b?x® + 7 bx cos (bx2 + a) sin (bx2 + a))\/E
896 b?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(5/2)*cos(b*x"2+a)~2,x, algorithm="fricas")

[Out] 1/896%(21%(2xIxb)~(1/4)*e” (-2*%I*a)*gamma(3/4, 2*I*xb*xx"2) + 21%(-2xIxb)~(1/4
)*e” (2xI*a)*gamma(3/4, -2%I*xbxx"2) + 32x(4*b~2%x"3 + T*b*x*cos(b*x"2 + a)x*s
in(b*x~2 + a))*sqrt(x))/b~2

giac [F] time = 0.00, size = 0, normalized size = 0.00
> 2
fx2 cos (bx2 + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(5/2)*cos(b*x~2+a)~2,x, algorithm="giac")

[Out] integrate(x~(5/2)*cos(b*x”2 + a)~2, x)
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maple [F] time = 0.20, size = 0, normalized size = 0.00

fx; (c052 (b X% + a)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(5/2)*cos(b*x"2+a)”2,x)
[Out] int(x~(5/2)*cos(b*xx"2+a)~2,x)

maxima [A] time = 1.75, size = 174, normalized size = 1.32

1 1
256 b%x* + 224 bx sin (2622 + 2.a) + 23 (bx?)’ ((21 JV2 +2 (r (Z,Zi bxz) +T (% —2i bxz)) —\-V2 42 (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(5/2)*cos(b*x"2+a)”2,x, algorithm="maxima"

[Out] 1/1792%(256%b~2*%x"4 + 224*b*x~2*sin(2*b*x"2 + 2*a) + 27(1/4)*(b*x"2) "~ (1/4)*
((21*sqrt(sqrt(2) + 2)*(gamma(3/4, 2*I*b*xx~2) + gamma(3/4, -2*%I*b*x"2)) - s
qrt(-sqrt(2) + 2)*(-21*%Ixgamma(3/4, 2*I*b*xx~2) + 21xI*gamma(3/4, -2*I*bxx~2
)))*cos(2xa) + (21*sqrt(-sqrt(2) + 2)*(gamma(3/4, 2*I*b*x~2) + gamma(3/4, -
2xIxb*x"2)) - sqrt(sqrt(2) + 2)*(21*Ixgamma(3/4, 2xI*b*x~2) - 21*Ixgamma(3/

4, -2xIxb*x~2)))*sin(2*a)))/(b~2*sqrt(x))

mupad [F]  time = 0.00, size = -1, normalized size = -0.01
2
fx5/2 cos (b x? + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(5/2)*cos(a + b*x~2)72,x)
[Out] int(x~(5/2)*cos(a + b*x"2)"2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

fxg cos? (a + bxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(5/2)*cos (b*x**2+a)**2,x)

[Out] Integral(x**(5/2)*cos(a + bxx**2)*x2, x)
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3.30 f x32 cos? (a + bxz) dx

Optimal. Leaf size=132

i 1 .. . o 1 ..
VA sin (2 (a + bxz)) zezmx/}I’(Z,—Zlbxz) . ie 2’“\/§I’(1,21bx2) X 512
8b 642 bV—iba2 642 bVibx2 5
[Out] 1/5%x~(5/2)-1/128*Ixexp(2*I*a)*GAMMA (1/4,-2*I*b*x~2)*x~(1/2)*27(3/4) /b/ (-I*

b*x72) 7 (1/4)+1/128*xI*GAMMA (1/4,2*xI*b*x~2) *x~ (1/2)*27(3/4) /b/exp(2xIx*a)/ (I*b
*xx72) 7 (1/4)+1/8%sin(2xb*xx~2+2*a) *x~(1/2) /b

Rubi [A] time = 0.12, antiderivative size = 132, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 5, integrand size = 16,

number of rules _ ) 312, Rules used = {3402, 3404, 3386, 3355, 2208}

integrand size

. L L 1 ..
ie*"\/x Gamma (Z’ —Zszz) ie~2"\/x Gamma (Z,Zszz) Vx sin (2 (a + bxz)) xO2

642 by/—ibx2 642 bibx?2 8b 5

Antiderivative was successfully verified.
[In] Int[x~(3/2)*Cos[a + b*x"2]"2,x]

[Out] x~(5/2)/5 - ((I/64)*E~((2xI)*a)*Sqrt[x]*Gammal[1/4, (-2*I)x*b*x~2])/(27(1/4)*
b*x ((-I)*b*x~2)~(1/4)) + ((I/64)*Sqrt[x]*Gammal1/4, (2%I)*b*xx~2])/(27(1/4)*Db
*E” ((2%I)*a) * (I*b*xx~2)~(1/4)) + (Sqrt[x]*Sin[2*(a + b*x72)])/(8%b)

Rule 2208

Int[(F)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(n.)), x_Symbol] :> -Simp[(F~a
x(c + d*x)*Gamma[1/n, -(b*(c + d*x) n*xLogl[F])])/(d*n*(-(bx(c + d*x) n*LoglF
1))~ (1/n)), x] /; FreeQ[{F, a, b, ¢, d, n}, x] & !IntegerQ[2/n]

Rule 3355

Int[Sin[(c_.) + (d_.)*((e_.) + (f_.)*(x_))"(n_)], x_Symbol] :> Dist[I/2, In
t[E"(-(cxI) - d*xIx(e + f*x)"n), x], x] - Dist[I/2, Int[E"(c*I + dxIx(e + fx*
x)"n), x], x] /; FreeQ[{c, d, e, £}, x] && IGtQ[n, 2]

Rule 3386

Int[Cos[(c_.) + (A_)*(x_)"(n )]1*((e_.)*(x_))"(m_.), x_Symbol] :> Simp[(e~(
n - D*x(exx)"(m - n + 1)*Sin[c + d*x"n])/(d*n), x] - Dist[(e"n*(m - n + 1))
/(d*n), Int[(exx)"(m - n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] &&
IGtQ[n, 0] && LtQ[n, m + 1]

Rule 3402

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(m )]*(b_.)) " (p_.)*((e_)*(x_))"(m_), x
_Symbol] :> With[{k = Denominator[m]}, Dist[k/e, Subst[Int[x~(kx(m + 1) - 1
)*¥(a + b*Cosl[c + (d*x~(k*n))/e"nl) p, x]1, x, (exx)~(1/k)], x1] /; FreeQ[{a,
b, c, d, e}, x] && IntegerQ[p] && IGtQ[n, O] && FractionQ[m]

Rule 3404

Int[((a_.) + Cos[(c_.) + (d_)*x )" )I*x(M_.))"(p)*((e_)*(x))"(m_.), x
_Symbol] :> Int[ExpandTrigReducel[(e*x)"m, (a + b*Cos[c + d*x"n])7p, x], xI]
/; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, O]
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Rubi steps

fo/z cos? (a + bxz) dx = 2 Subst (fx4 cos? (a + bx4) dx, x, \/E)
4

1
= 2 Subst (f (x? + §x4 COS (Za + 2bx4)) dx, x, \/E)

5/2
= % + Subst (fx4 cos (Za + 2bx4) dx, x, \/;)

X512 4[x sin (2 (a + bxz)) Subst ( [ sin (251 + 2bx4) dx, x, \/x )
—_— + —_

~ 5 8b 8b
52 A/x sin (2 (a + bxz)) i Subst ( f e~2ia=2ibx* gy \/E) iSubst ( f gAia+2i
=5 " 8 ) 16D " 160

S iedET (i —2ibx2) je2i\/XT (jz,zibxz) JF sin (2 (a + bx2))
= - + +
5 642 by—ibx? 642 bibx? 8b

Mathematica [A] time = 0.33, size = 142, normalized size = 1.08

bx%P (16\/4 p2x* (5sin (2 (a + bx?)) + 8bx?) + 5 234/iba? (sin(2a) — i cos(2a))I (i —2ibx2) + 5 23/4/=iba?
)5/4

640 (b2xc*

Antiderivative was successfully verified.

[In] Integratel[x~(3/2)*Cos[a + b*x~2]"2,x]

[Out] (b*x~(9/2)*(5%27(3/4) *(I*b*x~2)~(1/4) *Gamma [1/4, (-2%I)*b*x"2]*((-I)*Cos[2*
al + Sin[2*xa]) + 5%27(3/4)*((-I)*b*x~2)~(1/4)*Gamma[1/4, (2%I)*b*x~2]*(I*Co
s[2*a] + Sin[2*a]) + 16%(b~2*x~4)~(1/4)*(8%b*x~2 + 5*Sin[2*(a + b*x~2)])))/

(640% (b~2%x~4) "~ (5/4))

fricas [A] time = 0.87, size = 77, normalized size = 0.58
3 . 3 .
5 (2ib)Z e-2iOT (411 2i bxz) +5 (=2ib)7 e (i 2i bxz) +32 (46222 + 5bcos (bx® + a) sin (b2 + a))yx
640 b?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(b*x~2+a)”2,x, algorithm="fricas")

[Out] 1/640%(5x(2%I*b)~(3/4)*e”(-2xI*a)*gamma(1l/4, 2*xIxb*x~2) + 5x(-2%Ixb)~(3/4)*
e~ (2xIxa)*gamma(1/4, -2xI*b*x"2) + 32x(4xb~2*x"2 + b*b*cos(b*x”2 + a)*sin(b

*x"2 + a))x*sqrt(x)) /b2

giac [F] time = 0.00, size = 0, normalized size = 0.00
3 2
fo cos (bx2 + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(b*x~2+a)”2,x, algorithm="giac")
[Out] integrate(x~(3/2)*cos(b*x”2 + a)~2, x)

maple [F] time = 0.16, size = 0, normalized size = 0.00

fxg (cos2 (b x> + a)) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(3/2)*cos(b*x~2+a)~2,x)
[Out] int(x~(3/2)*cos(b*xx"2+a)~2,x)

maxima [B] time = 1.97, size = 182, normalized size = 1.38

2%(16-2i(8bxg +5/x sin (2 bx? +2a)) (bx2)% + ((5 -2 +2(F(i,2ibx2) +F(i,—2ibx2)) ++/V2 +2(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(b*x~2+a)”2,x, algorithm="maxima"

[Out] 1/1280%27(3/4)*(16%27(1/4)*(8*b*xx~(5/2) + b*sqrt(x)*sin(2*b*x~2 + 2*a))*(b*
x72)7(1/4) + ((5xsqrt(-sqrt(2) + 2)*(gamma(1/4, 2*%Ixbxx~2) + gamma(l/4, -2%
I*¥b*x72)) + sqrt(sqrt(2) + 2)*(5xIxgamma(l/4, 2%Ixb*x~2) - b*Ikgamma(1l/4, -
2xIxb*x72)))*cos(2*a) + (6*sqrt(sqrt(2) + 2)*(gamma(l/4, 2*Ixb*x"2) + gamma

(1/4, -2*%Ixb*x72)) + sqrt(-sqrt(2) + 2)*(-5xI*gamma(1l/4, 2*Ixb*x~2) + b*Ixg

amma (1/4, -2*Ixb*x72)))*sin(2%a))*sqrt(x))/((b*x~2)~(1/4)*b)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
2
fx3/2 cos (b x? + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(3/2)*cos(a + b*x"2)72,x)
[Out] int(x~(3/2)*cos(a + b*x"2)72, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
3
fxz cos? (a + bxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(3/2)*cos(b*x**2+a)**2,x)

[Out] Integral (x**(3/2)*cos(a + b*x**2)**2, x)
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331 [ +/x cos? (a + bxz) dx

Optimal. Leaf size=100

eZiax3/2r (Z’ —Zibxz) e—ZiaxB/ZF (Z, 2ibx2) 32

X

8 23/4 (—ibx2)3/4 - gom (ibx2)3/4 M

[Out] 1/3*x7(3/2)-1/16*exp(2*xI*a)*x~(3/2)*GAMMA (3/4,-2xI*b*x~2)*27 (1/4)/(~I*bxx"2
)7 (3/4)-1/16%x"(3/2)*GAMMA (3/4,2*%I*bxx"2) %27 (1/4) /exp(2*I*a)/(Ixb*x~2) " (3/4
)

Rubi [A] time = 0.13, antiderivative size = 100, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 4, integrand size = 16,

number of rules _ ) 250, Rules used = {3402, 3404, 3390, 2218}
integrand size
eZax32Gamma (Z, —2ibx2) e~2x32Gamma (Z, Zibxz)

T s

32

8 23/4 (—ibx2

Antiderivative was successfully verified.
[In] Int[Sqrt[x]*Cos[a + b*x~2]72,x]

[Out] x~(3/2)/3 - (E-((2*I)*a)*x~(3/2)*Gamma[3/4, (-2*I)*b*x~2])/(8*x2~(3/4)*((-I)
*b*x"2) " (3/4)) - (x7(3/2)*Gamma[3/4, (2*I)*b*xx"2])/(8*27(3/4)*E~((2*I)*a)*(
I*¥b*x~2)~(3/4))

Rule 2218

Int[(F_)~((a_.) + (b_.)*x((c_.) + (d_D)*x_))"(m))*x((e_.) + (f_.)*(x_)) " (m_
.), x_Symbol] :> -Simp[(F~a*(e + f*x)~"(m + 1)*Gamma[(m + 1)/n, -(b*(c + d*x
) "n*xLog[F]1)1)/ (f*n* (- (b*(c + d*x) n*Log[F]))~((m + 1)/n)), x] /; FreeQ[{F,
a, b, ¢, d, e, f, m, n}, x] && EqQ[d*e - cx*f, 0]

Rule 3390

Int[Cos[(c_.) + (d_)*(x_)"(n_)]*((e_.)*(x_))"(m_.), x_Symbol] :> Dist[1/2,
Int[(exx)  m*E~(-(c*xI) - d*xI*x"n), x], x] + Dist[1/2, Int[(e*x) m*E~(c*xI +
d*I*x"n), x], x] /; FreeQ[{c, d, e, m}, x] && IGtQ[n, O]

Rule 3402

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(m )]*(b_.))"(p_.)*((e_)*(x D)) "(m_), x
_Symbol] :> With[{k = Denominator[m]}, Dist[k/e, Subst[Int[x~(kx(m + 1) - 1
)*(a + bxCos[c + (d*x~(k*n))/e"n])"p, x], x, (exx)"(1/k)], x]1] /; FreeQl{a,
b, c, d, e}, x] && IntegerQ[p] && IGtQ[n, O] && FractionQ[m]

Rule 3404

Int[((a_.) + Cos[(c_.) + (d_)*(x_ )" (@ )]*(_.))"(pI)*x((e_)*x(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReducel[(e*x)"m, (a + b*Cos[c + d*x"n])"p, x], x]
/; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, O]

Rubi steps
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fx/a—c cos? (a + bxz) dx = 2 Subst (fx2 cos? (a + bx4) dx, x, \/E)
2

1
= 2 Subst (f (% + Exz cos (Zu + 2bx4)) dx, x, \/E)

3/2
= % + Subst (fx2 cos (Za + 2bx4) dx, x, \/;)

32 1 . 1 o
= % +5 Subst ( f ¢2in-2ibx* 32 4o . \/E) *3 Subst ( f Q222 gy \/;)

32 eZi”x3/21"(Z,—2ibx2) e2ia 32T (%,Zibxz)

3 g (—ibx2)3/4 8 23/4 (ibx2)3/4

Mathematica [A] time = 0.22, size = 122, normalized size = 1.22

2 (—3%/5 (~ibx2)™* (cos(2a) - isin(2a))T (Z 2ibx2) - 3372 (ibx2)” (cos(2a) + isin(2a))T (Z —2ibx2) +16(t
)3/4

48 (b2x4

Antiderivative was successfully verified.

[In] Integrate[Sqrt[x]*Cos[a + b*x~2]"2,x]

[Out] (x~(3/2)*(16*(b~2%x"4)~(3/4) - 3*27(1/4)*((-I)*b*x"2)~(3/4)*Gamma [3/4, (2*I
)*b*xx"2] % (Cos[2*a] - I*Sin[2*al) - 3*x27(1/4)*(I*b*xx~2) " (3/4)*Gamma[3/4, (-2
*I)*b*x"2] *(Cos[2*a] + I*Sin[2+*a])))/(48%x(b"2*x~4)"~(3/4))

fricas [A] time = 0.73, size = 50, normalized size = 0.50
iy (i (3 PN TP .
16 bx2 + 3i (2ib)% 24T (1,21 bxz) —3i (-2ib)i ¢%T (Z’ —2i bxz)
48D

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(b*x"2+a)”2,x, algorithm="fricas")

[Out] 1/48%(16xb*x~(3/2) + 3*I*(2%I*b)~(1/4)*e” (-2*I*a)*gamma(3/4, 2*xI*b*x~2) - 3
*I* (-2%I%b) " (1/4)*e” (2*I*a)*gamma (3/4, -2xI*xb*x~2))/b

giac [F] time = 0.00, size = 0, normalized size = 0.00
2
f\/& cos (bx2 + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(b*x~2+a)~2,x, algorithm="giac")
[Out] integrate(sqrt(x)*cos(b*x"2 + a)~2, x)

maple [F] time = 0.15, size = 0, normalized size = 0.00
f\/? (c052 (b X% + a)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(1/2)*cos(b*x~2+a)~2,x)
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[Out] int(x~(1/2)*cos(b*xx"2+a)”2,x)

maxima [B] time = 2.60, size = 156, normalized size = 1.56

1 1
32bx% - 21 (bx?)* ((3 V-V2 +2 (r (Z,Zi bxz) +T (Z ~2i bxz)) —\V2 +2 (3zT (Z,zz' bxz) ~-3iT (Z 2ib

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(b*x~2+a)”~2,x, algorithm="maxima")

[Out] 1/96%(32xb*x~2 - 27(1/4)*(b*x72)~(1/4)*((3*sqrt(-sqrt(2) + 2)*(gamma(3/4, 2
xI*xb*x"2) + gamma(3/4, -2*%Ixb*x72)) - sqrt(sqrt(2) + 2)*(3*Ixgamma(3/4, 2xI
*xb*x72) - 3*%Ixgamma(3/4, -2*xI*b*x~2)))*cos(2*a) - (3*sqrt(sqrt(2) + 2)*(gam
ma(3/4, 2xIxb*x~2) + gamma(3/4, -2xIxb*x72)) + sqrt(-sqrt(2) + 2)*(3*I*gamm
a(3/4, 2*%Ixb*x”~2) - 3*%Ixgamma(3/4, -2xI*b*x~2)))*sin(2*a)))/(b*sqrt(x))

mupad [F] time = 0.00, size = -1, normalized size = -0.01
2
f\/E oS (bx2 + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(1/2)*cos(a + b*x~2)"2,x)
[Out] int(x~(1/2)*cos(a + b*x"2)"2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f\/E cos? (a + bxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(1/2)*cos(b*x**2+a)**2,x)

[Out] Integral(sqrt(x)*cos(a + b*x*x2)**2, x)
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cosza X2
332 | (v;b ) i

Optimal. Leaf size=96
e?\[xT (1, —2ibx2) e 2\[xT (l, Zibxz)
_ 4 _ 4 T
82 V—ibx? 82 Vibx?

[Out] x7(1/2)-1/16%exp(2*I*a)*GAMMA (1/4,-2%Ixb*x~2)*x~(1/2)*27(3/4)/(-I*b*x~2)~ (1
/4)-1/16*%GAMMA (1/4,2*Ixb*x~2) *x~(1/2)*27(3/4) /exp(2*Ixa) /(Ixb*x~2)~(1/4)

Rubi [A] time = 0.07, antiderivative size = 96, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 4, integrand size = 16,

number of rules _ ) 250, Rules used = {3402, 3358, 3356, 2208}

integrand size

¢2i\/x Gamma (i, —Zibxz) e 2i\/x Gamma (i, Zibxz)
_ - +Vx
82 V—ibx? 82 Viba?

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~2]72/Sqrt([x],x]

[Out] Sqrtlx] - (E~((2*I)*a)*Sqrt[x]*Gammal[1/4, (-2*I)x*b*x~2])/(8%27(1/4)*((-I)*Db
*x72)"(1/4)) - (Sqrtlx]*Gamma[1/4, (2*I)*b*x~2])/(8%27(1/4)*E~((2*I)*a)*(I*
bxx~2)7(1/4))

Rule 2208

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(n_)), x_Symbol] :> -Simp[(F a
x(c + d*x)*Gamma[1/n, -(b*(c + d*x) n*xLogl[F])])/(d*n*(-(bx(c + d*x) “n*LoglF
1))°(/n)), x] /; FreeQ[{F, a, b, c, d, n}, x] & !IntegerQ[2/n]

Rule 3356

Int[Cos[(c_.) + (d_.)*((e_.) + (f_.)*(x_))"(n_)], x_Symbol] :> Dist[1/2, In
t[E"(-(c*I) - d*I*(e + f*x)"n), x], x] + Dist[1/2, Int[E"(c*I + d*xI*(e + f*
x)"n), x], x] /; FreeQ[{c, d, e, f}, x] && IGtQ[n, 2]

Rule 3358

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_)*(x_)) (@ )1*(b_.))"(p_), x_Sy
mbol] :> Int[ExpandTrigReduce[(a + b*Cos[c + dx(e + f*x)"n])7p, x], x] /; F
reeQ[{a, b, ¢, d, e, f}, x] && IGtQ[p, 1] && IGtQ[n, 1]

Rule 3402

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(n_)1*(b_.)) " (p_.)*((e_.)*x(x_))"(m_), x
_Symbol] :> With[{k = Denominator[m]}, Dist[k/e, Subst[Int[x~(kx(m + 1) - 1
)*(a + b*Cos[c + (d*x~(k*n))/e"nl)7p, x], x, (exx)"(1/k)], x1]1 /; FreeQ[{a,
b, ¢, d, e}, x] && IntegerQ[p] && IGtQ[n, O] && FractionQ[m]

Rubi steps
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2 2
fm(\a/_—+bx)dx = 2 Subst (fcos2 (a + bx4) dx,x,\/E)
X

1 1
_ 4
= 2 Subst (f(z + ECOS (Za + 2bx )) dx,x,x/&)
= +/x + Subst (f COS (2a + 2bx4) dx, x, \/E)
1 o 1 .
=Vx + 3 Subst ( f p2ia=2ibx* gy 5 \fx ) 5 Subst ( f p2in+2ibxt gy \/E)
e?i\[xT (i, —2ibx2) e 2ia\[xT (i, 2ibx2)
82 V=ibx? 82 Vibx?

= Vx -

Mathematica [A] time = 0.22, size = 120, normalized size = 1.25

NG (23/4 V=022 (cos(2a) — i sin(2a))T (i Zibxz) + 294322 (cos(2a) + i sin(2a))T (i —Zibxz) 16V )
B 1602

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]72/Sqrt[x],x]

[Out] -1/16*%(Sqrt[x]*(-16*%(b~2%x"4)~(1/4) + 27(3/4)*((-I)*b*x~2)~(1/4)*Gamma[1/4,
(2*I) *bxx~2]*(Cos [2*a] - I*Sin[2*a]) + 27(3/4)*(I*b*xx~2)~(1/4)*Gammal[1/4,
(-2*%I)*b*x" 2] *(Cos[2*a] + I*Sin[2*al)))/(b"2*xx~4)~(1/4)

fricas [A] time = 0.89, size = 50, normalized size = 0.52
3 . 3 .
i (2ib)i et-2i0T (i,zi bxz) i (=2ib)i e@iaT (i i bxz) 16DV
16b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x~(1/2),x, algorithm="fricas")

[Out] 1/16%(I*(2*Ixb)~(3/4)*e”(-2*I*a)*gamma(1/4, 2xI*b*x~2) - Ix(-2%xIxb)~(3/4)*e
~(2xIx*a)*gamma(1/4, -2*Ixb*xx~2) + 16%b*sqrt(x))/b

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

f cos (bji + a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x~(1/2),x, algorithm="giac")
[Out] integrate(cos(b*x~2 + a)~2/sqrt(x), x)

maple [F] time = 0.18, size = 0, normalized size = 0.00

f cos? (f/fz + a)

dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cos(b*x"2+a)~2/x"(1/2),x)
[Out] int(cos(b*x"2+a)~2/x~(1/2),x)

maxima [B] time = 2.45, size = 159, normalized size = 1.66

23((( \2 +2(r(i,2ibx2) N r(i,—zibxz)) -2 +2(ir(§,2ibx2) —iF(i,—Zibxz)))cos a)- (\ﬁ

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x"(1/2),x, algorithm="maxima")

[Out] -1/32%x27(3/4)*(((sqrt(sqrt(2) + 2)*(gamma(1/4, 2*I*b*x~2) + gamma(1/4, -2*I
*xb*x72)) - sqrt(-sqrt(2) + 2)*(I*gamma(l/4, 2*Ixb*x~2) - Ikgamma(1l/4, -2*Ix*
b*xx72)))*cos(2*a) - (sqrt(-sqrt(2) + 2)*(gamma(l/4, 2*Ixb*x~2) + gamma(l/4,
-2*%Ixb*x72)) + sqrt(sqrt(2) + 2)*(I*gamma(1l/4, 2*Ixb*x~2) - I*gamma(1l/4, -
2xIxb*x72)) ) *sin(2%a) ) *sqrt(x) - 16%27(1/4)*(b*x~2) 7 (1/4)*sqrt(x))/(b*x~2)~

(1/4)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f cos (b\;ci + a)2

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] int(cos(a + b*x~2)"2/x"(1/2),x)
[Out] int(cos(a + b*xx"2)"2/x"(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

cos? (a + bxz)
=

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(cos(b*x**2+a)**2/x*x(1/2) ,%)

[Out] Integral(cos(a + b*x**2)**2/sqrt(x), x)
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3.33 f cosz(a+bx2) dx

32
Optimal. Leaf size=117
o 3 . . i 3 ..
oS (2 (a + bxz)) ie?apy32T (Z’ —21bx2) je~2iapy32T (Z’ 21bx2) 1

Vx 29 (=ix2) " " (me) W

[Out] -1/2*Ixbxexp(2*I*a)*x~(3/2)*GAMMA(3/4,-2*%Ixb*xx"2)*27(1/4)/(-Ixb*x~2)~(3/4)+
1/2%Ixb*x~ (3/2) *GAMMA (3/4,2*%Ixb*xx~2) %2~ (1/4) /exp (2*I*xa) / (Ixb*x~2)~(3/4)-1/x
~(1/2)-cos (2xb*x~2+2*a) /x~(1/2)

Rubi [A] time = 0.16, antiderivative size = 117, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 5, integrand size = 16,

number of rules _ ) 312, Rules used = {3402, 3404, 3388, 3389, 2218}

integrand size
ie?px32Gamma (Z, —2ibx2) ie~21px32Gamma (Z, 2ibx2) cos (2 (a n be)) 1

o 294 (jb2) " N

23/4 (—ibx2

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x"2]"2/x"(3/2),x]

[Out] -(1/Sqrtlx]) - Cos[2x(a + b*x~2)]/Sqrt[x] - (IxbxE~((2%I)*a)*x"(3/2)*Gamma[
3/4, (-2xI)*bxx"2])/(27(3/4)*((-I)*b*x"2)"(3/4)) + (I*b*x~(3/2)*Gamma[3/4,
(2*I) *bxx72]) /(27 (3/4) *E~ ((2*I) *a) * (I*¥b*x~2)~(3/4))

Rule 2218

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_D)*(x_))"(m))*((e_.) + (£_.)*(x_))"(m_
.), x_Symbol] :> -Simp[(F a*(e + f*x)"(m + 1)*Gamma[(m + 1)/n, -(bx(c + d*x
) "n*xLog[F])])/(f*n* (- (b*(c + d*x) n*Log[F]))~((m + 1)/n)), x] /; FreeQ[{F,
a, b, ¢, d, e, f, m, n}, x] && EqQ[d*e - cx*f, 0]

Rule 3388

Int[Cos[(c_.) + (d_)*(x_)"(m_)]*((e_.)*(x_))"(m_), x_Symbol] :> Simp[((e*xx
) (m + 1)*Cos[c + d*x"n])/(ex(m + 1)), x] + Dist[(d*n)/(e"n*(m + 1)), Int[(
exx) " (m + n)*Sin[c + d*x"n], x], x] /; FreeQl{c, d, e}, x] && IGtQ[n, 0] &&
LtQ[m, -1]

Rule 3389

Int[((e_.)*(x_))"(m_.)*Sin[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[I/2,
Int[(exx)  m*E~(-(c*xI) - d*I*x"n), x], x] - Dist[I/2, Int[(e*x) m*E~(c*xI +
d*I*x"n), x], x] /; FreeQ[{c, d, e, m}, x] && IGtQ[n, O]

Rule 3402

Int[((a_.) + Cos[(c_.) + (d_)*(x_ )" (m )]*(b_.))"(p_)*x((e_)*(x D)) "(m), x
_Symbol] :> With[{k = Denominator[m]}, Dist[k/e, Subst[Int[x~(kx(m + 1) - 1
)*(a + b*Cos[c + (d*x~(k*n))/e"n]) p, x], x, (exx)~(1/k)], x]] /; FreeQl[{a,
b, c, d, e}, x] && IntegerQ[p] && IGtQ[n, 0] && FractionQ[m]

Rule 3404

Int[((a_.) + Cosl[(c_.) + (d_)*(x_)" (@ )]1*(M_.)) " (p_)*x((e_)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReducel[(e*x)"m, (a + b*Cos[c + d*x"n]) p, x], x]
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/; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, O]

Rubi steps

2 2
fcos (a+bx)dx:28ubst(fcos (a+bx)dxx \/_]

132 x?
1  cos (Za + 2bx4)
:ZSubst(f(z >t 212 dx, %, Vx
1 2a + 2bx )
= —$ +Subst[ 2 dx,x,\/;]
cos
1 ( ( )) (8b) Subst (fxz sin (25[ + be4) dx, x, \/;)

a+

N
2

% _cos (2 (\jj bx )) — (4ib) Subst ( f ~2ia=2ibxty2 gy 5 \/E) + (4ib) Subst ( f g2

1 cos(pfasba?) T (3-2m0) ) ibe-2422r (3, 206
Va Vi 2% (=ibx2) " 2% (iba2)

Mathematica [A] time = 0.34, size = 137, normalized size = 1.17
3/4 3/4
-4 (b2x4) " cos (a + bx ) + V2 bx? (sz ) (sin(2a) — i cos(2a))I (Z,—2ibx ) +iV2 ( —ibx ) (sm(2a) + 1 cos
2% (2)

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x"2]72/x7(3/2),x]

[Out] (-4*(b~2%x74)~(3/4)*Cos[a + b*x"2]72 + 27(1/4)*bxx~2* (I*¥b*x~2)~(3/4) *Gamma [
3/4, (-2*xI)*b*xx"2]*((-I)*Cos[2*a] + Sin[2*a]) + I*27(1/4)*((-I)*bxx"2)"(7/4
) *Gamma [3/4, (2*I)*b*xx~2]*(I*Cos[2*a]l + Sin[2#*a]))/(2*Sqrt[x]*(b~2xx~4)~(3/

4))

fricas [A] time = 0.98, size = 59, normalized size = 0.50

1 , 1 2
(2i b)7 xe-29T (2,21' bxz) + (=2ib)T xe@ AT (z, —2i bxz) —4+/x cos (bx2 + a)
2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x"2+a)~2/x7(3/2),x, algorithm="fricas")

[Out] 1/2*%((2%I%b)~(1/4)*x*e” (-2*%I*a)*gamma(3/4, 2*I*bxx~2) + (-2%Ixb)~(1/4)*x*e”
(2*I*a)*gamma(3/4, -2*%Ixb*x~2) - 4*sqrt(x)*cos(b*x”2 + a)~2)/x

giac [F] time = 0.00, size = 0, normalized size = 0.00

bx2+a2
fcos( : )d

X
X2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cos(b*x~2+a)~2/x~(3/2),x, algorithm="giac")
[Out] integrate(cos(b*x~2 + a)~2/x7(3/2), x)
maple [F] time = 0.14, size = 0, normalized size = 0.00

3 dx

x2

f cos? (b x% + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x"2+a)~2/x~(3/2),x)
[Out] int(cos(b*x"2+a)~2/x~(3/2),x)

maxima [A] time = 1.87, size = 143, normalized size = 1.22

L T e o G G

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x"2+a)~2/x7(3/2),x, algorithm="maxima")

[Out] -1/16%(27(1/4)*(b*x"2)~(1/4)*((sqrt(sqrt(2) + 2)*(gamma(-1/4, 2*Ixb*x~2) +
gamma (-1/4, -2%I*xbxx"2)) + sqrt(-sqrt(2) + 2)*(Ixgamma(-1/4, 2xI*b*x~2) - I
xgamma (-1/4, -2*Ixb*x~2)))*cos(2*a) + (sqrt(-sqrt(2) + 2)*(gamma(-1/4, 2*Ix*
b*x~2) + gamma(-1/4, -2*Ixb*x~2)) + sqrt(sqrt(2) + 2)*(-Ixgamma(-1/4, 2*I*Db
*xx72) + Ixgamma(-1/4, -2xI*b*x~2)))*sin(2*a)) + 16)/sqrt(x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

dx

f cos (b X%+ a)2

32
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"2)"2/x~(3/2),x)
[Out] int(cos(a + b*x"2)"2/x"(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

cos? (a + bx?)
=/
X2
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(b*x**2+a)**2/x*x(3/2) ,%)

[Out] Integral(cos(a + b*x**2)**2/xx*(3/2), x)
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3.34 f cosz(a+bx2) dx

52

Optimal. Leaf size=116

Y 1 . . o 1 4.
ie?9px T (Z,—2szz) X i 20p\[x T (Z’Zbez) 2 cos2 (a 4 bxz)
32 V=ibx? 32 Vibx? 3x%2
[Out] -2/3*cos(b*x"2+a) ~2/x7(3/2)-1/6%I*xb*xexp(2*I*a)*GAMMA (1/4,-2*%I*b*xx~2)*x~ (1/2

)*%27(3/4) / (~Ixb*x72) " (1/4)+1/6%I*b*GAMMA (1/4,2xI*b*xx~2) *x~ (1/2)*2~(3/4) /exp
(2xIx*a)/(Ixbxx~2)~(1/4)

Rubi [A] time = 0.10, antiderivative size = 116, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 6, integrand size = 16,

number of rules _ ) 375, Rules used = {3402, 3394, 4573, 3373, 3355, 2208}

integrand size
o 1 .. .y 1.
ie?1p+/x Gamma (Z’ —21bx2) ie~2p+/x Gamma (Z’ 21bx2) 2 cos? (a + bx?)

+
3v2 V=ibx? 3v2 Vibx2 3x3/2

Antiderivative was successfully verified.
[In] Int[Cosl[a + b*x~2]72/x~(5/2),x]

[Out] (-2*Cos[a + b*x7"2]172)/(3*x~(3/2)) - ((I/3)*bxE~((2*I)*a)*Sqrt [x]*Gamma[1/4,
(=2xI) *xb*x~2]) /(27 (1/4) x ((-I) *b*x~2)~(1/4)) + ((I/3)*b*Sqrt[x]*Gammal[l/4,
(2%I) *b*xx~2]) /(27 (1/4) *E~ ((2*I)*a) * (Ixb*x~2) " (1/4))

Rule 2208
Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(n_)), x_Symbol] :> -Simp[(F"a

*x(c + d*x)*Gamma[l/n, -(bx(c + d*x) nxLog[F])])/(d*n*(-(bx(c + d*x) “nxLog[F
1)~(/n)), x] /; FreeQ[{F, a, b, ¢, d, n}, x] && !'IntegerQ[2/n]

Rule 3355

Int[Sin[(c_.) + (d_.)*((e_.) + (f_.)*(x_))"(n_)], x_Symbol] :> Dist[I/2, In
t[E"(-(c*xI) - d*xI*(e + f*x)"n), x], x] - Dist[I/2, Int[E"(c*xI + d*xIx(e + f*
x)"n), x], x] /; FreeQ[{c, d, e, f}, x] && IGtQ[n, 2]

Rule 3373

Int[((a_.) + (b_.)*Sin[u_]1)~(p_.), x_Symbol] :> Int[(a + b*Sin[ExpandToSum[
u, x]1)7p, x] /; FreeQ[{a, b, p}, x] && BinomialQ[u, x] && !BinomialMatchQ
[u, x]

Rule 3394

Int[Cos[(a_.) + (b_)*xD)"(m )] (p)*(x_)"(m_.), x_Symbol] :> Simp[(x~(m +
1)*Cos[a + b*xx™n]"p)/(m + 1), x] + Dist[(b*n*p)/(m + 1), Int[Cos[a + b*x"n

17(p - 1)*Sinla + b*x"n], x], x] /; FreeQ[{a, b}, x] && IGtQ[p, 1] && EqQ[m
+ n, 0] && NeQ[n, 1] && IntegerQ[n]

Rule 3402

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_ )" (n_)]*(b_.)) " (p_.)*x((e_.)*(x_))"(m_), x
_Symbol] :> With[{k = Denominator[m]}, Dist[k/e, Subst[Int[x~(kx(m + 1) - 1
)*¥(a + b*Cosl[c + (d*x~(k*n))/e"nl)"p, x], x, (exx)~(1/k)], x1] /; FreeQ[{a,
b, c, d, e}, x] && IntegerQ[p] && IGtQ[n, 0] && FractionQ[m]
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Rule 4573
Int[Cos[w_]1~(p_.)*(u_.)*Sin[v_]1"(p_.), x_Symbol] :> Dist[1/27p, Int[uxSin[2

*v]~p, x], x1 /; EqQlw, v] && IntegerQ[p]

Rubi steps

cos? (a + bxz) cos (a + bx
f—dszSubst f dxx

x5/2 4

_ 2 cos 35:;/: bx ) ;(1619) Subst (f cos(a + bx sm (a + bx4) dx, x, \/E)

_ _2 COSZS:;: bx ) %(8&7) Subst ( f sm a + bx ) dx, x, \/E )

_ 2 COSZS; /: bx ) %(817) Subst ( f sin 2a + 2bx dx, x, \x )

_ 2 cos23 S;/: bx ) _ % (4ib) Subst ( f ~2ia-2ibx* gy o \/’) : (4ib) Subst ( f 2ia+2ibx

Dcos? (a+ b?)  IAUVRT (3,-2i022)  ibe T (1, 2ibx?)
- +
332 32 V=ibx? 32 Vibx?

Mathematica [A] time = 0.34, size = 137, normalized size = 1.18

5/4
—4p22% cos? (a + bxz) + 2%4px2/iba? (sin(2a) — i cos(2a))T (i, —Zibxz) + 254 (—ibxz) ! (sin(2a) + i cos(2

632 N2

Antiderivative was successfully verified.

[In] Integrate[Cos[a + bxx"2]72/x7(5/2),x]

[Out] (-4%(b~2*x"4)"(1/4)*Cos[a + b*x~2]"2 + 27(3/4)*b*xx~ 2% (I*b*x~2) " (1/4)*Gamma [
1/4, (-2xI)*b*xx"2]*((-I)*Cos[2*a] + Sin[2*a]) + I*27(3/4)*((-I)*b*xx"2)"(5/4
Y*Gamma[1/4, (2xI)*bxx~2]*(I*Cos[2*a] + Sin[2*a]l))/(6xx~(3/2)*(b"2*xx"4)~(1/

4))

fricas [A] time = 0.66, size = 63, normalized size = 0.54
N ; 1 ,. N (1 2
(2i b)1 x2el-2i0)T (Z’ 2i bxz) + (—2ib)% x2e AT (Z’ -2i bxz) —4+/x cos (bx2 + a)

6 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x7(56/2),x, algorithm="fricas")

[Out] 1/6%((2%I%b)~(3/4)*x"2*xe” (-2xI*a)*gamma(1l/4, 2*%Ixb*x~2) + (-2xI*b)~(3/4)*x"
2xe” (2*I*a)*gamma(1/4, -2*%Ixb*x~2) - 4*sqrt(x)*cos(b*x™2 + a)~2)/x72

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

f cos (bx2 + a)2
B A

X2

Verification of antiderivative is not currently implemented for this CAS.



136

[In] integrate(cos(b*x~2+a)~2/x~(5/2),x, algorithm="giac")
[Out] integrate(cos(b*x~2 + a)~2/x7(5/2), x)
maple [F] time = 0.15, size = 0, normalized size = 0.00

z dx

x2

f cos? (b x% + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x"2+a)~2/x~(5/2),x)
[Out] int(cos(b*x"2+a)~2/x~(5/2),x)

maxima [A] time = 0.91, size = 145, normalized size = 1.25
3 3
23 (b2?) ((3 -2 +2 (r (—2,21' bxz) iT (—2 i bxz)) TV 42 (31’F (—2,21' bxz) _3iT (—Z 2 bxz))

A

/

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x~(5/2),x, algorithm="maxima"

[Out] -1/48%(27(3/4)*(b*x~2)~(3/4)*((3*sqrt(-sqrt(2) + 2)*(gamma(-3/4, 2*Ixb*x~2)
+ gamma(-3/4, -2*I*xb*xx"2)) + sqrt(sqrt(2) + 2)*(3*Ixgamma(-3/4, 2*Ixb*x~2)

- 3*Ikxgamma(-3/4, -2*I*b*xx"2)))*cos(2*a) + (3*sqrt(sqrt(2) + 2)*(gamma(-3/

4, 2%I*xbxx"2) + gamma(-3/4, -2*Ixb*x72)) + sqrt(-sqrt(2) + 2)*(-3*I*gamma (-

3/4, 2*%Ixb*x"2) + 3*Ixgamma(-3/4, -2*Ixb*x~2)))*sin(2*a)) + 16)/x7(3/2)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

dx

f cos (b X2+ a)z

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"2)"2/x"(5/2),x)
[Out] int(cos(a + b*xx"2)"2/x~(5/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

cos? (a + bx?)
==
x2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)**2/x**(5/2) ,x)

[Out] Integral(cos(a + bxx*x2)**x2/x**(5/2), x)
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3.35 fcos (a + ,'IZ) dx

Optimal. Leaf size=31

X

b sin(a)Ci (Z) + b cos(a)Si (2) + X cos (a + 2)

[Out] x*cos(a+b/x)+b*cos(a)*Si(b/x)+b*Ci(b/x)*sin(a)

Rubi [A] time = 0.07, antiderivative size = 31, normalized size of antiderivative =

f rul
1.00, number of steps used = 5, number of rules used = 5, integrand size = 8§, number of rules

= 0.625, Rules used = {3362, 3297, 3303, 3299, 3302}

integrand size

b b b
b sin(a)CosIntegral( ) + b cos(a)Si (;) + X cos (a + —)

x x
Antiderivative was successfully verified.
[In] Int[Cos[a + b/x],x]
[Out] x*Cos[a + b/x] + b*CosIntegral[b/x]*Sin[a] + b*Cos[a]*SinIntegral[b/x]

Rule 3297

Int[((c_.) + (d_)*(x_))"(m_)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x)"(m + 1)*Sin[e + f*x])/(d*x(m + 1)), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x) " (m + 1)*Cos[e + fxx], x], x] /; FreeQ[{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3299

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[dxe - cx*f, O]

Rule 3302

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQl{c, d, e, £}, x] &% EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3303

Int[sin[Ce_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(dx
e - cxf)/d], Int[Sin[(c*f)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cxf
)/dl, Int[Cos[(cxf)/d + fxx]/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3362

Int[((a_.) + Cos[(c_.) + (d_.)*x((e_.) + (£_)*(x_))"(n_)]1*(b_.))"(p_.), x_S
ymbol] :> Dist[1/(n*xf), Subst[Int[x~(1/n - 1)x(a + b*Cos[c + d*x])7p, x], x
, (e + fxx)°n], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[p, 0] && Integer
Ql1/n]

Rubi steps



138

b b 1
fcos (a + —) dx = —Subst (f —COS(E[: x) dx, x, —)
X X X

= X COS a+é +bSubst(fwdx,x,l)
X X X

sin(bx) cos(bx)

b
=xcos|a+ — |+ (bcos(a)) Subst (f

X

dx, x, %) + (bsin(a)) Subst ( f

X, X, -

b b b
=xcos|a+ —|+bCi (—) sin(a) + b cos(a)Si (—)
X X X

Mathematica [A] time = 0.03, size = 31, normalized size = 1.00

b sin(a)Ci (b) + b cos(a)Si (2) + X COS (a + 2)

x x
Antiderivative was successfully verified.

[In] Integrate[Cos[a + b/x],x]
[Out] x*Cos[a + b/x] + bxCosIntegral[b/x]*Sin[a] + b*Cos[al*SinIntegral[b/x]

fricas [A] time = 1.15, size = 45, normalized size = 1.45

b cos(a) Si (é) + x cos (ax " b) + ! (bCi (E) +bCi (—é)) sin(a)
X X 2 X

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb/x),x, algorithm="fricas")

[Out] bxcos(a)*sin_integral(b/x) + x*cos((a*x + b)/x) + 1/2*%(b*cos_integral(b/x)
+ b*cos_integral (-b/x))*sin(a)

giac [B] time = 0.34, size = 132, normalized size = 4.26

ax+b

ax+b) ~ (ax+b)b? Ci(—a+#)sin(a) N (ax+b)b? cos(a) Si(a— = ) ~ bz cos (ﬁ
x X b

(ﬂ _ ax+b )b
X

Verification of antiderivative is not currently implemented for this CAS.

ab? Ci (—a + %H?) sin(a) — ab® cos(a) Si (a —~

X

[In] integrate(cos(at+b/x),x, algorithm="giac")

[Out] (a*b~2xcos_integral(-a + (a*x + b)/x)*sin(a) - axb”2xcos(a)*sin_integral(a
- (axx + b)/x) - (a*x + b)*b"2xcos_integral(-a + (a*xx + b)/x)*sin(a)/x + (a

*x + b)*b~2*cos(a)*sin_integral(a - (a*x + b)/x)/x - b"2xcos((a*x + b)/x))/

((a - (axx + b)/x)*b)

maple [A] time = 0.05, size = 39, normalized size = 1.26

b
COs (a + ;)X

—p|- -

- Si (Z) cos(a) — Ci (2) sin(a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b/x),x)
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[Out] -b*(-cos(a+b/x)*x/b-Si(b/x)*cos(a)-Ci(b/x)*sin(a))

maxima [C] time = 1.90, size = 57, normalized size = 1.84

1 ((—i Ei (f) + i Ei (—ﬁ)) cos(a) + (Ei (ﬁ) + Ei (—ﬁ)) sin(a))b + X cos (ax al b)
2 X X X X X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(at+b/x),x, algorithm="maxima"

[Out] 1/2*%((-I*Ei(I*b/x) + I*Ei(-I*b/x))*cos(a) + (Ei(I*b/x) + Ei(-I*b/x))*sin(a)
)*b + x*cos((a*x + b)/x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.03

b
fcos (a + —) dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b/x),x)
[Out] int(cos(a + b/x), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

b
fcos (a + —) dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x),x)

[Out] Integral(cos(a + b/x), x)
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b
336 | o) dx

X

Optimal. Leaf size=20
b b
sin(a)Si (—) — cos(a)Ci (—)
x x

[Out] -Ci(b/x)*cos(a)+Si(b/x)*sin(a)

Rubi [A] time = 0.03, antiderivative size = 20, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 12,

number of rules _ ) 250, Rules used = {3378, 3376, 3375)

integrand size
, (b b
sin(a)Si . — cos(a)Coslntegral .

Antiderivative was successfully verified.

[In] Int[Cos[a + b/x]/x,x]

[Out] -(Cos[al*CosIntegral[b/x]) + Sin[al*SinIntegral[b/x]
Rule 3375

Int[Sin[(d_.)*(x_)~"(n_)]1/(x_), x_Symbol] :> Simp[SinIntegral[d*x"nl]/n, x] /
; FreeQ[{d, n}, xI]

Rule 3376

Int[Cos[(d_.)*(x_)"(n_)]/(x_), x_Symbol] :> Simp[CosIntegral[d*x"nl]/n, x] /
; FreeQ[{d, n}, xI]

Rule 3378
Int[Cos[(c_) + (d_.)*(x_)"(n_)]/(x_), x_Symbol] :> Dist[Cos[c], Int[Cos[d*x

“nl/x, x], x] - Dist[Sin[c], Int([Sin[d*x"n]l/x, x], x] /; FreeQ[{c, d, n}, x
]

Rubi steps

COs (

)dx—cos(a) f ( )dx—sm(a) f Sm( )

= —cos(a)Ci (b) + sin(a)Si ( )
x x

J

Mathematica [A] time = 0.04, size = 20, normalized size = 1.00
b b
sin(a)Si (—) — cos(a)Ci (—)
X x

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b/x]/x,x]
[Out] -(Cos[al*CosIntegrall[b/x]) + Sin[al*SinIntegral[b/x]
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fricas [A] time = 1.43, size = 28, normalized size = 1.40

L (Ci (?) +Ci (—2)) cos(a) + sin(a) Si (2)
2 X X X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb/x)/x,x, algorithm="fricas")
[Out] -1/2%(cos_integral(b/x) + cos_integral(-b/x))*cos(a) + sin(a)*sin_integral(
b/x)

giac [B] time = 0.41, size = 41, normalized size = 2.05

bcos(a) Ci (—a + ax;b) + bsin(a) Si (a - ax;b)
- b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb/x)/x,x, algorithm="giac")
[Out] -(b*cos(a)*cos_integral(-a + (a*x + b)/x) + bxsin(a)*sin_integral(a - (a*x
+ b)/x)) /b

maple [A] time = 0.04, size = 21, normalized size = 1.05
b b
-Ci (—) cos(a) + Si (—) sin(a)
x X
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b/x)/x,x)
[Out] -Ci(b/x)*cos(a)+Si(b/x)*sin(a)

time = 2.01, size = 43, normalized size = 2.15

—1 (Ei (@) + Ei (—&)) cos(a) — 1 (iEi (&) —iFi (_f)) sin(a)
2 X X 2 X X

Verification of antiderivative is not currently implemented for this CAS.

maxima [C]

[In] integrate(cos(at+b/x)/x,x, algorithm="maxima"

[Out] -1/2%(Ei(I*b/x) + Ei(-I*b/x))*cos(a) - 1/2x(I*Ei(I*b/x) - I*Ei(-I*b/x))*sin
(a)
mupad [F]  time = 0.00, size = -1, normalized size = -0.05

b b
sin(a) sinint (—) — cos(a) cosint (—)
X X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b/x)/x,x)
[Out] sin(a)*sinint(b/x) - cos(a)*cosint(b/x)

sympy [A] time = 0.97, size = 15, normalized size = 0.75

b b
sin (a) Si (—) —cos (a) Ci (—)
X X
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x,x)

[Out] sin(a)*Si(b/x) - cos(a)*Ci(b/x)
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b
337 | o) dx

xz
Optimal. Leaf size=13
n(e+3)
sinla+ -
Y

b

[Out] -sin(a+b/x)/b

Rubi [A] time = 0.01, antiderivative size = 13, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 12,

number of rules _ ) 167 Rules used = {3380, 2637}

. b
sin (ﬂ + —)
X

b

integrand size

Antiderivative was successfully verified.
[In] Int[Cosl[a + b/x]/x72,x]

[Out] -(Sin[a + b/x]/b)

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dxx]/d, x] /;
FreeQ[{c, d}, x]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_)*(x )" (@ )I*M_.))"(p_)*(x)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/nl, 01))

Rubi steps

cosfa+ ) :
f —————dx = —Subst (f cos(a + bx)dx, x, ;)

2
nfo+)
sin{a + -

S S

B b

Mathematica [A] time = 0.00, size = 13, normalized size = 1.00
(o]
sin(a + -
Y
b
Antiderivative was successfully verified.

[In] Integrate[Cos[a + b/x]/x"2,x]
[Out] -(Sinf[a + b/x]/b)



fricas [A] time = 0.93, size = 15, normalized size = 1.15

) (ux+b)
Sin
X

b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x"2,x, algorithm="fricas")
[Out] -sin((a*x + b)/x)/b

giac [A] time = 0.36, size = 15, normalized size = 1.15

) (ux+b)
Sin
X

b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(at+b/x)/x"2,x, algorithm="giac")
[Out] -sin((a*x + b)/x)/b

maple [A] time = 0.02, size = 14, normalized size = 1.08

(o)
simfa+ -
X

b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b/x)/x"2,x)
[Out] -sin(a+b/x)/b
maxima [A] time = 2.00, size = 13, normalized size = 1.00

. ( b)
smia+ -
X

b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x"2,x, algorithm="maxima"
[Out] -sin(a + b/x)/Db

mupad [B] time = 0.26, size = 13, normalized size = 1.00

. b
sin{a+ -
x

b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b/x)/x"2,x)
[Out] -sin(a + b/x)/b

sympy [A] time = 0.98, size = 15, normalized size = 1.15

—Sm(ZJr;) forb#0

cos (@) otherwise

143
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x**2,x)

[Out] Piecewise((-sin(a + b/x)/b, Ne(b, 0)), (-cos(a)/x, True))
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b
cos(a+x) p

X
x3

338 |

Optimal. Leaf size=30

b . b
COS (ﬂ+ —) s (El-i- —)
x X

b2 bx

[Out] -cos(a+b/x)/b"2-sin(a+b/x)/b/x

Rubi [A] time = 0.02, antiderivative size = 30, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 12,

number of rules _ ) 250, Rules used = {3380, 3296, 2638)

integrand size

b . b
COS ([1+ —) sin (a+ —)
x x

b2 bx

Antiderivative was successfully verified.

[In] Int[Cos[a + b/x]/x"3,x]

[Out] -(Cosl[a + b/x]/b~2) - Sin[a + b/x]/(b*x)
Rule 2638

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, xI]

Rule 3296

Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + fxx])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos|[
e + fxx], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_)*(x_)"(n )I*(_.)) " (p_.)*x(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x]) p
, xJ, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 11 || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplify[(
m + 1)/n], 0]))

Rubi steps

cos (a + S) 1
f— dx = —Subst (fxcos(a + bx) dx, x, ;)

x3

. b . 1
sin (a + ;) Subst (f sin(a + bx) dx, x, ;)

ST b
(a+7) sinfa+)
cosla+ - sinja+ -
_ x_ X
- b? bx

Mathematica [A] time = 0.05, size = 29, normalized size = 0.97

) b b
bsm(a+ ;) +xcos(a+ ;)

b2x
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Antiderivative was successfully verified.

[In] Integrate[Cos[a + b/x]/x73,x]
[Out] -((x*Cos[a + b/x] + b*Sinl[a + b/x])/(b"2%x))

fricas [A] time = 0.75, size = 33, normalized size = 1.10

ax+b . ax+b
xcos | — + bsin .

b2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x"3,x, algorithm="fricas")
[Out] -(x*cos((a*x + b)/x) + b¥sin((axx + b)/x))/(b~2*x)

giac [A] time = 0.39, size = 49, normalized size = 1.63

ax+b

. ( ax+b ) (ax+D) sin( x ) ( ax+b )
asin - — COS
x x x

bZ

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb/x)/x"3,x, algorithm="giac")
[Out] (ax*sin((axx + b)/x) - (a*x + b)*sin((a*x + b)/x)/x - cos((a*x + b)/x))/b"2

maple [A] time = 0.04, size = 42, normalized size = 1.40

b b\ . b . b
Cos(a+—)+(a+—)sm(a+—)—as1n(a+—)
X X X X

b2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b/x)/x"3,x)
[Out] -1/b"2*(cos(a+b/x)+(a+b/x)*sin(a+b/x)-a*sin(a+b/x))

maxima [C] time = 1.69, size = 51, normalized size = 1.70

(r (2, %) 4T (2, —%)) cos(a) - (z‘r (2, %) T (2, —%)) sin(a)

202

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x"3,x, algorithm="maxima"

[Out] -1/2%((gamma(2, I*b/x) + gamma(2, -I*b/x))*cos(a) - (I*xgamma(2, I*b/x) - Ix*
gamma (2, -I*b/x))*sin(a))/b~2

mupad [B] time = 0.28, size = 30, normalized size = 1.00

b . b
COS (ll+ —) Sim (ﬂ+ —)
x x

b2 bx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b/x)/x"3,x)
[Out] - cos(a + b/x)/b"2 - sin(a + b/x)/(b*xx)



sympy [A] time = 1.80, size = 31, normalized size = 1.03

_s'mgzjg) B Ccos E;+§) for b 40
_cos (a)

o2 otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x**3,x)

[Out] Piecewise((-sin(a + b/x)/(b*x) - cos(a + b/x)/b**x2, Ne(b, 0)),

x*xx2) , True))

147

(-cos(a) /(2%
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b
cos(a+x) p

X
14

339 |

Optimal. Leaf size=46

2sin(a+ B) 2cos(a+ E) sin(a+ E)
X X X

b3 b2x bx?

[Out] -2*cos(a+b/x)/b"2/x+2*sin(a+b/x)/b"3-sin(a+b/x)/b/x"2

Rubi [A] time = 0.05, antiderivative size = 46, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 12,

number of rules _ ).250, Rules used = {3380, 3296, 2637}

integrand size

2sin(a+ B) 2cos(a+ B) sin(a+ B)
X X X

b3 b2x bx?

Antiderivative was successfully verified.

[In] Int[Cos[a + b/x]/x"4,x]

[Out] (-2xCos[a + b/x])/(b~2%x) + (2*Sinf[a + b/x])/b"3 - Sin[a + b/x]/(b*x"2)
Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dxx]/d, x] /;
FreeQ[{c, 4}, x]

Rule 3296

Int[((c_.) + (d_)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos|[
e + f*xx], x], x] /; FreeQl[{c, d, e, f}, x] && GtQ[m, 0]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_)*x(x )" (n )]*(_.))"(p_)*(x)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosl[c + d*x])7p
, x], x, x"nl], x] /; FreeQ[{a, b, ¢, 4, m, n, p}, x] && IntegerQ[Simplifyl[(
m + 1)/n]] && (EqQlp, 11 || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplify[(
m + 1)/nl, 01))

Rubi steps

cos (a + g) 1
f— dx = —Subst (fxz cos(a + bx) dx, x, ;)

x4

sin (a + B) 2 Subst (fxsin(a + bx) dx, x, 1)
X X

T b
2 cos (a + E) sin (a + E) 2 Subst (f cos(a + bx) dx, x, 1)
_ X _ X + X
b2x bx? b2
b , b , b
2 cos (a + —) 2sin (a + —) sin (a + —)
X X X

- b2x * b3 B bx?
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Mathematica [A] time = 0.00, size = 46, normalized size = 1.00

251n(a+ 2) 2cos(a+ 2) sin(a+ E)
X X X

b3 - b2x bx2

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b/x]/x74,x]
[Out] (-2*Cos[a + b/x])/(b"2*xx) + (2xSinf[a + b/x])/b"3 - Sinla + b/x]/(b*x"2)

fricas [A] time = 0.71, size = 43, normalized size = 0.93

2 bx cos (ax+b) + (b2 -2 xz) sin (ax+b)
_ X X

b3x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb/x)/x"4,x, algorithm="fricas")

[Out] -(2xbxx*cos((a*x + b)/x) + (b™2 - 2xx~2)*sin((a*x + b)/x))/(b"3*x"2)

giac [B] time = 0.43, size = 107, normalized size = 2.33
. [ax+b ax+b 2 . (ax+b
2 (ax+b)a sin — 2 (ax+b) cos N (ax+b)” sin -
azsin(w)—Zacos(aHb)— ( ) + ( ) + R ( ) -2 sin(aerb)
X X X X X X
_ =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x"4,x, algorithm="giac")

[Out] -(a"2*sin((a*x + b)/x) - 2*axcos((a*xx + b)/x) - 2*(a*x + b)*axsin((a*x + b)
/x)/x + 2x(axx + b)*xcos((axx + b)/x)/x + (a*xx + b) " 2xsin((a*xx + b)/x)/x"2 -

2xsin((axx + b)/x))/b"3

maple [A] time = 0.04, size = 92, normalized size = 2.00
2
b\~ . b . b b b b b\ . b 2 .
(a+ —) sm(a+ —) —251n(a+ —) +2cos(a + —) (a + —) —2a(cos(a + —) + (a+ —)sm(a + —)) + a“ si
X X X X X X X X
B3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b/x)/x"4,x)
[Out] -1/b~3*((a+b/x) "2*xsin(a+b/x)-2*sin(a+b/x)+2*cos(a+b/x)*(a+b/x)-2*a*x(cos(a+b
/x)+(a+b/x)*sin(a+b/x))+a"2*sin(a+b/x))

maxima [C] time = 1.23, size = 50, normalized size = 1.09

(iF (3, %) _iT (3, —%)) cos(a) + (r (3, %) AT (3, —%)) sin(a)
20

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb/x)/x"4,x, algorithm="maxima"

[Out] 1/2*%((I*gamma(3, I*b/x) - Ixgamma(3, -I*b/x))*cos(a) + (gamma(3, I*b/x) + g
amma (3, -I*b/x))*sin(a))/b"3
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mupad [B] time = 0.37, size = 47, normalized size = 1.02

Zsin(a+é) 4 sin(a+ﬁ)+2bx cos(a+é)
X X X

b3 - b3 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b/x)/x"4,x)
[Out] (2*sin(a + b/x))/b~3 - (b"2*sin(a + b/x) + 2*bxx*xcos(a + b/x))/(b"3*x"2)

time = 3.04, size = 46, normalized size = 1.00

sympy [A]
b b b
sin (u+;) 2 cos (a+;) 2sin (a+)—()
——z ot 3 forb#0
cos (a) .
— 33 otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x**4,x)
[Out] Piecewise((-sin(a + b/x)/(b*x*x2) - 2%cos(a + b/x)/(b*x*2*x) + 2*sin(a + b/x

)/bxx3, Ne(b, 0)), (-cos(a)/(3*x**3), True))
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b
3.40 fcos (a + x_Z) dx

Optimal. Leaf size=79

NN
Vor Vb sin(a)C \/; +V2r Vb cos(a)S

X x2

Vb 2
| vasfo )
X

[Out] x*cos(a+b/x"2)+cos(a)*FresnelS(b~(1/2)*2"(1/2)/Pi~(1/2)/x)*b~(1/2)*2~(1/2)*

Pi~(1/2)+FresnelC(b~ (1/2)*27(1/2)/Pi~(1/2)/x)*sin(a)*b~(1/2)*27(1/2)*Pi~(1/
2)

Rubi [A] time = 0.05, antiderivative size = 79, normalized size of antiderivative =

. . ber of rul
1.00, number of steps used = 5, number of rules used = 5, integrand size = 8§, qumber ot e

= 0.625, Rules used = {3360, 3388, 3353, 3352, 3351}

integrand size

2

Z \b
= Vb Vb b
V2 Vb sin(a)FresnelC \/;T +V2n Vb cos(a)S Tﬂ + X cos (a + —)

xz

Antiderivative was successfully verified.
[In] Int[Cosl[a + b/x"2],x]

[Out] x*Cos[a + b/x"2] + Sqrt[b]*Sqrt[2*Pi]*Cos[a]l*FresnelS[(Sqrt[b]l*Sqrt[2/Pi])/
x] + Sqrt[b]l*Sqrt[2*Pi]*FresnelC[(Sqrt [b]*Sqrt[2/Pi])/x]*Sin[al

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pi]l*Rt[d, 2]1*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pil*Rt[d, 2]x(e + f*x)])/(£*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3353

Int[Sin[(c_) + (d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Dist[Sin[c], Int
[Cos[dx(e + f*x)~2], x], x] + Dist[Coslc], Int[Sin[d*(e + f*x)~2], x], x] /
; FreeQl{c, d, e, f}, x]

Rule 3360

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_)*(x_))"(m )1*(b_.))"(p_.), x_S
ymbol] :> -Dist[f~(-1), Subst[Int[(a + b*Cos[c + d/x"n]) p/x"2, x], x, 1/(e
+ fxx)], x] /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[p, 0] && ILtQ[n, 0] &&
EqQ[n, -2]

Rule 3388

Int[Cos[(c_.) + (d_)*(x_)"(n_)]*((e_.)*(x_))"(m_), x_Symbol] :> Simp[((e*xx
)" (m + 1)*Cos[c + d*x"n])/(ex(m + 1)), x] + Dist[(d*n)/(e"n*(m + 1)), Int[(
exx) " (m + n)*Sin[c + d*x"n], x], x] /; FreeQl{c, d, e}, x] && IGtQ[n, 0] &&
LtQ[m, -1]

Rubi steps
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cos (a + bx?
fcos (a + %) dx = —Subst(f#dx,x, 1)
X X x
b ) ) 1
=xcos|a+ — | + (2b) Subst f sin (a + bx ) dx, x, 2

b 1 \
=xcos|a+ — | + (2bcos(a)) Subst ( f sin (bxz) dx, x, ;) + (2bsin(a)) Subst ( f cos (ble

NE YNE
= X COS a+£ +\/E\/2_ncos(a)5 x\/; +VbV2rC T\/; sin(a)

Mathematica [A] time = 0.13, size = 80, normalized size = 1.01

Vi Y
Vor Vb sin(a)C T\/; + cos(a)S T\/; — x sin(a) sin (j ) + x cos(a) cos (%)

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b/x"2],x]
[Out] x*Cos[al*Cos[b/x"2] + Sqrt[b]*Sqrt[2+Pi]*(Cos[a]*FresnelS[(Sqrt[b]*Sqrt[2/P
i])/x] + FresnelC[(Sqrt[b]*Sqrt[2/Pi])/x]*Sin[a]) - x*Sin[a]*Sin[b/x~2]

fricas [A] time = 0.80, size = 73, normalized size = 0.92

2 2 24
\/571\/j cos(a) S| —— | + 271\/7 Tﬂ sin(a) +xcos(axx2 )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x72),x, algorithm="fricas")

[Out] sqrt(2)*pi*sqrt(b/pi)*cos(a)*fresnel_sin(sqrt(2)*sqrt(b/pi)/x) + sqrt(2)*pi
xsqrt (b/pi)*fresnel cos(sqrt(2)*sqrt(b/pi)/x)*sin(a) + x*cos((a*x"2 + b)/x~

2)

giac [F] time = 0.00, size = 0, normalized size = 0.00

[ cos (a ¥ 3) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2),x, algorithm="giac")

[Out] integrate(cos(a + b/x72), x)

maple [A] time = 0.02, size = 57, normalized size = 0.72

eos (a " %) +Vb V2 Vn (COS(IZ)S(\/\?E\/XE ] + sin(a) FresnelC [@\/3 ]]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b/x"2),x)
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[Out] x*cos(a+b/x"2)+b~(1/2)*2~(1/2)*Pi~(1/2)*(cos(a)*FresnelS(b~(1/2)*2"(1/2)/Pi
~(1/2)/x)+sin(a) *FresnelC(b~(1/2) %2~ (1/2) /Pi~(1/2) /%))

maxima [C] time = 2.37, size = 127, normalized size = 1.61

\/5[2 \/bez\/xz4 cos (axj—;b) + (((i +1) Vn (erf (\/;:i) - 1) —(i-1)+n (erf (\/%) - 1)) cos(a) + (— (i -

4 bx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2),x, algorithm="maxima")

[Out] 1/4*sqrt(2)*(2*sqrt(2)*b*x"2xsqrt(x~(-4))*cos((a*xx"2 + b)/x72) + (((I + 1)*

sqrt (pi)*(erf (sqrt(I*b/x"2)) - 1) - (I - 1)*sqrt(pi)*(erf(sqrt(-I*b/x72)) -
1))*cos(a) + (-(I - 1)*sqrt(pi)*(erf(sqrt(I*b/x"2)) - 1) + (I + 1)*sqrt(pi
)*(erf (sqrt (-I*b/x"2)) - 1))*sin(a))*b*x(b~2/x74)~(1/4))*sqrt(x~4)/(b*x)

time = 0.00, size = -1, normalized size = -0.01

b
fcos (a + —2) dx
X

Verification of antiderivative is not currently implemented for this CAS.

mupad [F]

[In] int(cos(a + b/x"2),x)

[Out] int(cos(a + b/x72), x)
time = 0.00, size = 0, normalized size = 0.00

b
fcos (a + —2) dx
X

Verification of antiderivative is not currently implemented for this CAS.

sympy [F]

[In] integrate(cos(a+b/x**2),x)

[Out] Integral(cos(a + b/x**2), x)
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COS(Q+%)
341 [ —dx

X

Optimal. Leaf size=25
1 . (b)) 1 (Db
5 sin(a)Si (P) -5 cos(a)Ci (F)

[Out] -1/2*Ci(b/x"2)*cos(a)+1/2%Si(b/x"2)*sin(a)

Rubi [A] time = 0.03, antiderivative size = 25, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 12,

number of rules _ ) 250, Rules used = {3378, 3376, 3375)

integrand size
1 . b 1 b
5 sin(a)Si (F) ~5 cos(a)CosIntegral (;)

Antiderivative was successfully verified.

[In] Int[Cos[a + b/x"2]/x,x]

[Out] -(Cos[al*CosIntegrall[b/x~2])/2 + (Sin[a]l*SinIntegral[b/x"2])/2
Rule 3375

Int[Sin[(d_.)*(x_)~"(n_)]1/(x_), x_Symbol] :> Simp[SinIntegral[d*x"nl]/n, x] /
; FreeQ[{d, n}, xI]

Rule 3376

Int[Cos[(d_.)*(x_)"(n_)]/(x_), x_Symbol] :> Simp[CosIntegral[d*x"nl]/n, x] /
; FreeQ[{d, n}, xI]

Rule 3378

Int[Cos[(c_) + (d_.)*(x_)"(n_)]/(x_), x_Symbol] :> Dist[Cos[c], Int[Cos[d*x
“nl/x, x], x] - Dist[Sin[c], Int([Sin[d*x"n]l/x, x], x] /; FreeQ[{c, d, n}, x
]

Rubi steps

. (b
fCOS (ﬂ+ ) x—cos(a)fcos( ) sin(a)f%dx

X X

= —= cos(a)C %) — sin(a)Si (fz)

Mathematica [A] time = 0.04, size = 24, normalized size = 0.96

% (sin(a)Si (%) — cos(a)Ci (%))

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b/x"2]/x,x]
[Out] (-(Cos[al*CosIntegral[b/x"2]) + Sin[a]l*SinIntegral[b/x~2])/2
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fricas [A] time = 0.57, size = 29, normalized size = 1.16

1 Ci b Ci b 1 S b
_Z_L( 1(x—2)+ 1(—;))cos(a)+§sm(a) 1(;)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x,x, algorithm="fricas")

[Out] -1/4%(cos_integral(b/x"2) + cos_integral(-b/x~2))*cos(a) + 1/2*sin(a)*sin_i
ntegral (b/x"2)

giac [F] time = 0.00, size = 0, normalized size = 0.00

COs (ll + x%)
[evre),

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(at+b/x"2)/x,x, algorithm="giac")
[Out] integrate(cos(a + b/x"2)/x, x)
maple [A] time = 0.02, size = 22, normalized size = 0.88
(b (b)Y .
Ci = cos(a) Si = sin(a)

+
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b/x"2)/x,x)
[Out] -1/2*Ci(b/x"2)*cos(a)+1/2%Si(b/x"2)*sin(a)

maxima [C] time = 1.34, size = 43, normalized size = 1.72

1(_ [ib Ei ib 1 Ei ib B ib\\ .
“1 (El(;)+ 1(—;))cos(a)—1(z 1(;)—1 1(—;))sm(a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x,x, algorithm="maxima"

[Out] -1/4%(Ei(I*b/x"2) + Ei(-I*b/x"2))*cos(a) - 1/4x(I*Ei(I*b/x"2) - I*Ei(-Ix*b/x
~2))*sin(a)

mupad [F]  time = 0.00, size = -1, normalized size = -0.04

. .. b . b
sin(a) sinint (x_Z) cos(a) cosint (x—z)

2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b/x"2)/x,x)
[Out] (sin(a)*sinint(b/x~2))/2 - (cos(a)*cosint(b/x"2))/2

sympy [F] time = 0.00, size = 0, normalized size = 0.00

COs (ll + x%)
[,

X
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x**2)/x,x)

[Out] Integral(cos(a + b/x*%*2)/x, x)
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342 [ —=

Optimal. Leaf size=74
2 2
\/g sin(a)S ( \/Ex\/: J \/g cos(a)C [ \/Ex\/; )
Vb ) Vb

[Out] -1/2%cos(a)*FresnelC(b™(1/2)*27(1/2)/Pi~(1/2)/x)*27(1/2)*Pi~(1/2) /b~ (1/2)+1
/2*FresnelS (b~ (1/2)*27(1/2) /Pi~(1/2) /x)*sin(a)*2~(1/2)*Pi~(1/2) /b~ (1/2)

Rubi [A] time = 0.03, antiderivative size = 74, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 12,

number of rules _ ) 333, Rules used = {3384, 3354, 3352, 3351}

integrand size
2 2
\/g sin(a)S ( \/Ex\/; ] \/g cos(a)FresnelC [ \/;x\/E ]
Vb ) Vb

Antiderivative was successfully verified.
[In] Int[Cos[a + b/x"2]/x72,x]

[Out] -((Sqrt[Pi/2]*Cos[a]*FresnelC[(Sqrt[b]l*Sqrt[2/Pi])/x]1)/Sqrt[b]l) + (Sqrt([Pi/
2] #*FresnelS[(Sqrt [b]*Sqrt[2/Pi])/x]*Sin[a])/Sqrt [b]

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)1)/(f*Rt[d, 21), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pil*Rt[d, 2]*(e + fxx)1)/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3354

Int[Cos[(c_) + (d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Dist[Cos[c], Int
[Cos[d*(e + f*x)~2], x], x] - Dist[Sin[c], Int[Sin[d*(e + f*x)~2], x], x] /
; FreeQl{c, d, e, f}, x]

Rule 3384

Int[Cos[(a_.) + (b_.)*(x_)"(n_)]1*(x_)"(m_.), x_Symbol] :> Dist[2/n, Subst[I
nt[Cos[a + b*x~2], x], x, x"(n/2)], x] /; FreeQ[{a, b, m, n}, x] && EqQ[m,
n/2 - 1]

Rubi steps
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cos (11 + x%) 1
f—z dx = — Subst (fcos (a + bxz) dx, x, —)
x X
1 _ 1
- (Cos(a) Subst ( f CoS (bxz) dx, x, —)) + sin(a) Subst ( f sin (bxz) dx, x, —)
x X

2

\f cos(a)C( 'J \f s[ ]sm(a)

Vb Vb

Mathematica [A] time = 0.11, size = 62, normalized size = 0.84

_ \E [cos(a)C (%—‘F] _sin(a)S (%—‘ED

Vb

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b/x"2]/x72,x]

[Out] -((Sqrt[Pi/2]*(Cos[a]l*FresnelC[(Sqrt[b]l*Sqrt[2/Pi])/x] - FresnelS[(Sqrt[b]*
Sqrt[2/Pi])/x1*Sin[al))/Sqrt[bl)

fricas [A] time = 0.69, size = 65, normalized size = 0.88

\/En[ cos(a)C[ ) V27 \/78[ ]sin(a)

2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x72,x, algorithm="fricas")

[Out] -1/2%(sqrt(2)*pi*sqrt(b/pi)*cos(a)*fresnel_cos(sqrt(2)*sqrt(b/pi)/x) - sqrt
(2)*pixsqrt(b/pi)*fresnel sin(sqrt(2)*sqrt(b/pi)/x)*sin(a))/b

giac [F] time = 0.00, size = 0, normalized size = 0.00
b
cos (a + —2)
X
f — 2 dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x72,x, algorithm="giac")
[Out] integrate(cos(a + b/x72)/x72, x)

maple [A] time = 0.02, size = 48, normalized size = 0.65

N

\/— 2 \1 (cos(a) FresnelC ( \/\;—\/_ ) —sin(a)S ( \/\;_\/x_ ))

2vb

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b/x"2)/x"2,x)
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[Out] -1/2%2~(1/2)*Pi~(1/2)/b"(1/2)*(cos(a)*FresnelC(b~(1/2)*2~(1/2)/Pi~(1/2)/x)-
sin(a)*FresnelS(b~(1/2)*2~(1/2)/Pi~(1/2)/x))

maxima [C] time = 1.24, size = 98, normalized size = 1.32

V(- E{orE) 1)+ Efor ) st (0 v )

8 bx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x"2,x, algorithm="maxima"

[Out] -1/8*sqrt(2)*sqrt(x~4)*((-(I - 1)*sqrt(pi)*(erf(sqrt(I*b/x~2)) - 1) + (I +
D xsqrt(pi) *(erf (sqrt (-I*¥b/x72)) - 1))*cos(a) + (-(I + 1)*sqrt(pi)*(erf(sqr
t(Ixb/x72)) - 1) + (I - 1)*sqrt(pi)*(erf(sqrt(-I*b/x"2)) - 1))*sin(a))*(b"2
/x74)"(1/4) / (b*x)

time = 0.41, size = 55, normalized size = 0.74

mupad [B]
V2 \n S(\f\/\f) sinfa) V2 yn C (\f\/f) cos(a)
2 ) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b/x"2)/x"2,x)
[Out] (27(1/2)*pi~(1/2)*fresnels((27(1/2)*b~(1/2))/(xxpi~(1/2)))*sin(a))/(2xb~(1/
2)) - (27(1/2)*pi~(1/2)*fresnelc((27(1/2)*b~(1/2))/(x*pi~(1/2)))*cos(a)) /(2

*b~(1/2))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

b
cos (a + —2)
X

f — = dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x**2)/x**2,x)

[Out] Integral(cos(a + b/x**2)/x**2, x)
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343 [ —*=

Optimal. Leaf size=15

. b
sm (ﬂ + —2)
x

2b

[Out] -1/2*sin(a+b/x"2)/b

Rubi [A] time = 0.02, antiderivative size = 15, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 12,

number of rules _ ) 167 Rules used = {3380, 2637}

integrand size

. b
sin (Ll + —2)
x

2b

Antiderivative was successfully verified.
[In] Int[Cos[a + b/x"2]/x73,x]

[Out] -Sinla + b/x"2]/(2%b)

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dxx]/d, x] /;
FreeQ[{c, d}, x]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_)*(x )" (@ )I*M_.))"(p_)*(x)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/nl, 01))

Rubi steps

b
cos (a + —2)

b% 1 1
IT dx = — (E Subst (f cos(a + bx) dx, x, x_z))

. b
sm(a + —2)
-\

B 2b

Mathematica [A] time = 0.00, size = 15, normalized size = 1.00
. b
sin (a + x_Z)
2
Antiderivative was successfully verified.

[In] Integrate[Cos[a + b/x"2]/x73,x]
[Out] -1/2xSin[a + b/x"2]/b



fricas [A] time = 0.99, size = 17, normalized size = 1.13

R ax%+b
sSin 5
x

2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x73,x, algorithm="fricas")
[Out] -1/2*sin((a*x”2 + b)/x"2)/b

giac [F] time = 0.00, size = 0, normalized size = 0.00

COSs (LZ + x%)
[evrE),

x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x72)/x73,x, algorithm="giac")
[Out] integrate(cos(a + b/x72)/x73, x)

maple [A] time = 0.02, size = 14, normalized size = 0.93

. b
sin (a + —2)
X

2b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b/x"2)/x"3,x)
[Out] -1/2%sin(a+b/x"2)/b
maxima [A] time = 0.66, size = 13, normalized size = 0.87

. b
s ([1 + —2)
X

2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(at+b/x"2)/x73,x, algorithm="maxima")
[Out] -1/2x%sin(a + b/x72)/b

mupad [B] time = 0.27, size = 13, normalized size = 0.87

. b
sin (a + —2)
X

2b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b/x"2)/x73,x)
[Out] -sin(a + b/x72)/(2%Db)

sympy [A] time = 2.82, size = 22, normalized size = 1.47

—@ forb#0

cos (a)

>z otherwise

161
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x**2)/x**3,x)

[Out] Piecewise((-sin(a + b/x**x2)/(2*b), Ne(b, 0)), (-cos(a)/(2*x*xx2), True))
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344 [ —*=

Optimal. Leaf size=97

20372 M 2072 T by

[Out] -1/2*sin(a+b/x"2)/b/x+1/4*cos(a)*FresnelS(b~(1/2)*2~(1/2)/Pi~(1/2)/x)*2"(1/
2)*%Pi~(1/2) /b~ (3/2)+1/4xFresnelC(b~(1/2)*2~(1/2) /Pi~(1/2) /x)*sin(a)*2~(1/2)
*Pi~(1/2)/b~(3/2)

Rubi [A] time = 0.05, antiderivative size = 97, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 12,

number of rules _ ) 417, Rules used = {3410, 3386, 3353, 3352, 3351}

integrand size
2 2
. J;\@ T VEJ;
\/; sin(a)FresnelC (T] \/g cos(a)S[ " ] sin (a n x%)

+ J—
26372 20372 2bx

Antiderivative was successfully verified.
[In] Int[Cosl[a + b/x"2]/x"4,x]

[Out] (Sqrt[Pi/2]*Cos[a]l*FresnelS[(Sqrt[b]l*Sqrt[2/Pi])/x]1)/(2¥b~(3/2)) + (Sqrt[Pi
/2]*FresnelC[(Sqrt [b]l*Sqrt [2/Pi])/x]*Sin[a])/(2*¥b~(3/2)) - Sin[a + b/x"2]/(
2%b*x)

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
15[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)1)/(£*Rt[d, 21), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*x((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt [2/Pil*Rt[d, 2]*(e + f*xx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3353

Int[Sin[(c_) + (d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Dist[Sin[c], Int
[Cos[d*x(e + fxx)~2], x], x] + Dist[Cos[c], Int[Sin[d*x(e + f*xx)~2], x], x] /
; FreeQ[{c, d, e, f}, xI

Rule 3386

Int[Cos[(c_.) + (d_)*(x_ )" (n_)]*((e_.)*(x_)) " (m_.), x_Symbol] :> Simp[(e~(
n - DD*x(exx)"(m - n + 1)*Sin[c + d*x"n])/(d*n), x] - Dist[(e™n*(m - n + 1))
/(d*n), Int[(e*xx) " (m - n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] &&
IGtQ[n, 0] && LtQ[n, m + 1]

Rule 3410

Int[((a_.) + Cos[(c_.) + (d_)*x(x )" (n )]*(_.))"(p_)*(x)"(m_.), x_Symbol
1 :> -Subst[Int[(a + bxCos[c + d/x"n]) p/x"(m + 2), x], x, 1/x] /; FreeQ[{a
, b, ¢, d}, x] && IGtQ[p, 0] && ILtQ[n, 0] && IntegerQ[m] && EqQ[n, -2]

Rubi steps
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cos (a + x—bz) 1
f—dx = —Subst (fx2 cos (a + bxz) dx, x, ;)

x4

sin (a + x%) Subst (f sin (a + bxz) dx, x, %)

ST o 2b
sin (a + %) cos(a) Subst ( [ sin (bxz) dx, x, j—c) sin(a) Subst ( [ cos (bxz) dx, x, i)
= + +
2bx 2b 2b
G2 G2
\/g cos(a)S (—x\/;] g C (—x\/; ] sin(a) g, (u 4 x%)
- 20372 " 20372 T 2ix

Mathematica [A] time = 0.16, size = 88, normalized size = 0.91

\2mx sin(a)C (\/ET\/;] + V21 x cos(a)S [\/ET\/;) —2vb sin (a + x—b2)

4bh32x

Antiderivative was successfully verified.

[In] Integratel[Cos[a + b/x"2]/x74,x]

[Out] (Sqrt[2#Pi]*x*Cos[a]*FresnelS[(Sqrt[b]*Sqrt[2/Pi])/x] + Sqrt[2*Pi]*x*Fresne
1C[(Sqrt [b]l*Sqrt[2/Pi])/x]*Sin[a] - 2xSqrt[bl*Sinl[a + b/x"2])/(4xb~(3/2)*x)

fricas [A] time = 0.68, size = 84, normalized size = 0.87

\/Enx\/g cos(a) S (\/ET\/;) + \/Enx\/g C [ﬁT\/;] sin(a) — 2 bsin (gx2+b)

x2

4b%x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x74,x, algorithm="fricas")

[Out] 1/4*(sqrt(2)*pixx*sqrt(b/pi)*cos(a)*fresnel sin(sqrt(2)*sqrt(b/pi)/x) + sqr
t(2) *pi*x*sqrt(b/pi)*fresnel cos(sqrt(2)*sqrt(b/pi)/x)*sin(a) - 2*b*sin((a*
x"2 + b)/x72))/(b72*x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
b
cos (a + —2)
X
f —a dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x"4,x, algorithm="giac")
[Out] integrate(cos(a + b/x72)/x74, x)
maple [A] time = 0.02, size = 64, normalized size = 0.66

) + sin(a) FresnelC ( ‘/j;\/f ))

sin a+£ \/5 7t |cos(a)S Vb 2
[o+8) | VR (contos (S
T 2bx "

3
4b2
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b/x"2)/x74,x)

[Out] -1/2#*sin(a+b/x"2)/b/x+1/4/0"(3/2)*27(1/2)*Pi~(1/2)*(cos(a)*FresnelS(b~(1/2)
*27(1/2)/Pi~(1/2) /x)+sin(a)*FresnelC(b~(1/2)*2~(1/2) /Pi~(1/2)/x))

maxima [C] time = 1.29, size = 74, normalized size = 0.76

((— (i+1) r(3 ”’) +(i-1) F(%,—i—g))cos(a) ; ((i—l) r(gl—’;) —(i+1) F(g,—i—g))sin(a)) (i—i)

2’2
8b3x3

NI w

V2 ()

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x"4,x, algorithm="maxima"

[Out] 1/8*sqrt(2)*((-(I + 1)*gamma(3/2, I*b/x72) + (I - 1)*gamma(3/2, -I*b/x"2))*
cos(a) + ((I - 1)*gamma(3/2, I*b/x"2) - (I + 1)*gamma(3/2, -I*b/x"2))*sin(a
D) *(x~4)"(3/2)%(b™2/x74)~(3/4) / (b™3%x73)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

b
cos (a + —2)
X

f—x4 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b/x"2)/x74,x)

[Out] int(cos(a + b/x72)/x"4, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

b
cos (a + —2)
X

f—x4 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x**2)/x**4,x)

[Out] Integral(cos(a + b/x**2)/x**4, x)
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COS2 X
345 | # dx

Optimal. Leaf size=19
\/E + sin(x/&)cos (\/§)
[Out] cos(x~(1/2))*sin(x~(1/2))+x~(1/2)

Rubi [A] time = 0.02, antiderivative size = 19, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 14,

umber L WeS _ 0,214, Rules used = {3380, 2635, 8}

\/E +sin(\/§)cos<\/§)

integrand size

Antiderivative was successfully verified.

[In] Int([Cos[Sqrt[x]]1~2/Sqrt[x],x]

[Out] Sqrt([x] + Cos[Sqrt[x]]1*Sin[Sqrt[x]]
Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 2635

Int[((b_.)*sin[(c_.) + (d_.)*(x)1)"(n_), x_Symbol] :> -Simp[(b*Cos[c + dxx
J*(b*Sin[c + d*x])"(n - 1))/(d*n), x] + Dist[(b"2%(n - 1))/n, Int[(b*Sin[c
+ d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2+*n
]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_)*(x_)"(n_ )I*(_.)) " (p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x]) p
, xJ, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 11 || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplify[(
m + 1)/n], 0]))

Rubi steps

f cos? (\/E)

7 dx = 2 Subst ( f cos?(x) dx, x, \/E)

= Cos (\/E)sm(\/;) +Subst(f1dx,x,\/§)
=Vx +Cos(\/;)sin(\/§)

Mathematica [A] time = 0.03, size = 18, normalized size = 0.95

1

Vx + Esin(Z\/;)

Antiderivative was successfully verified.

[In] Integrate[Cos[Sqrt[x]]~2/Sqrt[x],x]
[Out] Sqrt(x] + Sin[2*Sqrt[x]]/2
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fricas [A] time = 0.53, size = 13, normalized size = 0.68
Cos (\/;)Sln(\/;) + \/E
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2))~2/x~(1/2),x, algorithm="fricas")
[Out] cos(sqrt(x))*sin(sqrt(x)) + sqrt(x)

giac[A] time = 0.38, size = 12, normalized size = 0.63

1

Vx o+ > sin(Z\/E)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2))~2/x~(1/2),x, algorithm="giac")
[Out] sqrt(x) + 1/2*sin(2*sqrt(x))

maple [A] time = 0.04, size = 14, normalized size = 0.74
Ccos (\/E)sm(\/i) + \/E
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/2))"2/x~(1/2),x)

[Out] cos(x~(1/2))*sin(x~(1/2))+x~(1/2)

maxima [A] time = 0.30, size = 12, normalized size = 0.63
1

\/; + 2 sin(Z\/E)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2))~2/x~(1/2),x, algorithm="maxima")
[Out] sqrt(x) + 1/2*sin(2*sqrt(x))

mupad [B] time = 0.37, size = 12, normalized size = 0.63

sin(Z\/E)
W

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/2))"2/x~(1/2),x)
[Out] sin(2*x~(1/2))/2 + x~(1/2)

sympy [B] time = 0.26, size = 39, normalized size = 2.05

\/E sin? (\/E) + \/Ecos2 (\/E) +sin(\/§)cos(\/§)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x**(1/2))**2/x*x(1/2) ,%)

[Out] sqrt(x)*sin(sqrt(x))**2 + sqrt(x)*cos(sqrt(x))**2 + sin(sqrt(x))*cos(sqrt(x
)
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346 [ # dx

Optimal. Leaf size=8

2sin (\/E)

[Out] 2*sin(x~(1/2))

Rubi [A] time = 0.01, antiderivative size = 8, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 2, number of rules used = 2, integrand size = 12, ——

= 0.167, Rules used = {3380, 2637}

integrand size

2sin (\/E)

Antiderivative was successfully verified.
[In] Int([Cos[Sqrt[x]]/Sqrt[x],x]
[Out] 2#Sin[Sqrt([x]]

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_)*(x )" (@ )I*(M_.))"(p_)*(x)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosl[c + d*x])7p
, xJ, x, x’n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/nl, 0]1))

Rubi steps

f%dx = 2 Subst (fcos(x) dx, X,\/E)
= 2sin (\/E)

Mathematica [A] time = 0.00, size = 8, normalized size = 1.00
2sin (\/E )
Antiderivative was successfully verified.

[In] Integrate([Cos[Sqrt[x]]/Sqrt([x],x]
[Out] 2x*Sin[Sqrt[x]]

fricas [A] time = 0.78, size = 6, normalized size = 0.75
2 sin (\/;)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2))/x~(1/2),x, algorithm="fricas")



[Out] 2#*sin(sqrt(x))

giac[A] time = 0.38, size = 6, normalized size = 0.75

2 sin (\/E)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2))/x~(1/2),x, algorithm="giac")
[Out] 2*sin(sqrt(x))

maple [A] time = 0.02, size = 7, normalized size = 0.88

2sin (\/E)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/2))/x~(1/2),x)
[Out] 2*sin(x~(1/2))

maxima [A] time = 0.90, size = 6, normalized size = 0.75

2 sin (\/;)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2))/x~(1/2),x, algorithm="maxima")
[Out] 2#*sin(sqrt(x))

mupad [B] time = 0.03, size = 6, normalized size = 0.75

2 sin (\/;)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/2))/x"(1/2),x)
[Out] 2*sin(x~(1/2))

sympy [A] time = 0.25, size = 7, normalized size = 0.88

2sin (\/E)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x*x*(1/2))/xx*(1/2),x)

[Out] 2*sin(sqrt(x))

169
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3.47 fcos (\/E) dx

Optimal. Leaf size=22

24/x sin(\/E) +2cos(\/§)

[Out] 2%cos(x~(1/2))+2*xsin(x~(1/2))*x~(1/2)

Rubi [A] time = 0.01, antiderivative size = 22, normalized size of antiderivative =
. . ber of rul
1.00, number of steps used = 3, number of rules used = 3, integrand size = 6, qumper o7 e

= 0.500, Rules used = {3362, 3296, 2638}

24/x sin(\/E) +2cos(\/§)

integrand size

Antiderivative was successfully verified.

[In] Int([Cos[Sqrt[x]],x]

[Out] 2*Cos[Sqrt([x]] + 2*Sqrt[x]*Sin[Sqrt[x]]
Rule 2638

Int[sinl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3296

Int[((c_.) + (d_)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*xx])/f, x] + Dist[(d*m)/f, Int[(c + d*x) " (m - 1)*Cos|[
e + f*xx], x], x] /; FreeQl[{c, d, e, f}, x] && GtQ[m, 0]

Rule 3362

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_)*x_))"(n )]*(_.))"(p_.), x_8S
ymbol] :> Dist[1/(n*f), Subst[Int[x~(1/n - 1)x(a + b*Cosl[c + d*x])7p, x], x
, (e + fxx)°n], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[p, 0] && Integer
Q[1/n]

Rubi steps

fcos (\/E) dx = 2 Subst (fxcos(x) dx, x, \/E)
= 2+/x sin (\/E) — 2 Subst (f sin(x) dx, x, \/E)
= 2cos (\/E) +24/x sin(\/E)

Mathematica [A] time = 0.01, size = 22, normalized size = 1.00
2+/x sin(\/E) + 2 cos (\/E)

Antiderivative was successfully verified.

[In] Integrate[Cos[Sqrt([x]],x]
[Out] 2x%Cos[Sqrt[x]] + 2xSqrt[x]*Sin[Sqrt[x]]

fricas [A] time = 0.62, size = 16, normalized size = 0.73

2+/x sin(\/E) + 2 cos (\/E)



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2)),x, algorithm="fricas")
[Out] 2x*sqrt(x)*sin(sqrt(x)) + 2*cos(sqrt(x))

giac [A] time = 0.49, size = 16, normalized size = 0.73

2+/x sin(\/E) + 2 cos (\/§)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x7(1/2)),x, algorithm="giac")
[Out] 2*sqrt(x)*sin(sqrt(x)) + 2*cos(sqrt(x))

maple [A] time = 0.03, size = 17, normalized size = 0.77

2cos(\/§) +Zsin(\/§)\/§

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/2)),x)
[Out] 2*cos(x~(1/2))+2*sin(x~(1/2))*x~(1/2)

maxima [A] time = 0.85, size = 16, normalized size = 0.73

2+/x sin(\/E) + 2 cos (\/E)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2)),x, algorithm="maxima")
[Out] 2*sqrt(x)*sin(sqrt(x)) + 2xcos(sqrt(x))

mupad [B] time = 0.28, size = 16, normalized size = 0.73

2 cos(\/;)+2\/§ sin(\/E)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/2)),x)
[Out] 2%cos(x~(1/2)) + 2*x~(1/2)*sin(x~(1/2))

sympy [A] time = 0.24, size = 20, normalized size = 0.91

24/x sin(\/E) +2cos(\/§)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x**(1/2)),x)

[Out] 2*sqrt(x)*sin(sqrt(x)) + 2*cos(sqrt(x))
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348 [ cos? (\/J_C) dx

Optimal. Leaf size=36

x 1

~ + = cos? (\/E) +/x sin(\/;)cos(\/;)

2 2

[Out] 1/2*x+1/2%cos(x”(1/2)) 2+cos(x~(1/2))*sin(x~(1/2))*x~(1/2)

Rubi [A] time = 0.02, antiderivative size = 36, normalized size of antiderivative =

. ber of rul
1.00, number of steps used = 3, number of rules used = 3, integrand size = §, e e

= 0.375, Rules used = {3362, 3310, 30}
1

24 cos? (\/E) +/x sin(ﬁ)cos(\/;)

2 2

integrand size

Antiderivative was successfully verified.

[In] Int[Cos[Sqrt[x]]172,x]

[Out] x/2 + Cos[Sqrt[x]]172/2 + Sqrt[x]*Cos[Sqrt[x]]1*Sin[Sqrt[x]]
Rule 30

Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 3310

Int[((c_.) + (@_)*x))*((b_.)*sinl(e_.) + (£_)*x(x_)1)"(n_), x_Symbol] :>
Simp[(d*(b*Sin[e + f*x])"n)/(£72*n"2), x] + (Dist[(b™2x(n - 1))/n, Int([(c
+ d*x)*(b*Sinfe + f*x])~(n - 2), x], x] - Simp[(b*(c + d*x)*Cos[e + f*x]*(b
*Sinfe + f*x])"(n - 1))/(f*n), x]) /; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1

]

Rule 3362

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (f_.)*(x_))" (@ )]1*(b_.))"(p_.), x_S
ymbol] :> Dist[1/(n*f), Subst[Int[x~(1/n - 1)x(a + b*Cosl[c + d*x])7p, x], x
, (e + fxx)°n], x] /; FreeQ[{a, b, ¢, d, e, f}, x] & IGtQ[p, 0] && Integer
Ql1/n]

Rubi steps

cos? (vx ) dx = 2Subst| | xcos?(x)dx, x, Vx
(V)

1

= ECOSZ (\/;) +\/§cos(\/§)sin(\/§) +Subst(fxdx,x,\/§)

x 1

=~ 4+ — cos? (\/E) + \/E cos(\/g)sin(\/})

2 2

Mathematica [A] time = 0.02, size = 31, normalized size = 0.86

(2 (x + Vx sin (2\/5)) + cos (2\/%))

N

Antiderivative was successfully verified.

[In] Integrate[Cos[Sqrt[x]]~2,x]
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[Out] (Cos[2*Sqrt[x]] + 2*x(x + Sqrt[x]*Sin[2xSqrt[x]]))/4

fricas [A] time = 1.26, size = 24, normalized size = 0.67
1 1

2
Vx cos(\/;)sm(\/g) +5 cos(\/E) +ox
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2))72,x, algorithm="fricas")
[Out] sqrt(x)*cos(sqrt(x))*sin(sqrt(x)) + 1/2xcos(sqrt(x))”~2 + 1/2x*x

giac [A] time = 0.41, size = 23, normalized size = 0.64
1 X sin 2\/§ +1x+l cos 2\/§
2 2 4
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2))72,x, algorithm="giac")
[Out] 1/2*sqrt(x)*sin(2*sqrt(x)) + 1/2*%x + 1/4*cos(2*sqrt(x))

maple [A] time = 0.02, size = 34, normalized size = 0.94

- cos(\/E)sin(\/E)+ﬂ _E_(sinz(\/i))

2 2 2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/2))"2,x)

[Out] 2*x~(1/2)*(1/2%cos(x"(1/2))*sin(x"(1/2))+1/2*xx~(1/2))-1/2*x-1/2*sin(x~(1/2)
)72

maxima [A] time = 0.66, size = 23, normalized size = 0.64

1 1 1

> X sin(Z\/E) + §x+ 1 cos<2\/§)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2))72,x, algorithm="maxima"
[Out] 1/2*sqrt(x)*sin(2*sqrt(x)) + 1/2*%x + 1/4*cos(2*sqrt(x))
mupad [B] time = 0.35, size = 23, normalized size = 0.64

X sin(\/E)z . Vx sin(2\/§)

2 2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/2))72,x)
[Out] x/2 - sin(x7(1/2))72/2 + (x7(1/2)*sin(2*xx~(1/2)))/2
sympy [A] time = 0.25, size = 51, normalized size = 1.42

x sin® (\/E) N x cos? (\/E) ~ sin? (\/E)

2 2 2

\/Esin(ﬁ)cos (\/E) +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x**(1/2))**2,x)

[Out] sqrt(x)*sin(sqrt(x))*cos(sqrt(x)) + x*sin(sqrt(x))**2/2 + x*cos(sqrt(x))**2
/2 - sin(sqrt(x))**2/2
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349 [ x*?cos (a + b\S/E) dx

Optimal. Leaf size=235

T T 2
405405,/ sin(a)C (\/5 NG \6/5) 4054052 cos(@)s (\/5 NG \6/5) 4054054/ sin (a +bYx) 135135y% c
+ - +

64b15/2 64b15/2 64b7 32

[Out] -3861/8%x~(7/6)*cos (a+b*xx~(1/3))/b"4+39/2*x~(11/6)*cos (a+b*x~(1/3))/b"2-405
405/64*x~(1/6)*sin(a+b*x~(1/3)) /b~ 7+27027/16*x~ (5/6) *sin(a+b*x~(1/3))/b~5-4
29/4xx~(3/2)*sin(a+b*x~(1/3)) /b~ 3+3*x~(13/6) *sin(a+b*x~(1/3)) /b+405405/128%
cos(a)*FresnelS(x~(1/6)*b~(1/2)*27(1/2) /Pi~(1/2))*2~(1/2)*Pi~(1/2) /b~ (15/2)
+405405/128*FresnelC(x~(1/6)*b~(1/2)*2~(1/2) /Pi~(1/2))*sin(a)*2~(1/2)*Pi~ (1

/2) /b~ (15/2)+135135/32*cos (a+b*x~ (1/3) ) *x~(1/2) /b"6

Rubi [A] time = 0.35, antiderivative size = 235, normalized size of antiderivative
= 1.00, number of steps used = 13, number of rules used = 7, integrand size = 16,

number of rules _ ) 438, Rules used = {3416, 3296, 3306, 3305, 3351, 3304, 3352}

integrand size

. 2 2
405405, % sin(a)FresnelC (\/; Vb {x ) +4054o5\/§ cos(a)S (\/E NEXS ) 129:%5in 0+ 15) 27027

64b1572 641572 403

Antiderivative was successfully verified.
[In] Int[x~(3/2)*Cosl[a + b*xx~(1/3)],x]

[Out] (135135%Sqrt[x]*Cos[a + bxx~(1/3)])/(32*xb~6) - (3861*x~(7/6)*Cos[a + b*x~(1
/3)1)/(8%b~4) + (39*x~(11/6)*Cosl[a + b*x~(1/3)]1)/(2%b~2) + (405405*3qrt [Pi/

2] *Cos [a] #*FresnelS[Sqrt [b] *Sqrt [2/Pi]*x~(1/6)])/(64*b~(15/2)) + (405405*Sqr

t [Pi/2]*FresnelC[Sqrt [b] *Sqrt [2/Pil*x~(1/6)]*Sin[a])/(64xb~(15/2)) - (40540
5%x~(1/6)*Sinl[a + b*x~(1/3)]1)/(64*b"7) + (27027*x~(5/6)*Sinla + b*x~(1/3)])
/(16%b75) - (429*x~(3/2)*Sinl[a + b*x~(1/3)]1)/(4xb~3) + (3*x~(13/6)*Sin[a +
b*x~(1/3)1) /b

Rule 3296

Int[((c_.) + (d_)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cosl[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos|[
e + fxx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3304

Int[sin[Pi/2 + (e_.) + (£_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[dxe - cxf, 0]

Rule 3305

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQl[{c, d, e, f}
, x] && ComplexFreeQ[f] && EqQ[d*e - cx*f, 0]

Rule 3306

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(dxe - c*f)/d], Int[Sin[(cxf)/d + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
xe - cxf)/d], Int[Cos[(cxf)/d + f*x]/Sqrtlc + d*x], x], x] /; FreeQ[{c, d,
e, £}, x] &% ComplexFreeQ[f] && NeQ[d*e - cxf, 0]

Rule 3351
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Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pi]l*Rt[d, 2]1*(e + f*x)])/(£*Rt[d, 2]1), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)]1)/(fxRt[d, 21), x] /; FreeQ[{d, e, f}, x]

Rule 3416

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_ )" (n )]*(b_.))"(p_)*(x)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x"(kx(m + 1) - 1)x(a +

b*Cos[c + d*x~(k*n)])"p, xJ, x, x~(1/k)], x]1] /; FreeQl[{a, b, c, d, m}, x]

&& IntegerQ[p] && FractionQ[nl]

Rubi steps

fx3/2 cos (a + b{/;) dx = 3 Subst (fxlS/z cos(a + bx) dx, x, \B/E)

351356 gin (g + b{’/}) 39 Subst (fx“/z sin(a + bx) dx, x, \3/5)
= b Bl 2b

39x1/6 cos (a + b\%) 3x13/ sin (a + b\%) 429 Subst ( [ 22 cos(a + bx) dx

+
2 b 4b?
39x116 cos (a + b\%) 429x3/2 sin (a + b\%) 3x1%/6 sin (a + b\?’/;)

3861S

2b? 4b3 b

3861x7/° cos (a + b%) 39x11/6 cos (a + b\S/E) 429x%2 sin (a + b\%)

8b * 202 03

3x

+_

3861x7/® cos (a + b\%) 39x1/6 cos (a + b%) 27027x°/° sin (a + b\%)
= _ + -

8 M 202 1665

_ 135135v/x cos (a + b{’/E) 3861x7/° cos (a + b\%) 39x11/6 cos (a + b\%)

306 8h * 202

L

_ 135135v/x cos (a + b3x)  3861x"7cos (a+bx) 39xPcos(a+bx)

3206 8t * 202

_ 135135v/x cos (a + b3x)  3861x"cos (a+bx) 39xPcos(a+bx)

3206 8t * 202

_ 135135v/x cos (a + byx) 3861/ cos (a+bx) 39xcos(a+bx)

3206 8he * 202

_ 135135v/x cos (a + b3x) 38617 cos (a+bx) 39x'cos (a +byx)

3206 8 * 202

Mathematica [A] time = 0.58, size = 165, normalized size = 0.70

6Vb Vx (26 (16b°x%° — 396b%x + 3465b+/x ) cos (a + b/x ) + (64b°x? — 2288b*x#° + 36036522%° — 135135

+ .

128p15/2

Antiderivative was successfully verified.

[In] Integratel[x~(3/2)*Cos[a + b*x~(1/3)],x]

[Out] (405405%Sqrt[2+Pi]*Cos[a]*FresnelS[Sqrt[b]*Sqrt[2/Pi]l*x~(1/6)] + 405405%*Sqr

t [2+#Pi] *FresnelC[Sqrt [b] *Sqrt [2/Pi]*x~(1/6)]*Sin[a] + 6*Sqrt[b]*x~(1/6)*(26
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*(3465%b*x~(1/3) - 396*b~3*x + 16%b~5xx~(5/3))*Cos[a + b*x~(1/3)] + (-13513
5 + 36036%xb~2*%x~(2/3) - 2288%b~4xx~(4/3) + 64*xb~6xx"2)*Sinl[a + b*xx~(1/3)]1))
/(128%b~(15/2))

fricas [A] time = 0.60, size = 145, normalized size = 0.62

1 1 11 7
3 (135135 V2 n\/g cos(a)S (\/E NG \/g) +135135 V2 n\/g C (\/E X6 \/g) sin(a) + 52 (16 bSxs — 396 b4xs +

128 b8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(atb*x~(1/3)),x, algorithm="fricas")

[Out] 3/128%(135135%sqrt(2)*pi*sqrt(b/pi)*cos(a)*fresnel_sin(sqrt(2)*x~(1/6)*sqrt
(b/pi)) + 135135*sqrt(2)*pi*sqrt(b/pi)*fresnel cos(sqrt(2)*x~(1/6)*sqrt(b/p
i))*sin(a) + 52x(16%b~6*x~(11/6) - 396*b~4*x~(7/6) + 3465%b~2xsqrt(x))*cos(
b*x~(1/3) + a) - 2x(2288*b~5xx~(3/2) - 36036*xb~3*x~(5/6) - (64*b~7*x"2 - 13
5135%b) *x~(1/6) ) *sin(b*x~(1/3) + a))/b”8

giac [C] time = 2.21, size = 241, normalized size = 1.03

1
11 3

13 7 5 1 ibx3-+ia]
3 (641‘ Boxs —416b5x e — 2288ibhx2 + 10296 b3x6 + 36036i bxé — 90090 by/x — 135135ix5)e( 3 (—<
12817 -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(atb*x~(1/3)),x, algorithm="giac")

[Out] -3/128%(64*Ixb~6xx~(13/6) - 416%b~5*xx~(11/6) - 2288*Ixb~4xx~(3/2) + 10296%b
~3%x7(7/6) + 36036%Ixb~2*xx~(5/6) - 90090*b*sqrt(x) - 135135xI*xx~(1/6))*e” (I
*xb*x~(1/3) + I*a)/b~7 - 3/128%(-64*xI*xb~6*x~(13/6) - 416*%b~b*x~(11/6) + 2288
*xI*xb"4xx~(3/2) + 10296*b~3*x~(7/6) - 36036*I*b~2*xx~(5/6) - 90090*b*sqrt (x)

+ 135135%I*x~(1/6))*e” (~I*bxx~(1/3) - I*a)/b~7 + 405405/256*I*sqrt(2)*sqrt(
pi)*erf (-1/2*xsqrt(2)*x~(1/6)*(-Ixb/abs(b) + 1)*sqrt(abs(b)))*e”(Ixa)/(b~7*(
-Ixb/abs(b) + 1)*sqrt(abs(b))) - 405405/256*I*sqrt(2)*sqrt(pi)*erf (-1/2*sqr
t(2)*x~(1/6)*(Ixb/abs(b) + 1)*sqrt(abs(b)))*e”(-I*a)/(b~7*(I*b/abs(b) + 1)*
sqrt(abs(b)))
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maple [A] time = 0.04, size = 196, normalized size = 0.83

1

3x6 sin(n+bx-
1

Vx cos[ﬂ+bx3] T 4

35— 2 +

5 1
7 1\ 7x6 sin|a+bx3
x6 cos|a+bx3

_ 4b
99 % +

3 1
11 1 11x2 sin(a+bx3]
x 6 cos|a+bx3 _

4b
39 o + b

4b

3 1
3x6 sin(a + be)

b b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(3/2)*cos(a+b*x~(1/3)),x)

[Out] 3*x~(13/6)*sin(a+b*x~(1/3))/b-39/b*x(-1/2/b*x~(11/6) *cos(a+b*x~(1/3))+11/2/b
*(1/2/b*x”(3/2) *sin(a+b*x~(1/3))-9/2/b*x(-1/2/b*x~(7/6) *cos (a+b*x~(1/3))+7/2
/ox(1/2/b*x~(5/6)*sin(a+b*x~(1/3))-5/2/bx(-1/2/b*x~(1/2) *cos (a+b*x~(1/3))+3
/2/bx(1/2%x~(1/6)*sin(a+b*x~(1/3))/b-1/4/b~(3/2)*2~(1/2) *Pi~ (1/2)*(cos(a) *F
resnelS(x~(1/6)*b~(1/2)*2~(1/2)/Pi~(1/2))+sin(a)*FresnelC(x~ (1/6)*b~(1/2) *2
~(1/2)/Pi~(1/2)))))))))

maxima [C] time = 0.81, size = 135, normalized size = 0.57

1
3 (\/E VR ((— (135135i + 135135) cos(a) + (135135 — 135135) sin(a)) erf (\/E xa) + (135135 — 135135)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(atb*x~(1/3)),x, algorithm="maxima"

[Out] -3/512*(sqrt(2)*sqrt(pi)*((-(135135*I + 135135)*cos(a) + (135135*%I - 135135
)*sin(a))*erf (sqrt (I*b)*x~(1/6)) + ((135135+%I - 135135)*cos(a) - (135135*1

+ 135135)*sin(a)) *erf (sqrt (-I*b)*x~(1/6)))*b~(3/2) - 208*(16*b~7*x~(11/6) -
396%b~5xx~(7/6) + 3465*%b~3*sqrt(x))*cos(b*x~(1/3) + a) - 8*%(64*b~8%x~(13/6

) - 2288%b”"6*x~(3/2) + 36036%b~4*x~(5/6) - 135135%b"2*x~(1/6))*sin(b*x~(1/3

) +a))/b"9



mupad [F] time = 0.00, size = -1, normalized size = -0.00

fx3/2 cos (a + bx1/3) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(3/2)*cos(a + b*x~(1/3)),x)
[Out] int(x~(3/2)*cos(a + bxx~(1/3)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

3
fxi cos(a+b\3/§)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(3/2)*cos(a+bxx**(1/3)),x)
[Out] Integral(x**(3/2)*cos(a + bxx**x(1/3)), x)

178
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3.50 [ +/x cos (cz + b\?’/}) dx

Optimal. Leaf size=169

315\/§ cos(a)C (\/5 \E Vx )_315\@ sin(a)S (\/5 \/g \6/97)_315\6/} cos (a + by/x ) 105V sin (a+bvx

8192 8b%2 8b* 4h3

[Out] -315/8*x"(1/6)*cos (a+b*x~(1/3))/b"4+21/2xx~(5/6) *cos (a+b*x~(1/3)) /b~ 2+3*x" (
7/6)*sin(a+b*x~(1/3))/b+315/16*cos(a)*FresnelC(x~(1/6)*b~(1/2)*2~(1/2) /Pi~(
1/2))*2°(1/2)*Pi~(1/2) /b~ (9/2)-315/16*FresnelS(x~(1/6)*b~(1/2)*2~(1/2) /Pi~(
1/2))*sin(a)*2” (1/2)*Pi~(1/2) /b~ (9/2)-105/4*sin(a+b*x~ (1/3))*x~(1/2)/b"3

Rubi [A] time = 0.20, antiderivative size = 169, normalized size of antiderivative
= 1.00, number of steps used = 10, number of rules used = 7, integrand size = 16,

number of rules _ 0.438, Rules used = {3416, 3296, 3306, 3305, 3351, 3304, 3352}

integrand size

315\/§ cos(a)FresnelC (\/g Vb \‘ﬁ) 315\/§ sin(a)S (\/E \/g \6/5) 21%%/6 cos (a + b\3/§) 105+/x sin (a .
- + _

8v9/2 8v%/2 2b? 4b3

Antiderivative was successfully verified.
[In] Int[Sqrt[x]*Cos[a + bxx~(1/3)],x]

[Out] (-315*%x~(1/6)*Cos[a + b*x~(1/3)]1)/(8xb~4) + (21*x~(5/6)*Cos[a + b*x~(1/3)])
/(2%b~2) + (315*Sqrt[Pi/2]*Cos[a]*FresnelC[Sqrt[b]*Sqrt[2/Pi]l*x~(1/6)])/ (8%
b~(9/2)) - (315%Sqrt[Pi/2]*FresnelS[Sqrt[b]l*Sqrt[2/Pi]*x~(1/6)]1*Sin[a])/ (8%
b~(9/2)) - (105%Sqrt[x]*Sinfa + b*x~(1/3)]1)/(4%b~3) + (3*x~(7/6)*Sinl[a + bx
x~(1/3)1) /b

Rule 3296

Int[((c_.) + (d_)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cosl[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos|[
e + f*xx], x], x] /; FreeQl[{c, d, e, f}, x] && GtQ[m, O]

Rule 3304

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol]l :> D
ist[2/d, Subst[Int[Cos[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d
, e, £}, x] && ComplexFreeQ[f] && EqQ[d*e - cxf, 0]

Rule 3305

Int[sinl[(e_.) + (f_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[(f*x~2)/d], x], x, Sqrtlc + d*x]]1, x] /; FreeQl{c, d, e, f}
, x] && ComplexFreeQ[f] && EqQ[d*e - c*f, 0]

Rule 3306

Int[sin[(e_.) + (£_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*e - c*f)/d], Int[Sin[(c*f)/d + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
xe — c*xf)/d], Int[Cos[(c*f)/d + fxx]/Sqrtlc + d*x], x], x] /; FreeQl[{c, d,
e, £}, x] &% ComplexFreeQ[f] && NeQ[d*e - cxf, 0]

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQl{d, e, f}, x]
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Rule 3352

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]1*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3416

Int[((a_.) + Cos[(c_.) + (d_)*(x )" (@ )I*Mm_.))"(p_)*(x)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x"(k*(m + 1) - 1)*(a +

b*Cos[c + d*x~(k*n)])"p, x], x, x~(1/k)], x]1] /; FreeQ[{a, b, c, 4, m}, x]

&& IntegerQ[p] && FractionQ[n]

Rubi steps

f\ﬂ cos (a + b\%) dx = 3 Subst (fxw2 cos(a + bx) dx, x, \%)

B 3x7/ sin (a + b\?’/}) 21 Subst ( [ x52sin(a + bx) dx, x, \3&)

b 2b
21x°6 cos (a + b%) 3x7/6 sin (a + bxg/}) 105 Subst (f x3?2 cos(a + bx) dx, x,
- 212 * b - 412
21x%6 cos (a + b\3/3_c) 105+/x sin (a + b\/_) 3x7/ sin (a + bf/;) 315 Subst (
- 212 4b° b *
315\/3_6 cos (a + b\/_) 21x%° cos (a + b\s/f) 105+4/x sin (a + b\/_) 3x7/6 sir
8b* 2b? 4p3
315\/§ cos (a + b\/_) 21x%° cos (a + b\S/E) 105/ sin (a + b\/_) 3x7/6 sir
80 202 15
315\/§ cos (a + b\/_) 21x% cos (a + b\S/E) 1054/ sin (a + b\/_) 3x7/6 sir
8b* 2b? 4p3
315\/§ cos (a + b\/_) 21x%° cos (a + b\/_ 315[ cos(a)C (‘/— \/7 \/_)
8b* 2b? 81912

Mathematica [A] time = 0.35, size = 141, normalized size = 0.83

6vb x (Zb\% (4b2x2/3 _ 35) sin (a + b\%) +7 (4b2x2/3 _ 15) cos (a + b%)) + 31527 cos(a)C (\/E\/% x

1662

Antiderivative was successfully verified.

[In] Integrate[Sqrt[x]*Cos[a + bxx~(1/3)],x]

[Out] (315%Sqrt[2#Pi]*Cos[a]*FresnelC[Sqrt[b]*Sqrt[2/Pi]l*x~(1/6)] - 315xSqrt[2*Pi

1*FresnelS[Sqrt [b]*Sqrt [2/Pi]l*x~(1/6)]1*Sin[a]l + 6*Sqrt[bl*x~(1/6)*(7*(-15 +
4xb~2+x7(2/3))*Cos[a + bxx~(1/3)] + 2xbx(-35 + 4*b~2xx"(2/3))*x~(1/3)*3in[

a + b*x~(1/3)]))/(16%b~(9/2))

fricas [A] time = 0.77, size = 118, normalized size = 0.70

(105\/§n\/7cos(a)C( 2x6[) 105\/571\/7 ( 2x6\/7)sm(a)+14(4b3x6—15bx2)cos(bx;+a)

16 b°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(atb*x~(1/3)),x, algorithm="fricas")
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[Out] 3/16%(105%sqrt(2)*pi*sqrt(b/pi)*cos(a)*fresnel cos(sqrt(2)*x~(1/6)*sqrt(b/p
i)) - 105xsqrt(2)*pi*sqrt(b/pi)*fresnel_sin(sqrt(2)*x~(1/6)*sqrt(b/pi))*sin

(a) + 14%(4xb~3%x7(5/6) - 15%bxx~(1/6))*cos(b*x~(1/3) + a) + 4*(4*xb~4xx~(7/

6) - 35%b~2*sqrt(x))*sin(b*x~(1/3) + a))/b"5

giac [C] time = 0.50, size = 193, normalized size = 1.14

1

1
7 5 1 [ibx3+ia) 7 5 1 (—ibe—ia]
3(8ib3x6 — 28 b?x6 — 70i b+/x +105 xe)e 3(—81’ b3x6 — 28 b?x6 + 70i by/x +105 x6)e

16 b* 16 b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(a+b*x~(1/3)),x, algorithm="giac")

[Out] -3/16%(8xI*b~3*x~(7/6) - 28%b~2xx~(5/6) - 7O0*I*bxsqrt(x) + 105%xx~(1/6))*e”(
Ixbxx~(1/3) + I*a)/b"4 - 3/16%(-8xI*b~3*x~(7/6) - 28*b~2xx~(5/6) + 70*Ixbxs
qrt(x) + 105%x~(1/6))*e” (-I*b*x~(1/3) - Ixa)/b~4 - 315/32%sqrt(2)*sqrt(pi)*

erf (-1/2xsqrt (2)*x~ (1/6)*(-I*b/abs(b) + 1)*sqrt(abs(b)))*e” (I*a)/(b~4*(-I*b
/abs(b) + 1)*sqrt(abs(b))) - 315/32*sqrt(2)*sqrt(pi)*erf (-1/2*xsqrt(2)*x~(1/
6)*(I*¥b/abs(b) + 1)*sqrt(abs(b)))*e”(-I*a)/(b~4*(Ixb/abs(b) + 1)*sqrt(abs(b

)))

maple [A] time = 0.03, size = 131, normalized size = 0.78

1 1 ‘
x% cos[a+bx;] V2 \r [cos(u) FresnelC[W]—sin(u)S[W]]

1 15| - 5 + 3

= 4b2

5 1 5/x sin[a+bx3]
x6 Cos[u+bx3) _
4b 4b
21 o + .
7 1
3x6 sin (a + be)
b b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(1/2)*cos(a+b*x~(1/3)),x)

[Out] 3*x~(7/6)*sin(a+b*x~(1/3))/b-21/b*(-1/2/b*x~(5/6)*cos (a+b*x~(1/3))+5/2/b* (1
/2/b*%x” (1/2) *sin(a+b*x~(1/3))-3/2/b*(-1/2/b*x~(1/6) *cos (a+b*x~(1/3))+1/4/b~
(3/2)*27(1/2)*Pi~(1/2)*(cos(a) *FresnelC(x~(1/6)*b~(1/2)*2~(1/2)/Pi~(1/2))-s
in(a)*FresnelS(x~(1/6)*b~(1/2)*2~(1/2)/Pi~(1/2))))))

maxima [C] time = 1.24, size = 111, normalized size = 0.66

3 (V2 /7 [((105i — 105) cos(a) + (105i + 105) sin(a)) erf \/Exé + (- (105i + 105) cos(a) — (105i — 105)
(V2vm
- 64 b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(a+b*x~(1/3)),x, algorithm="maxima")

[Out] -3/64x*(sqrt(2)*sqrt(pi)*(((105*%I - 105)*cos(a) + (105*I + 105)*sin(a))*erf(
sqrt (I*xb)*x~(1/6)) + (-(105%I + 105)*cos(a) - (105%xI - 105)*sin(a))*erf(sqr
t(-I*b)*x~(1/6)))*b~(3/2) - 56*%(4*b~4*x~(5/6) - 15xb~2*x~(1/6))*cos(b*x~(1/

3) + a) - 16x(4*xb~5*x~(7/6) - 35xb~3xsqrt(x))*sin(b*x~(1/3) + a))/b"6



mupad [F] time = 0.00, size = -1, normalized size = -0.01

f\/E oS (a + bx1/3) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(1/2)*cos(a + b*x~(1/3)),x)
[Out] int(x~(1/2)*cos(a + bxx~(1/3)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/E cos(a+b\3/§)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(1/2)*cos(a+bxx**(1/3)),x)

[Out] Integral(sqrt(x)*cos(a + bxx*x(1/3)), x)

182



183

3.51 dx

COS a+bi°’/§
JRasa

Optimal. Leaf size=99

_3\/§ sin(a)C (\/E\/g%) ) 3\/§ cos(a)S (\/5\/%\6/5) N 3+/x sin (11 + b\?’/;)

p3/2 p3/2 b

[Out] 3*x~(1/6)*sin(a+b*xx~(1/3))/b-3/2*cos(a)*FresnelS(x~(1/6)*b~(1/2)*2"(1/2)/Pi
~(1/2))*2°(1/2)*Pi~(1/2) /b~ (3/2)-3/2*FresnelC(x~(1/6)*b~(1/2)*2~(1/2) /Pi~ (1
/2))*sin(a)*2~(1/2)*Pi~(1/2)/b~(3/2)

Rubi [A] time = 0.11, antiderivative size = 99, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 7, integrand size = 16,

number of rules _ ) 438, Rules used = {3416, 3296, 3306, 3305, 3351, 3304, 3352)

integrand size

3\/§ sin(a)FresnelC (\/g Vb \6&) 3\/§ cos(a)S (\/E \/g \6/;) 3+/x sin (a + b\s/i)
—~ - +

3 372 b

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~(1/3)]1/Sqrt([x],x]

[Out] (-3*Sqrt[Pi/2]*Cos[a]*FresnelS[Sqrt[b]*Sqrt[2/Pil*x~(1/6)]1)/b~(3/2) - (3%*Sq
rt [Pi/2]*FresnelC[Sqrt [b]*Sqrt [2/Pi]*x~(1/6)]1*Sin[al) /b~ (3/2) + (3*x~(1/6)*
Sinfa + b*x~(1/3)1)/b

Rule 3296

Int[((c_.) + (d_)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cosl[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos|[
e + f*x], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3304

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[dxe - cxf, 0]

Rule 3305

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQl[{c, d, e, f}
, x] && ComplexFreeQ[f] && EqQ[d*e - c*f, 0]

Rule 3306

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*e - c*f)/d], Int[Sin[(c*f)/d + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
xe — c*f)/d], Int[Cos[(c*f)/d + f*x]/Sqrtlc + dxx], x], x] /; FreeQ[{c, d,
e, £}, x] &% ComplexFreeQ[f] && NeQ[d*e - cxf, 0]

Rule 3351
Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1S[Sqrt[2/Pil*Rt[d, 2]x(e + f*xx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3352
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Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3416

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_ )" (n )]*(b_.))"(p_)*x)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x"(kx(m + 1) - 1)x(a +
bxCos[c + d*x~(k*n)])"p, x], x, x~(1/k)], x]1]1 /; FreeQ[{a, b, ¢, d, m}, x]
&& IntegerQ[p] && FractionQ[n]

Rubi steps

[ PR P

3/x sin(a+b\3/§) 3Subst(f$dx,x,\3/§)
b 2b
3+/x sin (a + b%/}) (3 cos(a)) Subst ( i SH:/(;’C) dx, x, \3/5) (3 sin(a)) Subst ( f cos(bx) |
b 2b 55
_3Vxsin(a+bVx)  (3cos(@) Subst (f sin (02?) dx,x, Y&)  (3sin(a)) Subst ([ co

b
3\fcosa)5((\f\/’) 3[c(f\ff)s1n(a) 345 sin(a+045)

B3/2 b3/2 b

Mathematica [A] time = 0.15, size = 94, normalized size = 0.95

(\/ﬂ 511'1((1)(:(\/_\/7\/—) 27 cos(a)S(\fff) 2vVb Afx sm(a+b\/_))

2 b3/2

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~(1/3)]/Sqrt[x],x]

[Out] (-3*(Sqrt[2#Pil]*Cos[a]l*FresnelS[Sqrt[b]l*Sqrt[2/Pil*x~(1/6)] + Sqrt[2*Pil]*Fr
esnelC[Sqrt [b]*Sqrt [2/Pi]*x~(1/6)]1*Sin[a] - 2*Sqrt[b]l*x~(1/6)*Sin[a + b*x~(
1/3)1))/(2%b~(3/2))

fricas [A] time = 0.89, size = 78, normalized size = 0.79

(\/En[cos(d (2x6\/7) \/57'(\/7 (2x6[)s1n(a) beésm(bx;+a))

212

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))/x~(1/2),x, algorithm="fricas")

[Out] -3/2%(sqrt(2)*pi*sqrt(b/pi)*cos(a)*fresnel_sin(sqrt(2)*x~(1/6)*sqrt(b/pi))
+ sqrt(2)*pi*sqrt(b/pi)*fresnel cos(sqrt(2)*x~(1/6)*sqrt(b/pi))*sin(a) - 2%
b*x~(1/6)*sin(b*x~(1/3) + a))/b~2

giac [C] time = 0.52, size = 143, normalized size = 1.44

.
3i\/§«/%erf(—l‘/5x (_H+1)‘/—)e(la)+3ﬂfﬁerf(_"/§x (5+1) 'b')e(_ia)_3ix%e(1bx3+m)+3_”
4b(——+1) o] 4b(|b| ) i B

Ibl
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+bxx~(1/3))/x7(1/2),x, algorithm="giac")

[Out] -3/4x*I*sqrt(2)*sqrt(pi)*erf(-1/2*xsqrt(2)*x~(1/6)*(-I*b/abs(b) + 1)*sqrt(abs
(b)))*e”~ (Ixa)/(b*x(-Ixb/abs(b) + 1)*sqrt(abs(b))) + 3/4*xIxsqrt(2)*sqrt(pi)=*e
rf(-1/2*sqrt(2)*x~(1/6) *(I*¥b/abs(b) + 1)*sqrt(abs(b)))*e”(-I*a)/(b*(I*b/abs
(b) + 1)*sqrt(abs(b))) - 3/2*%I*xx~(1/6)*e” (I*b*x~(1/3) + Ixa)/b + 3/2*xI*xx"~(1

/6)*e” (-Ixb*x~(1/3) - I*a)/b
maple [A] time = 0.02, size = 64, normalized size = 0.65
1

1
; (ﬂ + bx%) 3V2 Y [COS(LI)S (x6 \/\/ZE\/E) + sin(a) FresnelC (x6 ‘\//_}%‘/5 ]]

3x6 sin

3
b 2b2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*xx~(1/3))/x~(1/2),x)

[Out] 3*x~(1/6)*sin(a+b*x~(1/3))/b-3/2/b~(3/2)*27(1/2)*Pi~(1/2)*(cos(a)*FresnelS(
x7(1/6)*b~(1/2)*27(1/2) /Pi~(1/2))+sin(a) *FresnelC(x~(1/6)*b~ (1/2)*27(1/2) /P

i~(1/2)))

maxima [C] time = 1.03, size = 73, normalized size = 0.74

[N

3 (\/5 N ((— (i +1) cos(a) + (i — 1) sin(a)) erf (\/E xé) +((i 1) cos(a) — (i +1) sin(a)) erf (x/ﬁ X

8b3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))/x7(1/2),x, algorithm="maxima"

[Out] 3/8*(sqrt(2)*sqrt(pi)*((-(I + 1)*cos(a) + (I - 1)*sin(a))*erf (sqrt(Ixb)*x"(
1/6)) + ((I - 1)*cos(a) - (I + 1)*sin(a))*erf(sqrt(-I*b)*x~(1/6)))*b~(3/2)

+ 8*b~2%x” (1/6)*sin(b*x~(1/3) + a))/b~3

mupad [F] time = 0.00, size = -1, normalized size = -0.01

dx

cos (a + bx1/3)
=%

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*xx~(1/3))/x~(1/2),x)
[Out] int(cos(a + bxx~(1/3))/x~(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

cos(a+b\3/§)
=5

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(cos(a+b*x*x*x(1/3))/x*x*x(1/2),%)
[Out] Integral(cos(a + b*x**(1/3))/sqrt(x), x)
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3.52 dx

Optimal. Leaf size=110

cosa+bi°’/§
[ (a+0Vx)

32

4bsin(a+b\3/§) 2cos(a+b\3/§)
Vx Vx
[Out] 4*bxsin(a+b*x~(1/3))/x"(1/6)-4%xb~(3/2)*cos(a)*FresnelC(x~(1/6)*b~(1/2)*2" (1

/2)/Pi~(1/2))*2”7(1/2)*Pi~(1/2)+4%b~ (3/2) *FresnelS(x~(1/6)*b~(1/2)*2"(1/2) /P
i7(1/2))*sin(a)*2~(1/2)*Pi~(1/2)-2*cos (a+b*x~(1/3))/x~(1/2)

—4N27 b32 cos(a)C (\/E \/g Vx ]+4\/2_n b®2 sin(a)S (\/E \/g \‘ﬁ)+

Rubi [A] time = 0.14, antiderivative size = 110, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 7, integrand size = 16,

number of rules _ ) 438, Rules used = {3416, 3297, 3306, 3305, 3351, 3304, 3352}

integrand size

4bsin(a+b\3/§) 2 cos (a+b\3/§

—4V27 b3 cos(a)FresnelC [\/g Vb ¥x ]+4\/ﬂ b%? sin(a)S (\/E \/% Vx )+

Antiderivative was successfully verified.
[In] Int[Cosl[a + bxx~(1/3)]1/x~(3/2),x]

[Out] (-2*Cos[a + b*x~(1/3)])/Sqrt(x] - 4xb~(3/2)*Sqrt[2*Pi]*Cos[a]*FresnelC[Sqrt
[b]*Sqrt [2/Pi]l*x~(1/6)] + 4xb~(3/2)*Sqrt [2*Pi]*FresnelS[Sqrt [b]*Sqrt[2/Pi]*
x~(1/6)1*Sinl[a]l + (4*bxSin[a + b*x~(1/3)1)/x"(1/6)

Rule 3297

Int[((c_.) + (d_)*(x_)) " (m_)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x)"(m + 1)*Sin[e + f*x])/(d*(m + 1)), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)"(m + 1)*Cos[e + f*x], x], x] /; FreeQl{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3304

Int[sin[Pi/2 + (e_.) + (f£_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d
, e, £}, x] && ComplexFreeQ[f] && EqQ[d*e - cxf, 0]

Rule 3305

Int[sin[(e_.) + (f_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d, e, f}
, x] && ComplexFreeQ[f] && EqQ[d*e - cx*f, 0]

Rule 3306

Int[sin[(e_.) + (f_.)*(x)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*e - c*f)/d], Int[Sin[(c*f)/d + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
xe - cxf)/d], Int[Cos[(c*f)/d + fxx]/Sqrtlc + d*x], x], x] /; FreeQl{c, 4,
e, £}, x] &% ComplexFreeQ[f] && NeQ[d*e - cxf, 0]

Rule 3351
Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1S[Sqrt [2/Pil*Rt[d, 2]*(e + f*xx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3352
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Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3416

Int[((a_.) + Cos[(c_.) + (d_.)*x(x )" (n )]*(b_.))"(p_)*(x)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x"(kx(m + 1) - 1)x(a +

bxCos[c + d*x~(k*n)])"p, x], x, x~(1/k)], x]1]1 /; FreeQ[{a, b, ¢, d, m}, x]

&& IntegerQ[p] && FractionQ[n]

Rubi steps

cos (a + b/x b
f(—\/_)dx:CSSubst(fde,x,%)

P G
_2cos (f/;_: b3 _ (25) Subst (fw dx, x, %/E)
) zcos(g bix) | 4bsm(g;b%) _(4b2)8ubst(fwdx,x,%)
_ _Zcos (f/;_: ad) , Jbsin (g/; bx) _ (412 cos(a)) Subst ( f Cof/(;’x) dx, x, \3/}) s
2cos (a+byx) 4bsin(a+byx)

=— + -~ (8172 cos(a)) Subst ( f ) dx, x, x )

- (o
_ _ZCOS (a +b ) — 4p32\ cos(a)C [\/—\/7\/;] +4b2\27 S [\/_\/7\/;] sit

=
=

=

Mathematica [A] time = 0.25, size = 110, normalized size = 1.00

4bsin(a+b\3/§)_2cos(a+b\3/§)
Vx Vx

—4\27 b32 cos(a)C (\/E \/% Vx ]+4\/2_n b*2 sin(a)S (\/E \/g \‘ﬁ)+

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~(1/3)]1/x~(3/2),x]

[Out] (-2*Cos[a + b*x~(1/3)])/Sqrtlx] - 4xb~(3/2)*Sqrt[2*Pi]*Cos[a]*FresnelC[Sqrt
[b]*Sqrt [2/Pi]l*x~(1/6)] + 4xb~(3/2)*Sqrt[2*Pi]*FresnelS[Sqrt [b]*Sqrt[2/Pi]*
x~(1/6)1*Sinl[a]l + (4*bxSin[a + bxx~(1/3)1)/x"(1/6)

fricas [A] time = 1.26, size = 96, normalized size = 0.87

(2 \/Enbxf cos(a) C (\/Exé[) 2 \/Enbxf S (\/Exé\/g) sin(a) — 2bxg sin (bx% + a) + \/E cos

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))/x~(3/2),x, algorithm="fricas")

[Out] -2*(2*sqrt(2)*pi*bxx*sqrt(b/pi)*cos(a)*fresnel cos(sqrt(2)*x~(1/6)*sqrt(b/p
i)) - 2%sqrt(2)*pi*b*xx*sqrt(b/pi)*fresnel_sin(sqrt(2)*x~(1/6)*sqrt(b/pi))*s
in(a) - 2xb*x~(5/6)*sin(b*x~(1/3) + a) + sqrt(x)*cos(b*x~(1/3) + a))/x
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time = 0.00, size = 0, normalized size = 0.00

J

Verification of antiderivative is not currently implemented for this CAS.

giac [F]

1
cos (bx5 + a)
— T dx
X

[In] integrate(cos(a+b*x~(1/3))/x~(3/2),x, algorithm="giac")

[Out] integrate(cos(b*x~(1/3) + a)/x~(3/2), x)
maple [A] time = 0.03, size = 78, normalized size = 0.71

1 1
2cos(a+bx§) sin(g+bx§)
- —4b| -

Vi ;

+vVb V2 \n [cos (a) FresnelC( \\//__\/— J —sin(a)S [W%D

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x~(1/3))/x~(3/2),x)
[Out] -2*cos(a+b*xx~(1/3))/x~(1/2)-4*xb*x(-1/x"(1/6)*sin(a+b*x~(1/3))+b~(1/2)*2~(1/2
Y*Pi~(1/2)*(cos(a)*FresnelC(x~(1/6)*b~(1/2)*2~(1/2)/Pi~(1/2))-sin(a) *Fresne

18(x~(1/6)*b~(1/2)*27(1/2) /Pi~(1/2))))

maxima [C] time = 1.96, size = 74, normalized size = 0.67

(((1—1) \/_r(—- sz3)—(i+1) ﬁf(—g,—ibx%))cos(a)+((z+1) \/—1"(—— sz3)—(z—1) \/_r(—- _

4x

[ Rt

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))/x~(3/2),x, algorithm="maxima"

[Out] -3/4%(((I - 1)*sqrt(2)*gamma(-3/2, Ixbxx~(1/3)) - (I + 1)*sqrt(2)*gamma(-3/
2, -I*bxx~(1/3)))*cos(a) + ((I + 1)*sqrt(2)*gamma(-3/2, Ixb*x~(1/3)) - (I -
1) *sqrt(2) *gamma (-3/2, -Ixb*x~(1/3)))*sin(a))*sqrt(bxx~(1/3))*b/x~(1/6)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

cos (a+bx'3
f ( x3/2 ) ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~(1/3))/x~(3/2),x)

[Out] int(cos(a + b*x~(1/3))/x~(3/2), x)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

f Cos (a + b\S/E)
©

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x**(1/3))/x*x(3/2),%)

[Out] Integral(cos(a + bxx*x(1/3))/x**(3/2), x)
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3.53 dx

Optimal. Leaf size=184

cosa+bi°’/§
[ (a+0Vx)

52

32b% cos (a + b\3/§) 16b% sin (a :

315 b9/25m(a)C[\/_ [ Vx ] 315\/2_nb9/2cos(a)5(\/_ \/7 Vx ] G - 354

[Out] -2/3*cos(a+b*x~(1/3))/x~(3/2)+8/105%b~2*cos (a+b*x~(1/3))/x~(5/6)-32/315%b"4
xcos (a+b*x~(1/3))/x~(1/6)+4/21xb*sin(a+bxx~(1/3))/x~(7/6)-32/315%b~(9/2) *co
s(a)*FresnelS(x~(1/6)*b~(1/2)*27(1/2)/Pi~(1/2))*2~(1/2)*Pi~(1/2)-32/315%b"(

9/2) #*FresnelC(x~(1/6)*b~(1/2)*27(1/2) /Pi~(1/2))*sin(a)*2~(1/2)*Pi~(1/2)-16/
315%b~3*sin(a+b*x~(1/3))/x"(1/2)

Rubi [A] time = 0.24, antiderivative size = 184, normalized size of antiderivative
= 1.00, number of steps used = 11, number of rules used = 7, integrand size = 16,

number of rules _ ) 438, Rules used = {3416, 3297, 3306, 3305, 3351, 3304, 3352)

integrand size

315\/_ b9/251n(a)FresnelC[\/7 Vb bx J 5\/2_nb9/2cos(a)s[\/5 \/% \6/;] +

8b? cos (a + b\3/§) 16b°
105056

Antiderivative was successfully verified.
[In] Int[Cosl[a + b*x~(1/3)1/x7(5/2),x]

[Out] (-2xCos[a + b*x~(1/3)]1)/(3*x7(3/2)) + (8xb"2xCos[a + bxx~(1/3)])/(105*x~(5/
6)) - (32%b~4xCos[a + b*x~(1/3)]1)/(315*x~(1/6)) - (32%b~(9/2)*Sqrt [2*Pi]*Co

s[a] #*FresnelS[Sqrt [b]l *Sqrt [2/Pi]*x~(1/6)]1)/315 - (32xb~(9/2)*Sqrt [2+xPi] *Fre
snelC[Sqrt [b]*Sqrt [2/Pi]*x~(1/6)]*Sin[a])/315 + (4xb*Sinla + b*x~(1/3)]1)/(2
1xx~(7/6)) - (16%b~3*Sin[a + b*x~(1/3)]1)/(315*Sqrt[x])

Rule 3297

Int[((c_.) + (d_.)*(x_))"(m_)*sinl[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x)"(m + 1)*Sinfe + fx*x])/(d*(m + 1)), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x) " (m + 1)*Cos[e + fxx], x], x] /; FreeQ[{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3304

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[dxe - cxf, 0]

Rule 3305

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQl[{c, d, e, f}
, x] && ComplexFreeQ[f] && EqQ[d*e - cx*f, 0]

Rule 3306

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*e - c*f)/d], Int[Sin[(cxf)/d + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
xe — c*xf)/d], Int[Cos[(c*f)/d + f*x]/Sqrtlc + dxx], x], x] /; FreeQ[{c, d,
e, £}, x] &% ComplexFreeQ[f] && NeQ[dxe - cxf, 0]

Rule 3351
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Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)]1)/(f*Rt[d, 21), x] /; FreeQ[{d, e, f}, x]

Rule 3416

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_ )" (n )]*(b_.))"(p_)*(x)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x"(kx(m + 1) - 1)x(a +

b*Cos[c + d*x~(k*n)])"p, xJ, x, x~(1/k)], x]] /; FreeQ[{a, b, c, d, m}, x]

&& IntegerQ[p] && FractionQ[nl]

Rubi steps

cos (a + b/x b
f(—\/_)dx=38ubst(fwdx,x,%)

152 1172

~ 2cos(a+b\3/§)

3x3/2

1 in(a + b
— ~(2b) Subst ( f sn@+by) %/E)
3 X912

_ ~2cos (a + b%) 4b sin (a + b\%) 1 (4b2) Subet (f cos(a + bx)

3x3/2 * 21x7/6 21 X712

+ +
3x3/2 105x5/6 21x7/6 105

dx,x, \3/5)

2cos(a+b\3/§) 8b2cos(a+b\3/§) 4bsin(a+b\3/§)+ 1 (SbS)Sbt(ISin(‘
- — ubst| | —

~ 2cos(a+b\3/§) 8b2cos(a+b\3/§) 4bsin(a+b\3/§) 16b3sin(a+b\3/§) 1

302 105wk | 2146 35yx 3l
_ 2cos (a + b%) N 8b? cos (a + b\?’/E) ) 32b* cos (a + b\?’/E) N 4bsin(a + b\3/§) 16
- 3x%/2 105x5/6 3154/x 21x7/6
_ 2cos (a + b\%) N 8b? cos (a + b\%) ) 32b* cos (a + b\3/§) N 4bsin(a + b\3/§) 16
3x3/2 105x5/6 315+/x 21x7/6
~ _2cos (a + b{’/;) .\ 8b? cos (a + b\3/§) B 32b* cos (a + b\3/§) s 4bsin(a + bxg/E) _ E
3x3/2 105x5/6 315+/x 21x7/6
2cos(a+byx) 8b?cos(a+byx) 32b*cos(a+bi/x
=T gx3/z \/_) + 10(5x5/6 \/_) - 315(\% \/_) - %WZ\/Z_N cos(a)S |-

Mathematica [A] time = 0.25, size = 180, normalized size = 0.98

2 (16\/2_71 b?2x%2 sin(a)C (\/E \/g \6/5) +16V27 b92x3/2 cos(a)S (\/E \/g \6/5) +16b*x*3 cos (a + b\3/§) + 81

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~(1/3)]1/x~(5/2),x]

315x3/2

[Out] (-2%x(105%Cos[a + b*x~(1/3)] - 12x%b"2*x~(2/3)*Cos[a + b*x~(1/3)] + 16%b"4xx~

(4/3)*Cos[a + b*x~(1/3)] + 16%b~(9/2)*Sqrt [2*Pi]*x~(3/2)*Cos[a] *FresnelS[Sq
rt [b]*Sqrt [2/Pi]*x~(1/6)] + 16xb~(9/2)*Sqrt [2xPi]*x~(3/2) *FresnelC[Sqrt [b] *
Sqrt[2/Pi]l*x~(1/6)]1*Sin[a] - 30*b*x~(1/3)*Sinl[a + b*x~(1/3)] + 8*b~3*x*Sin[
a + b*x~(1/3)]))/(315%x7(3/2))
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fricas [A] time = 0.81, size = 134, normalized size = 0.73

1 1 11 7
2 (16 V2rbia?, 2 cos(a)S(\/ExE\/g ) +162nbta2L (\/5 xe [t ) sin(a) + (16 bixe —12b%x% +1

315 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))/x~(5/2),x, algorithm="fricas")

[Out] -2/315*%(16*sqrt(2)*pixb~4*x~2*sqrt(b/pi)*cos(a)*fresnel_sin(sqrt(2)*x~(1/6)
*sqrt (b/pi)) + 16x*sqrt(2)*pixb~4xx~2*sqrt(b/pi)*fresnel_cos(sqrt(2)*x~(1/6)
xsqrt(b/pi))*sin(a) + (16*%b74*x~(11/6) - 12%b72xx~(7/6) + 105*sqrt(x))*cos(
b*x~(1/3) + a) + 2%(4*b™3*x7(3/2) - 15xb*x~(5/6))*sin(b*x~(1/3) + a))/x"2

giac [F] time = 0.00, size = 0, normalized size = 0.00

1
cos (bx5 + a)
e,
x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))/x~(5/2),x, algorithm="giac")

[Out] integrate(cos(b*x~(1/3) + a)/x~(5/2), x)

maple [A] time = 0.04, size = 129, normalized size = 0.70
1
cos[u+bx3] 1
2b) —71—\@ V2 Vr [cos(a)S[W]+s'm(a)FresnelC[
sin[a+bx3] x6 "
20 - N + 3
1
cos[a+b x3]
26 -———- -
5x6
1
sin(a+b x3 )
4b |- 7+ Z
7x6
1
2 cos (a +bx3 )
_ ; _
3x2 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*xx~(1/3))/x~(5/2),x%)
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[Out] -2/3*cos(a+b*x~(1/3))/x"(3/2)-4/3*bx(-1/7/x~(7/6) *sin(a+b*x~(1/3))+2/7*b* (-
1/5/x7(5/6)*cos (a+b*x~(1/3))-2/5*bx(-1/3/x~(1/2) *sin(a+b*x~ (1/3) ) +2/3*b* (-c
os(a+b*x~(1/3))/x~(1/6)-b~(1/2)*2"(1/2)*Pi~(1/2)*(cos (a) *FresnelS(x~(1/6) *b
~(1/2)*27(1/2) /Pi~(1/2))+sin(a) *FresnelC(x~ (1/6)*b~ (1/2)*2~(1/2) /Pi~(1/2)))

))))
maxima [C]
3((— (i+1) ﬁr(—g,ibx%) +(@i-1) \/El"(—g,—ibx%))cos(a) + ((i—l) ﬁf(—g,ibx%) —(i+1) \/EF(—;—

4x6

time = 1.62, size = 76, normalized size = 0.41

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))/x~(5/2),x, algorithm="maxima"

[Out] 3/4x((-(I + 1)*sqrt(2)*gamma(-9/2, Ixb*x~(1/3)) + (I - 1)*sqrt(2)*gamma(-9/
2, —I*xb*x~(1/3)))*cos(a) + ((I - 1)*sqrt(2)*gamma(-9/2, Ixb*x~(1/3)) - (I +

1) *sqrt (2) *gamma (-9/2, -Ixb*x~(1/3)))*sin(a))*sqrt(b*x~(1/3))*b~4/x~(1/6)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

cos (a + bx'3
f ( x5/2 ) ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~(1/3))/x~(5/2),x)

[Out] int(cos(a + b*x~(1/3))/x~(5/2), x)
sympy [F] time = 0.00, size = 0, normalized size = 0.00
f cos (a + b\S/E)

©

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+bxx**(1/3))/xx*(5/2),%)
[Out] Integral(cos(a + bxx*x(1/3))/x**(5/2), x)
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3.54 dx

Optimal. Leaf size=250

cosa+bi°’/§
[ (a+0Vx)

/2

25627 b'52 cos(a)C (\/E \/g \6&) 25627 b'52 sin(a)S (‘/E \/g \6/§) 25607 sin (a + b\s/i) 128b° cos (l
- - +

675675 675675 675675+/x 67567

[Out] -2/5*cos(a+b*x~(1/3))/x~(5/2)+8/715xb"2*cos (a+b*x~(1/3))/x~(11/6)-32/45045%
b~4xcos(a+tb*x~(1/3))/x~(7/6)+4/65*b*xsin(a+b*x~(1/3))/x~(13/6)-16/6435%b"3%s
in(a+bxx~(1/3))/x~(3/2) +64/225225%b"5*sin (a+b*x~(1/3))/x~ (5/6)-256/675675%b
“T+sin(a+b*x~(1/3))/x~(1/6)+256/675675*b~ (15/2) *cos (a)*FresnelC(x~ (1/6) *b~(
1/2)%2°(1/2) /Pi~(1/2))*2"(1/2)*Pi~(1/2)-256/675675*%b~ (15/2) *FresnelS(x~(1/6
)*b~(1/2)%27(1/2) /Pi~(1/2) ) *sin(a)*2~(1/2)*Pi~(1/2)+128/675675*xb~6*cos (a+b*
x~(1/3))/x~(1/2)

Rubi [A] time = 0.34, antiderivative size = 250, normalized size of antiderivative
= 1.00, number of steps used = 14, number of rules used = 7, integrand size = 16,

number of rules _ ) 438, Rules used = {3416, 3297, 3306, 3305, 3351, 3304, 3352)

integrand size

25627 b'92 cos(a)FresnelC (\/g Vb \6/5) 25627 b'92 sin(a)S (\/E \/g \6/§) 6455 sin (a + b%/}) 1603
— + —

675675 675675 225225x5/6

Antiderivative was successfully verified.
[In] Int[Cosl[a + b*x~(1/3)]1/x~(7/2),x]

[Out] (-2xCosl[a + b*x~(1/3)1)/(5xx~(5/2)) + (8%b~2xCos[a + b*x~(1/3)]1)/(7156*x" (11
/6)) - (32xb~4xCos[a + bxx~(1/3)])/(45045%x~(7/6)) + (128%b~6xCos[a + b*x~(
1/3)1)/(675675%Sqrt [x]) + (256*b~(15/2)*Sqrt [2*Pi]*Cos[a]*FresnelC[Sqrt [b]*

Sqrt [2/Pi]l*x~(1/6)]1) /675675 - (256%b~(15/2)*Sqrt [2#Pi]*FresnelS[Sqrt [b]*Sqr
t[2/Pi]l*x~(1/6)1*Sin[a]) /675675 + (4*xbxSin[a + bxx~(1/3)])/(65%x~(13/6)) -
(16xb~3*Sinla + bxx~(1/3)]1)/(6435xx~(3/2)) + (64xb~5*Sin[a + b*x~(1/3)]1)/(2
25225%x7(5/6)) - (256*b~7*Sinla + b*x~(1/3)])/(675675%x~(1/6))

Rule 3297

Int[((c_.) + (@_)*(x_))"(m_)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[((
c + d*xx)"(m + 1)*Sin[e + f*x])/(d*(m + 1)), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)"(m + 1)*Cosle + f*x], x], x] /; FreeQl{c, d, e, f}, x] && LtQ[m, -1
]

Rule 3304

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[d*e - cxf, 0]

Rule 3305

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQl[{c, 4, e, f}
, x] && ComplexFreeQ[f] && EqQ[dxe - cx*f, 0]

Rule 3306

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*e - c*f)/d], Int[Sin[(cxf)/d + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
xe - cxf)/d]l, Int[Cos[(cxf)/d + f*x]/Sqrtlc + d*x], x]1, x] /; FreeQ[{c, d,
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e, £}, x] &% ComplexFreeQ[f] && NeQ[d*e - cxf, 0]

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pil*Rt[d, 2]*(e + f*xx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]
Rule 3352

Int[Cos[(d_.)*x((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)]1)/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]
Rule 3416

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_ )" (n_)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbol

] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x"(kx(m + 1) - 1)x(a +

b*Cos[c + d*x~(k*n)1)"p, x], x, x~(1/k)], x]] /; FreeQ[{a, b, c, d, m}, x]
&% IntegerQ[p] && FractionQ[n]
Rubi steps
cos (a + b\%) cos(a + bx)
dex:3Subst(f 7 xxx/_)
2 cos (61 + b\/E) 1 sin(a + bx
_ T - g(Zb) Subst ( f 572 )
2cos(a+b\3/§) 4bsin(a+b\3/_) 1 cos(a + bx)
— 2 3
_ =57 + 513 4b Sub t(f ER dx ,x,\/E)
2 cos (a + bf/}) 8b? cos (a + b\/f) 4b sin (a + b\/_) 3 sin(
ST 502 7I5d ' e 715 (Sb ) Subst (f 3

2cos(a+b\3/§) 8b2cos(a+b\3/§) 4bsin(a+b\3/§) 16b3sin(a+b\3/§) (1(
_ n n _

+_

5x5/2

715x11/6

65x13/6

6435x3/2

2cos(a+b\3/§) 8b2cos(a+b\3/§) 32b4cos(a+b\3/§) 4bsin(a+b\3/§) 16

5x5/2

715x11/6

45045x7/6

651306

2cos(a+b\3/3_c) 8b2cos(a+b\3/§) 32b4cos(a+b\3/§) 4bsin(a+b\3/3_c) 16

5x5/2

715x11/6

45045x7/6

65x13/6

2 cos (a + bf/}) 8b? cos (a + b\S/E) 32b* cos (a + b\s/i) 128b° cos (a + b\3/3—c)

5x5/2

715x11/6

45045x7/6

675675+/x

2 cos (a + bxz’/;) 8b? cos (a + b\3/§) 32b* cos (a + b\3/§) 128b° cos (a + b\3/§)

5 x5/2

715x11/6

45045x7/6

675675+/x

_ 2cos (a + bf/}) 8b? cos (a + b?/}) 32b* cos (a + b\3/§) 128b° cos (a + bxg’/})

5x5/2

715x11/6

45045x7/6

675675/

2cos (a + b\3/§) 8b? cos (a + b%) 32b* cos (a + b{’/?) 1280° cos (a + b\E’/})

5x5/2

715x11/6

45045x7/6

675675+/x

2 cos (a + b%) 8b? cos (a + b\‘q’/}) 32b* cos (a + bxs/i) 128b° cos (a + b\‘qﬁ)

5 x5/2

715x11/6

45045x7/6

675675+/x
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Mathematica [A] time = 0.34, size = 238, normalized size = 0.95

2 (128\/2_n PI523572 cos(a)C (\/E \/g \G/E) — 12827 b152x52 sin(a)S (\/E \/g \‘ﬁ) 128577 sin (a + b3/

Antiderivative was successfully verified.

[In] Integrate[Cosl[a + b*x~(1/3)1/x~(7/2),x]

[Out] (2*(-135135*Cos[a + b*x~(1/3)] + 3780*b~2*x~(2/3)*Cos[a + bxx~(1/3)] - 240%
b~4xx~(4/3)*Cos[a + b*x~(1/3)] + 64*xb~6xx"2*Cos[a + b*x~(1/3)] + 128*b~(15/

2) *Sqrt [2#Pi]*x~ (5/2) *Cos [a] *FresnelC[Sqrt [b] *Sqrt [2/Pi]*x~(1/6)] - 128%b~(

15/2) *Sqrt [2*Pi]*x~(5/2) *FresnelS [Sqrt [b] *Sqrt [2/Pi]*x~ (1/6)]1*Sin[a] + 2079
0*b*x~(1/3)*Sin[a + b*x~(1/3)] - 840*b~3*x*Sinf[a + b*x~(1/3)] + 96xb~5*x~ (5
/3)*Sinf[a + b*x~(1/3)] - 128*xb~7*x~(7/3)*Sin[a + b*x~(1/3)]1))/(675675*x~(5/

2))

fricas [A] time = 0.65, size = 164, normalized size = 0.66

1 1 11 f
2 (128 V2 nb7x3\/g cos(a) C (\/E X6 \E) ~12842 nb7x3\/§ S (\/E X6 \/g) sin(a) — (240 b4xs — 3780 b2x

67567

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))/x~(7/2),x, algorithm="fricas")

[Out] 2/675675%(128*sqrt (2)*pi*b~7*x"3*sqrt(b/pi)*cos(a)*fresnel _cos(sqrt(2)*x~(1
/6)*sqrt(b/pi)) - 128%sqrt(2)*pi*b~7+x"3*sqrt(b/pi)*fresnel sin(sqrt(2)*x~(
1/6)*sqrt(b/pi))*sin(a) - (240*%b~4*x~(11/6) - 3780*b~2*x~(7/6) - (64*b~6%x"

2 - 135135)*sqrt(x))*cos(b*x~(1/3) + a) + 2%(48xb~5*x~(13/6) - 420%b~3*x~ (3

/2) - (64%b”7*x"2 - 10395%b)*x~(5/6))*sin(b*x~(1/3) + a))/x"3

giac [F] time = 0.00, size = 0, normalized size = 0.00

bx3 +a

et

X2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+bxx~(1/3))/x~(7/2),x, algorithm="giac")
[Out] integrate(cos(b*x~(1/3) + a)/x~(7/2), x)



maple [A]

2b

1
cos[a+b x3

|

20|

sin[

1
a+bx3

|

20

time = 0.03, size = 180, normalized size = 0.72

COS[

1
a+bx3

|

2b

sin[

1
a+bx3

|

+

2b
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1
sin[a+bx3
2b| -

1
cos[a+b x3 ] x
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3V

N

5x

7x

NN

Nl W

9x

+

11

11x 6
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*xx~(1/3))/x~(7/2),x)

[Out] -2/5*cos(a+b*x~(1/3))/x~(5/2)-4/5%bx(-1/13/x~(13/6) *sin(a+b*x~(1/3))+2/13*b
*(-1/11/x"(11/6) *cos (a+b*xx~(1/3))-2/11*%b*x(-1/9/x"(3/2) *sin(a+bxx~(1/3))+2/9

*b* (-1/7/x"(7/6)*cos (a+b*x~(1/3))-2/7*b*x(-1/5/x~(5/6) *sin(a+b*x~(1/3))+2/5%
b*(-1/3*cos (a+b*x~(1/3))/x"(1/2)-2/3*b* (-1/x~(1/6) *sin(a+b*x~(1/3))+b~(1/2)
*27(1/2)*Pi~(1/2)*(cos(a)*FresnelC(x~(1/6)*b~(1/2)*2~(1/2) /Pi~(1/2))-sin(a)
xFresnelS(x~(1/6)*b~(1/2)*27(1/2)/Pi~(1/2))))))))))

maxima [C] time = 1.29, size = 76, normalized size = 0.30

3(((1’—1) \/Er( 15,ibx§) —Gi+1) \/Er(—g,—ibxé))cos(a) + ((i+1) \/Er(—g,ibxé) —(i-1) x@r(-

2

[N R

4x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))/x~(7/2),x, algorithm="maxima"

[Out] 3/4*(((I - 1)*sqrt(2)*gamma(-15/2, Ixbxx~(1/3)) - (I + 1)*sqrt(2)*gamma(-15
/2, -Ixbxx~(1/3)))*cos(a) + ((I + 1)*sqrt(2)*gamma(-15/2, Ixb*x~(1/3)) - (I

- 1)*sqrt(2)*gamma(-15/2, -I*xb*xx~(1/3)))*sin(a))*sqrt(b*x~(1/3))*b~7/x~(1/

6)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

f cos (a + bx1/3) ;
x

72
Verification of antiderivative is not currently implemented for this CAS.
[In] int(cos(a + b*x~(1/3))/x"(7/2),x)
[Out] int(cos(a + bxx~(1/3))/x~(7/2), x)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

- dx

fcos(a+b\3/§)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+bxx*x(1/3))/x*x(7/2),%)
[Out] Integral(cos(a + bxx*x(1/3))/x**x(7/2), x)
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3.55 [ x*2cos? (a + b\3/3_c) dx

Optimal. Leaf size=310

2 {x

6x
405405/ sin(2a)C (Nj{) 405405/t cos(2a)5( NG ) 405405+/x sin (2 (a + by/x )) 135135y/x cos?
+ —

32768b15/2 32768b15/2 1638407 " 20480

[Out] 3861/256%x~(7/6)/b~4-39/16*x~(11/6)/b~2+1/5%x~(5/2)-3861/128%x~(7/6)*cos (a+
b*xx~(1/3))"2/b"4+39/8*x~ (11/6) *cos (a+b*x~(1/3))"2/b"2+27027/512*x~ (5/6) *cos
(a+b*x~(1/3))*sin(a+b*x~(1/3))/b"5-429/32*x" (3/2) *cos (a+b*x~ (1/3) ) *sin(a+b*
x~(1/3))/b"3+3/2%x~ (13/6) *cos (a+b*x~(1/3) ) *sin(a+b*x”~(1/3)) /b-405405/16384*
x~(1/6)*sin(2*a+2*b*x~(1/3)) /b~ 7+405405/32768*cos (2*a) *FresnelS (2*x~ (1/6) *b
~(1/2)/Pi~(1/2))*Pi~(1/2) /b~ (15/2)+405405/32768*FresnelC(2*x~ (1/6)*b~(1/2)/
Pi~(1/2))*sin(2*a)*Pi~(1/2) /b~ (15/2)-135135/4096*x~(1/2) /b~ 6+135135/2048*co
s(a+bxx~(1/3))"2*x"~(1/2)/b"6

Rubi [A] time = 0.36, antiderivative size = 310, normalized size of antiderivative
= 1.00, number of steps used = 15, number of rules used = 10, integrand size = 18,
numberofrules _ 4 556, Rules used = {3416, 3311, 30, 3312, 3296, 3306, 3305, 3351, 3304,

integrand size

3352}

6 6
405405+/7 sin(2a)FresnelC (2\/57;/;) 405405+/7t cos(24)S (Njgﬁ) 39x11/6 cog2 (a b \3/;) 3861x7/6 cos? |

+ +
32768b15/2 32768b15/2 8h2 128b

<|

Antiderivative was successfully verified.
[In] Int[x~(3/2)*Cos[a + b*x~(1/3)]1°2,x]

[Out] (-135135%Sqrt[x])/(4096*b76) + (3861xx~(7/6))/(256*b~4) - (39*x~(11/6))/(16
*b"2) + x7(5/2)/5 + (135135*Sqrt [x]*Cos[a + b*x~(1/3)]172)/(2048xb"6) - (386
1xx~(7/6)*Cos[a + bxx~(1/3)]172)/(128*b~4) + (39*x~(11/6)*Cos[a + b*x~(1/3)]
~2)/(8*b~2) + (405405%Sqrt[Pi]l*Cos[2*al*FresnelS[(2+Sqrt[b]l*x~(1/6))/Sqrt [P
1]11)/(32768*b~(15/2)) + (405405%Sqrt [Pi]*FresnelC[(2*Sqrt[bl*x~(1/6))/Sqrtl
Pi]1*Sin[2%a])/(32768*b~(15/2)) + (27027*x~(5/6)*Cos[a + bxx~(1/3)]*Sinl[a +
b*x~(1/3)]1)/(512*%b~5) - (429%x~(3/2)*Cos[a + b*x~(1/3)]1*Sin[a + b*xx~(1/3)]

)/ (32%b~3) + (3*x~(13/6)*Cos[a + b*x~(1/3)]1*Sin[a + b*x~(1/3)]1)/(2*%b) - (40
5405%x~ (1/6)*Sin[2*%(a + b*x"(1/3))])/(16384*b~7)

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 3296

Int[((c_.) + (A_)*(x_)) " (m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos|[
e + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 3304

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[dxe - cxf, 0]

Rule 3305

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQl[{c, d, e, f}
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, x] && ComplexFreeQ[f] && EqQ[dxe - cx*f, 0]

Rule 3306

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*e - c*f)/d], Int[Sin[(cxf)/d + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
xe - cxf)/d], Int[Cos[(cxf)/d + f*x]/Sqrtlc + d*x], x]1, x] /; FreeQ[{c, d,
e, f}, x] && ComplexFreeQ[f] && NeQ[dxe - cxf, 0]

Rule 3311

Int[((c_.) + (d_.)*(x_)) " (m_)*((b_.)*sin[(e_.) + (f_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[(d*m*(c + d*x)~(m - 1)*(b*Sin[e + f*x])"n)/(£72*n"2), x] + (Dist
[(b™2x(n - 1))/n, Int[(c + d*x) mx(b*Sinf[e + f*x])"(n - 2), x], x] - Dist[(
d~2«mx(m - 1))/(f72*%n"2), Int[(c + d*xx)"(m - 2)*(b*Sin[e + f*x])"n, x], x]
- Simp[(b*(c + d*x) "“m*Cos[e + f*xx]*(bxSin[e + f*x])"(n - 1))/(f*n), x]1) /;
FreeQ[{b, ¢, d, e, f}, x] && GtQ[n, 1] && GtQ[m, 1]

Rule 3312

Int[((c_.) + (d_)*(x_))"(m_)*sin[(e_.) + (f_.)*(x_)]1"(n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sin[e + f*x]°n, x], x] /; FreeQl{c, d, e, f
, m}, x] && IGtQ[n, 1] && ( !'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 11))

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)]1)/(f*Rt[d, 21), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)1)/(fxRt[d, 21), x] /; FreeQ[{d, e, f}, x]

Rule 3416

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(n_)]*(b_.))"(p_)*(x)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x"(kx(m + 1) - 1)x(a +

b*Cos[c + d*x~(k*n)])"p, xJ, x, x~(1/k)], x]] /; FreeQ[{a, b, c, d, m}, x]

&& IntegerQ[p] && FractionQ[nl]

Rubi steps
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fx3/2 cos? (a + b\%) dx = 3 Subst (fx13/2 cos?(a + bx) dx, x, \S/E)
39x11/6 cos? (a + b\%) 3x1%6 cos (a + b\%) sin (a + b\E’/}) 3 (f .
= + X

+ — Subst
802 2b 2 7HP®
X512 3861x7/° cos? (a + bx ) 39x11/6 cos? (a + bx ) 429x32 cos (a + bx )
T 5 1280* 8b2 - 3203
39x11/6 452 1351354/x cos? (a + bi/x ) 3861x7/6 cos? (a + by/x ) 39x11/¢
= — + — + — +
602 5 204815 12844
386176 39x116 N 52 N 135135+/x cos? (a + be/}) 3861x7/6 cos? (a + bf/})
~ 256b4 16b2 5 204846 128b4
135135y _ 38617/ 30x11/6  x52 135135yx cos? (a+byx) 38617
=- + — + + —
409615 25604 1602 | 5 204856
135135vx 386176 39x116 352 135135+/x cos? (a+by/x) 3861x7/6
= - + - + + —
409615 25604 1602 | 5 204856
135135yx  3861x7/6  39x116  x52 135135/x cos? (a+bi/x) 3861x7/6
= - + - + + -
409615 25604 1602 | 5 204856
135135y% 386176 39x1V6 x5 135135y cos? (a+byx) 386127
= - + - + + -
40965 256 16K | B 204815
135135\& 3861x7/6  39x11/6 4572 135135\& cos? (a + b\s/f ) 3861x7/6
= - + - + + -
409615 2566 16k2 | B 204816

Mathematica [A] time = 0.64, size = 174, normalized size = 0.56

2V /x (780 (256b°x5° — 1584b%x + 3465b/x ) cos (2 (a + b/x )) + 15 (40966022 — 36608b*x4° + 144144122
163¢

Antiderivative was successfully verified.

[In] Integratel[x~(3/2)*Cos[a + b*x~(1/3)]72,x]

[Out] (2027025%Sqrt[Pi]*Cos[2*a]*FresnelS[(2xSqrt[b]l*x~(1/6))/Sqrt[Pi]] + 2027025
*xSqrt [Pi] #*FresnelC[(2*xSqrt [b]*x~(1/6))/Sqrt [Pi]]*Sin[2*a] + 2*Sqrt[b]l*x~(1/
6)*(16384*b~7*xx~(7/3) + 780%(3465%b*x~(1/3) - 1584*b~3*x + 256%b~5*x~(5/3))
xCos[2x(a + b*x~(1/3))] + 15%(-135135 + 144144xb~2*x~(2/3) - 36608*b~4x*x~ (4

/3) + 4096xb~6xx"2)*Sin[2*(a + b*x~(1/3))]))/(163840%b~(15/2))

fricas [A] time = 0.98, size = 184, normalized size = 0.59

11 7 1 1
399360 bOx 6 — 2471040 b4xé — 2027025 n\/g cos(2a)S (2 X6 \/g ) — 2027025 n\/g C (2 X8 \/g ) sin (2a) -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(atb*x~(1/3))"2,x, algorithm="fricas")

[Out] -1/163840%(399360*b~6*x~(11/6) - 2471040%b~4x*x~(7/6) - 2027025*pixsqrt(b/pi
)*cos(2*a)*fresnel sin(2*x~(1/6)*sqrt(b/pi)) - 2027025*pixsqrt(b/pi)*fresne

1 _cos(2xx~(1/6)*sqrt(b/pi))*sin(2*a) - 3120%(256%b~6*x~(11/6) - 1584*b~4*x~

(7/6) + 3465%b~2xsqrt(x))*cos(b*x~(1/3) + a)~2 + 60*(36608*b~5xx~(3/2) - 14
4144xb~3xx~(5/6) - (4096*b~7*x"2 - 135135%b)*x~(1/6))*cos(b*x~(1/3) + a)*si
n(b*x~(1/3) + a) - 8%(4096*b~8*x"2 - 675675*%b~2)*sqrt(x))/b~8
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giac [C] time = 1.25, size = 224, normalized size = 0.72

13 11 3 7 5 1
3 (40961’ box6 —13312b°x 6 — 36608i b*x2 + 82368 b3x6 + 144144i b*xs — 180180 b+/x — 135135ix3)|
32768 b7

5
2

X

Q| =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(atb*x~(1/3))72,x, algorithm="giac")

[Out] 1/5%x~(5/2) - 3/32768*(4096*I*b~6*x~(13/6) - 13312*%b~5*xx~(11/6) - 36608*Ixb
“4xx7(3/2) + 82368*b"3*x”(7/6) + 144144%Ixb~2*x~(5/6) - 180180*b*sqrt(x) -
135135*Ixx~(1/6)) *e” (2*%Ixb*x~(1/3) + 2%I*a)/b~7 - 3/32768*(-4096*I*b~6xx~ (1

3/6) - 13312xb~5*x~(11/6) + 36608*xI*b~4*x~(3/2) + 82368*b~3xx~(7/6) - 14414
4xI*b~2%x~(5/6) - 180180*b*sqrt(x) + 135135*%Ixx~(1/6))*e” (-2*Ixb*xx~(1/3) -
2xI*a) /b~7 + 405405/65536*I*sqrt (pi)*erf (-sqrt(b)*x~(1/6)*(-I*b/abs(b) + 1)

)*xe” (2+I*a)/ (b~ (15/2) *(-I*b/abs(b) + 1)) - 405405/65536*I*sqrt(pi)*erf (-sqr
t(b)*x~(1/6)*(I*b/abs(b) + 1))*e”(-2xIxa)/(b~(15/2)*(I*b/abs(b) + 1))

maple [A] time = 0.06, size = 219, normalized size = 0.71

Vx cos[2u+2

35| - 0

x6 cos|2a+2bx3

9[- i +

5 1
7 [ 1 ] 7x6 sin[2a+2bx3]

16b

3 1
11 1 11xzsh{2u+2bx3]
x 6 cos[2a+2b x3]

160

39| - m + 1;

1 1
x; 3x6 sin (2a +2b x3)
B 4D B 1D

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(3/2)*cos(a+b*x~(1/3))"2,x)

[Out] 1/5%x~(5/2)+3/4/bxx"(13/6)*sin(2*a+2*b*xx~(1/3))-39/4/b*(-1/4/b*x~(11/6)*cos
(2%a+2xb*x~(1/3))+11/4/b*x(1/4/bxx~(3/2) *sin(2*a+2xbxx~(1/3))-9/4/b*x(-1/4/b*
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x~(7/6)*cos (2%a+2xb*x~(1/3))+7/4/b*x(1/4/b*x~ (5/6) *sin(2*a+2*xbxx~(1/3))-5/4/
b*x(-1/4/b*x~(1/2) *cos (2*%a+2*b*x~(1/3))+3/4/b* (1/4*x~ (1/6) *sin (2*xa+2*b*x~ (1/
3))/b-1/8/b"(3/2)*Pi~ (1/2) *(cos(2*a) *FresnelS(2*x~ (1/6)*b~(1/2) /Pi~(1/2))+s
in(2x*a)*FresnelC(2*x~(1/6)*b~(1/2) /Pi~(1/2)))))))))

maxima [C] time = 1.24, size = 161, normalized size = 0.52

5 1 1
262144 b9x2 — 41\2 /1 ((— (2027025i + 2027025) cos (2 a) + (2027025i — 2027025) sin (2 a)) erf (\/21' b xé) +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(atb*x~(1/3))"2,x, algorithm="maxima"

[Out] 1/1310720%(262144*b~9%x~(5/2) - 47 (1/4)*sqrt(2)*sqrt(pi)*((-(2027025%I + 20
27025) *cos(2xa) + (2027025*I - 2027025)*sin(2*a))*erf (sqrt (2xIxb)*x~(1/6))

+ ((2027025%I - 2027025)*cos(2%a) - (2027025%I + 2027025)*sin(2%a))*erf (sqr

t (-2%I*b)*x~(1/6)))*b~(3/2) + 12480*(256*b~7*x~(11/6) - 1584*b~5*x~(7/6) +
3465xb~3*%sqrt (x))*cos (2%b*x~(1/3) + 2xa) + 240%(4096*b~8*x~(13/6) - 36608%b
“6*xx~(3/2) + 144144%b~4*xx~(5/6) - 135135%b~72*x~(1/6))*sin(2*xb*x~(1/3) + 2*a
))/b79

mupad [F] time = 0.00, size = -1, normalized size = -0.00
2
fx3/2 cos (a+bxP)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(3/2)*cos(a + b*x~(1/3))"2,x)
[Out] int(x~(3/2)*cos(a + b*x~(1/3))"2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

3
fxi cos? (a + b\%) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(3/2)*cos(a+bxx**(1/3))**2,x)
[Out] Integral (x*x(3/2)*cos(a + b*x**(1/3))**2, x)
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3.56 [ +/x cos? (a + b\S/E) dx

Optimal. Leaf size=218

2vb x . 2vb
315y'm cos(2a)C (Tx) 315y/7 sin(24)S ( N x) 315+/x cos? (a + b\g/E) 105+/x sin (a + b{’/E) cos (
5125972 - 5125972 - 128b4 - 3253

[Out] 315/256%x~(1/6)/b"4-21/16%x"(5/6) /b~ 2+1/3%x~(3/2)-315/128*x~ (1/6) *cos (a+b*x
~(1/3))72/b"4+21/8%x"~ (5/6) *cos (a+b*x~(1/3)) ~2/b"2+3/2%x~ (7/6) *cos (a+b*x~ (1/
3))*sin(a+b*x~(1/3))/b+315/512*cos (2*a) *FresnelC(2xx~(1/6)*b~(1/2)/Pi~(1/2)
)*¥Pi~(1/2) /b~ (9/2)-315/512xFresnelS(2xx~(1/6)*b~(1/2) /Pi~(1/2))*sin(2*a)*Pi
~(1/2)/v7(9/2)-105/32*cos (a+b*x~(1/3) )*sin(a+b*x~(1/3))*x~(1/2)/b"3

Rubi [A] time = 0.25, antiderivative size = 218, normalized size of antiderivative
= 1.00, number of steps used = 12, number of rules used = 9, integrand size = 18,

number of rules _ ) 500, Rules used = {3416, 3311, 30, 3312, 3306, 3305, 3351, 3304, 3352}

integrand size

6 6
3154/mt cos(2a)FresnelC (2\/3%\/;) 315+4/mt sin(2a)S ( 2\/3%\/;) 21x5/6 cos2 (a +bix ) 315+/x cos? (a + b
—_ + —_

5126972 512592 8b? 128b*

Antiderivative was successfully verified.
[In] Int[Sqrt[x]*Cos[a + b*x~(1/3)]72,x]

[Out] (315*x7(1/6))/(256%b~4) - (21*x7(5/6))/(16%b~2) + x~(3/2)/3 - (315*x~(1/6)*
Cosl[a + b*x7(1/3)]172)/(128xb~4) + (21*x~(5/6)*Cos[a + b*x~(1/3)]172)/(8*b~2)

+ (315*%Sqrt [Pi]*Cos [2*a]l *FresnelC[(2*Sqrt [b]*x~(1/6))/Sqrt[Pi]])/(512%b~ (9

/2)) - (315%Sqrt[Pi]*FresnelS[(2*Sqrt[b]l*x~(1/6))/Sqrt[Pi]]*Sin[2*a])/(512%
b~(9/2)) - (105%Sqrt[x]*Cos[a + b*x~(1/3)]1*Sin[a + b*x~(1/3)])/(32%b~3) + (
3xx~(7/6)*Cos[a + b*x~(1/3)]1*Sin[a + b*x~(1/3)]1)/(2%Db)

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 3304

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[dxe - cxf, 0]

Rule 3305

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQl[{c, 4, e, f}
, x] && ComplexFreeQ[f] && EqQ[dxe - cx*f, 0]

Rule 3306

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*e - c*f)/d], Int[Sin[(cxf)/d + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
xe - cxf)/d], Int[Cos[(cxf)/d + f*x]/Sqrtlc + d*x], x], x] /; FreeQ[{c, d,
e, £}, x] && ComplexFreeQ[f] && NeQ[dxe - cxf, 0]

Rule 3311

Int[((c_.) + (@_)*(x)) " (m )*x((b_.)*sin[(e_.) + (f_.)*(x )])"(n_), x_Symbo
1] :> Simp[(d*m*(c + d*x)~(m - 1)*(b*Sin[e + f*x])"n)/(£f72*n"2), x] + (Dist
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[(b"2%(n - 1))/n, Int[(c + d*xx) m*(b*Sinf[e + f*x])~(n - 2), x], x] - Dist[(
d"2xmx(m - 1))/(£72%n"2), Int[(c + d*x)"(m - 2)*(b*Sin[e + f*x])"n, x], x]

- Simp[(b*(c + d*x) “m*Cos[e + f*xx]*(bxSin[e + fxx])"(n - 1))/(f*n), x]) /;

FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, 1]

Rule 3312

Int[((c_.) + (d_)*(x_)) " (m_)*sin[(e_.) + (f_.)*(x_)]1"(n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sin[e + f*x]°n, x], x] /; FreeQ[{c, d, e, f
, m}, x] && IGtQ[n, 1] && ( !'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 1]))

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3416

Int[((a_.) + Cos[(c_.) + (d_)*(x_)"(n_)I*(_.)) " (p_.)*(x_)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x " (k*(m + 1) - 1)*x(a +
b*xCos[c + d*x~(k*n)])"p, x], x, x~(1/k)], x]]1 /; FreeQ[{a, b, c, d, m}, x]
&& IntegerQ[p] &% FractionQ[n]

Rubi steps

f\/& cos? (a + b\S/E) dx = 3 Subst (fx7/2 cos?(a + bx) dx, x, \3’/;)

~ 21x%6 cos? (a + b\%) 3x7/° cos (a + b\%) sin (a + b\%) 3

— - 7/2
302 + b + > Subst (fx dx,
x32  315+/x cos? (a + b\%) 21x%6 cos? (a + b{’/E) 105+4/x cos (a + b\3/§) i
=3 128" * 82 N
21256 432 315+/x cos? (a + b{’/?) 21x%6 cos? (a + b{’/?) 105+4/x cos (a
“ T Te T3 T 128" * 802 B
3159 21x%6 132  315x cos? (a+bx) 21x%cos? (a+bx) 105y
= 56kt 162 T 3 12867 * 82 B
315¢% 2196 12 3154 cos? (a+byx) 21x%cos? (a+byx) 105y
= 5kt 162 T 3 12867 * 82 B
3159  21x%6 12 315{x cos? (a+byx) 21x%°cos? (a+byx) 105y
= 25ert 1602 T 3 12804 * 82 B

_315¢x 21496 332 315/x cos’ (a + b\S/E) 21x%6 cos? (a + b\"’/})

= - + +
256b* 162 3 128b* 8b2

Mathematica [A] time = 0.44, size = 148, normalized size = 0.68

2Vb {x (63 (16b%x2 ~15) cos (2 (a + b/x )) + 4b/x (9 (1662273 - 35) sin (2 (a + b/x )) + 64b°x)) + 945/~

1536012
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Antiderivative was successfully verified.

[In] Integrate[Sqrt[x]*Cos[a + b*x~(1/3)]72,x]

[Out] (945*Sqrt[Pi]*Cos[2*a]*FresnelC[(2*Sqrt[b]l*x~(1/6))/Sqrt[Pi]] - 945*Sqrt[Pi
1*FresnelS[(2%Sqrt [bl*x~(1/6))/Sqrt [Pi]]*Sin[2*a] + 2*Sqrt[bl*x~(1/6)* (63*(

-15 + 16%b~2*xx”(2/3))*Cos[2*(a + b*x~(1/3))] + 4*b*xx™(1/3)*(64*b~3*x + 9*(-

35 + 16%b~2%x~(2/3))*Sin[2x(a + b*x~(1/3))1)))/(1536%b~(9/2))

fricas [A] time = 0.73, size = 144, normalized size = 0.66

3 5 1 1 5
512 b5x2 — 2016 b3x6 + 945 n\/g cos (2a)C (2 xa\/g ) — 945 n\/g S (2 xg\/g ) sin (2a) + 252 (16 B35 —1
1536 65

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(atb*x~(1/3))72,x, algorithm="fricas")

[Out] 1/1536*(512xb~5*x~(3/2) - 2016%b~3*x~(5/6) + 945xpixsqrt(b/pi)*cos(2*xa)*fre
snel_cos(2xx~(1/6)*sqrt(b/pi)) - 945*pix*sqrt(b/pi)*fresnel_sin(2+x~(1/6)*sq
rt(b/pi))*sin(2xa) + 252%(16%b~3*x~(5/6) - 1bxb*x~(1/6))*cos(b*x~(1/3) + a)
T2 + 144%(16%b74xx”(7/6) - 3b5%b72xsqrt(x))*cos(b*x~(1/3) + a)*sin(b*xx~(1/3)
+ a) + 1890xb*x~(1/6))/b"5
giac [C] time = 0.45, size = 176, normalized size = 0.81
1

7 5 1 [2ibx3+2ia
3(641' b3xé —112b%x6 — 140i by/x +105 xé)e
- 512 % 512 b4

7 5 1
) 3(—64ib3x5 —112?x6 +140i by/x +105 x5

3
2

X

Q=

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(atb*x~(1/3))72,x, algorithm="giac")

[Out] 1/3*x7(3/2) - 3/512*%(64*Ixb~3*x~(7/6) - 112*%b~2*x~(5/6) - 140%I*b*sqrt(x) +
105*%x~(1/6) ) *xe~ (2*%I*xb*xx~(1/3) + 2*Ixa)/b~4 - 3/512*%(-64xI*b~3*xx~(7/6) - 11
2xb~2xx7(5/6) + 140*Ixb*sqrt(x) + 105%xx~(1/6))*e” (-2xI*xb*x~(1/3) - 2xI*a)/b

~4 - 315/1024xsqrt (pi)*erf (-sqrt (b)*x~(1/6)*(-I*b/abs(b) + 1))*e~(2xI*a)/ (b
~(9/2)*(-Ixb/abs(b) + 1)) - 315/1024x*sqrt(pi)*erf (-sqrt(b)*x~(1/6)*(I*b/abs

(®) + 1))*e~(-2*Ixa)/(b~(9/2)*(I*b/abs(b) + 1))

maple [A] time = 0.06, size = 145, normalized size = 0.67

[

2x

x% COS[Za-%—be:l’)] \/7; [cos(Zﬂ) FresnelC[ \fb ]sin(Zn)S[

+

Bl

15| - ym

[o )
<
N G

1
5 1 5% sin[2u+2bx3]
x6 cos|2a+2bx3 :
16b 16b

21| - m + .
, 7 1
3 3x6 sin (Za +2b xS)
EN T B 4D

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(1/2)*cos(a+b*x~(1/3))"2,x)

[Out] 1/3%x~(3/2)+3/4/b*x~(7/6)*sin(2%a+2xbxx~(1/3))-21/4/b*x(-1/4/b*xx~(5/6)*cos (2
*a+2xb*xx~(1/3))+5/4/b*x(1/4/b*xx”~ (1/2) *sin(2*a+2*xbxx~(1/3))-3/4/b*(-1/4/b*x" (
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1/6) *cos (2*%a+2xb*x~(1/3))+1/8/b~(3/2) *Pi~ (1/2)*(cos (2*a) *FresnelC(2*xx~ (1/6)
*b~(1/2)/Pi~(1/2))-sin(2*a) *FresnelS(2*xx~(1/6)*b~(1/2)/Pi~(1/2))))))

maxima [C] time = 1.24, size = 137, normalized size = 0.63

3 1 1
4096 boxZ — 4142 /1t (((9451’ — 945) cos (2 a) + (945i + 945) sin (2 a)) erf (\/21' b x5) + (— (945i + 945) cos (24

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(a+b*x~(1/3))72,x, algorithm="maxima")

[Out] 1/12288%(4096*b~6*x~(3/2) - 47 (1/4)*sqrt(2)*sqrt(pi)*(((945*%I - 945)*cos (2%
a) + (945%I + 945)*sin(2*a))*erf (sqrt(2*I*xb)*x~(1/6)) + (-(945*I + 945)*cos

(2%a) - (945+I - 945)*sin(2*a))*erf (sqrt(-2xI*b)*x~(1/6)))*b~(3/2) + 1008*(
16%b~4*x~(5/6) - 15xb~2%x~(1/6))*cos(2%¥bxx~(1/3) + 2*a) + 576x(16*b~5*xx~(7/

6) - 35%b"3*sqrt(x))*sin(2xb*x~(1/3) + 2*a))/b"6

mupad [F] time = 0.00, size = -1, normalized size = -0.00
2
f\/E Cos (a + bx1/3) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(1/2)*cos(a + b*x~(1/3))"2,x)
[Out] int(x~(1/2)*cos(a + b*xx~(1/3))"2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f\ﬂ cos? (a + b\s/})dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(1/2)*cos(a+bxx*x(1/3))**2,x)

[Out] Integral(sqrt(x)*cos(a + b*x**x(1/3))**2, x)
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3.57 dx

cos? a+b%/§
et

Optimal. Leaf size=102

v sin@ac (BE) sy cosaas () 34T 20+ 435)
SHP 8b372 1

PV

[Out] 3/4*xx~(1/6)*sin(2*xa+2*xb*x~(1/3))/b-3/8*cos(2*a)*FresnelS(2*x~(1/6)*b~(1/2)/
Pi~(1/2))*Pi~(1/2)/b~(3/2)-3/8*FresnelC(2*xx~(1/6)*b~(1/2)/Pi~(1/2))*sin(2*a
)*Pi~(1/2) /b~ (3/2)+x~(1/2)

Rubi [A] time = 0.17, antiderivative size = 102, normalized size of antiderivative
= 1.00, number of steps used = 9, number of rules used = 8, integrand size = 18,

number of rules _ 0.444, Rules used = {3416, 3312, 3296, 3306, 3305, 3351, 3304, 3352}

integrand size

_Bﬁ sin(2a)FresnelC (2\/3;/;) ) 3+/1t cos(24)S (2\/55/;) . 3¢x sin (2 (a + 5\3/;)) .
8132 8b3/2 4b

Vx

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~(1/3)]172/Sqrt[x],x]

[Out] Sqrtlx] - (3*Sqrt[Pi]*Cos[2*al*FresnelS[(2*Sqrt[bl*x~(1/6))/Sqrt[Pil])/(8*Db
~(3/2)) - (3*Sqrt[Pi]*FresnelC[(2*Sqrt[b]l*x~(1/6))/Sqrt[Pi]]*Sin[2x*a])/(8%*b
~(3/2)) + (3*x~(1/6)*3in[2%(a + bxx~(1/3))]1)/(4%*b)

Rule 3296

Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cosl[e + fx*xx])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 3304

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[dxe - cxf, 0]

Rule 3305

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQl[{c, d, e, f}
, x] && ComplexFreeQ[f] && EqQ[d*e - cx*f, 0]

Rule 3306

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*e - c*f)/d], Int[Sin[(cxf)/d + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
xe - cxf)/d], Int[Cos[(cxf)/d + f*x]/Sqrtlc + d*x], x], x] /; FreeQ[{c, d,
e, £}, x] && ComplexFreeQ[f] && NeQ[dxe - cxf, 0]

Rule 3312

Int[((c_.) + (d_)*(x_)) " (m_)*sin[(e_.) + (f_.)*(x_)]1"(n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sin[e + f*x]°n, x], x] /; FreeQ[{c, d, e, f
, m}, x] && IGtQ[n, 1] && ( !'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 1]))

Rule 3351
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Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)]1)/(f*Rt[d, 21), x] /; FreeQ[{d, e, f}, x]

Rule 3416

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_ )" (n )]*(b_.))"(p_)*(x)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x"(kx(m + 1) - 1)x(a +
b*Cos[c + d*x~(k*n)])"p, xJ, x, x~(1/k)], x]] /; FreeQ[{a, b, c, d, m}, x]
&& IntegerQ[p] && FractionQ[nl]

Rubi steps

2 3
fcos (i/—; bﬁ) dx = 3 Subst (f\/} cos?(a + bx) dx, x, \3/;)

2

3
=Vx+o Subst (f\/E cos(2a + 2bx) dx, x, \S/E)
in(2a+2bx)
3vx sin(Z (a + be/})) 3SUbSt(f$dx,x,\3’/§)

1
= 3 Subst (f (ﬂ + > x cos(2a + 2bx)) dx, x, 3/;)

= Ve 4b } 8b
34 sin (2(a + b)) (Bcos(2a)) Subst ( [ 28 g, x, {/E) (3 sin(24)) St
X + - -
2b 8
3+/x sin (2 (a + by/x )) (3 cos(2a)) Subst ( f sin (bez) dx, x, \6/5) (3sin(2a
X + - -
1b 1b
3T cos(2a)S (fo) 3R C (2@%)sm(2a) 34 sin (2 (a + b))
=V - 80372 - 86372 i 4

Mathematica [A] time = 0.18, size = 103, normalized size = 1.01

~3+/7 sin(2a)C (2\/_ \/_) 34/ cos(2a)S (2\/_\/—) 2vVb fx (3 sm( (a + b\%)) + 4b\3/§)

\/_
8H3P2

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~(1/3)]°2/Sqrt[x],x]

[Out] (-3*Sqrt[Pi]*Cos[2*a]*FresnelS[(2*Sqrt[b]*x~(1/6))/Sqrt[Pi]] - 3*Sqrt[Pi]*F
resnelC[(2+Sqrt [b]*x~(1/6))/Sqrt [Pi]]*Sin[2*a] + 2*Sqrt[b]l*x~(1/6)* (4*b*xx"(
1/3) + 3*Sin[2*(a + bxx~(1/3))]1))/(8%b~(3/2))

fricas [A] time = 1.47, size = 90, normalized size = 0.88

1 1 1 1
371[ cos(2a)S(2x6\/g) +37I\/g(3(2xg\/g)sin(Za)—beg cos(bx§ +a)sin(bx5 +a) - 8b%/x

812

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cos(a+b*x~(1/3))72/x7(1/2),x, algorithm="fricas")

[Out] -1/8%(3*pi*sqrt(b/pi)*cos(2*a)*fresnel sin(2xx~(1/6)*sqrt(b/pi)) + 3*pix*sqr
t(b/pi)*fresnel cos(2*x~(1/6)*sqrt(b/pi))*sin(2*a) - 12xb*x~(1/6)*cos (b*x~(

1/3) + a)*sin(b*x~(1/3) + a) - 8*b~2*sqrt(x))/b~2

giac [C] time = 0.53, size = 124, normalized size = 1.22
L L - , Ll
3i x%e[Zsz3+21a] 3ix%e[—21bx3—2m) 3 \/% erf (_\/Exg (_h + 1)) e(21a) 3i \/E erf (_\/Exg(ll?' + 1)) e(
Var- 8b " 8b - VT, " 3 (ib
16b2(—m +1) 16b2(m +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))72/x~(1/2),x, algorithm="giac")

[Out] sqrt(x) - 3/8%I*x~(1/6)*e” (2xIxbxx~(1/3) + 2xI*xa)/b + 3/8*I*x"(1/6)*e” (-2%*I
*xb*x~(1/3) - 2xI*a)/b - 3/16%Ixsqrt(pi)*erf (-sqrt(b)*x~(1/6)*(-Ixb/abs(b) +

1)) *e~(2xI*a)/ (b~ (3/2)*(-I*b/abs(b) + 1)) + 3/16*I*sqrt(pi)*erf(-sqrt(b)*x
~(1/6)*(I*b/abs(b) + 1))*e” (-2xIxa)/ (b~ (3/2)*(I*b/abs(b) + 1))

maple [A] time = 0.06, size = 67, normalized size = 0.66

1 1
3x% sin (Za + b x%) 3\ (cos (22)S (2;(35\/13] + sin (24) FresnelC (zxjﬁ\/l; ]]

Va 1D

3
8b2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x~(1/3))"2/x~(1/2),x)

[Out] x~(1/2)+43/4xx~(1/6)*sin(2*a+2xb*xx~(1/3))/b-3/8/b~(3/2)*Pi~(1/2)*(cos(2*a) *F
resnelS(2*xx~(1/6)*b~(1/2) /Pi~(1/2))+sin(2*a)*FresnelC(2*xx~(1/6)*b~(1/2) /Pi~

(1/2)))

maxima [C] time = 1.27, size = 95, normalized size = 0.93

42\5 \r ((— (3i +3) cos(2a) + (3i — 3) sin(2a)) erf (\/21_17 x%) + ((3i = 3) cos (2a) — (3i + 3) sin(2a)) erf
64 b3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))72/x~(1/2),x, algorithm="maxima")

[Out] 1/64%(47(1/4)*sqrt(2)*sqrt(pi)*((-(3*I + 3)*cos(2%a) + (3*I - 3)*sin(2*a))=*
erf (sqrt (2xI*b)*x~(1/6)) + ((3*I - 3)*cos(2*a) - (3*I + 3)*sin(2*a))*erf(sq

rt (-2%xIxb)*x~(1/6)))*b~(3/2) + 64*b~3*sqrt(x) + 48%b~2xx~(1/6)*sin(2xb*x~ (1

/3) + 2%a))/b~3

mupad [F] time = 0.00, size = -1, normalized size = -0.01

dx

cos (a + bxl/S)2
=%

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~(1/3))"2/x~(1/2),%)
[Out] int(cos(a + b*xx~(1/3))"2/x~(1/2), x)



sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

cos? (a + bf/})
=

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+bxx**(1/3))**2/x**(1/2) ,x)

[Out] Integral(cos(a + bxx**(1/3))**2/sqrt(x), x)
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3.58 dx

Optimal. Leaf size=116

cos? a+b%/§
[ (a+0¥x)

32

o 6 2 b 3 bsi b 3
8\ b2 cos(2a)C (2\/5%\/5 J+8\/E P2 sin(20)S (2\/3%/; )_2 cos (\L;; Vx) , Bbsin (a+ \/2—:08 (a+

[Out] 8#*b*cos(a+b*x~(1/3))*sin(a+b*xx~(1/3))/x~(1/6)-8*%b~(3/2)*cos(2*a)*FresnelC(2
*x~(1/6)*b~(1/2) /Pi~(1/2))*Pi~(1/2)+8*b~ (3/2) *FresnelS(2xx~ (1/6)*b~(1/2) /Pi
~(1/2))*sin(2*a)*Pi~(1/2)-2*xcos(a+b*x~(1/3))"2/x"(1/2)

Rubi [A] time = 0.19, antiderivative size = 116, normalized size of antiderivative
= 1.00, number of steps used = 10, number of rules used = 9, integrand size = 18,
M = 0.500, Rules used = {3416, 3314, 30, 3312, 3306, 3305, 3351, 3304, 3352}
integrand size
2V {x
N

2\/5%)_2@52 (a+b\3/§)+8bsin(a+b\3/§)(
RS =

—8+/1 b3 cos(2a)FresnelC [ )+8\/E b%? sin(2a)S [
Antiderivative was successfully verified.
[In] Int[Cosl[a + bxx~(1/3)]172/x7(3/2),x]

[Out] (-2*Cos[a + b*x~(1/3)]172)/Sqrt[x] - 8%b~(3/2)*Sqrt[Pi]*Cos[2*a]*FresnelC[(2
*xSqrt [b] *x~(1/6))/Sqrt [Pi]] + 8*b~(3/2)*Sqrt [Pi] *FresnelS[(2xSqrt [b]*x~(1/6
))/Sqrt[Pi]]1#Sin[2*a] + (8*b*Cos[a + b*x~(1/3)]*Sin[a + bxx~(1/3)]1)/x~(1/6)

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 3304

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[dxe - cxf, 0]

Rule 3305

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQl[{c, d, e, f}
, x] && ComplexFreeQ[f] && EqQ[dxe - cx*f, 0]

Rule 3306

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*e - c*f)/d], Int[Sin[(cxf)/d + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
xe - cxf)/d], Int[Cos[(cxf)/d + f*x]/Sqrtlc + d*x], x], x] /; FreeQ[{c, d,
e, £}, x] && ComplexFreeQ[f] && NeQ[dxe - cxf, 0]

Rule 3312

Int[((c_.) + (@_)*(x)) " (m )*sin[(e_.) + (f_.)*(x_ )] (n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sin[e + f*x]°n, x], x] /; FreeQl[{c, d, e, £
, mr, x] && IGtQ[n, 1] && ( 'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 1]1))

Rule 3314
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Int[((c_.) + (@_)*(x)) " (m )*x((b_.)*sin[(e_.) + (f_.)*(x )])"(n_), x_Symbo
1] :> Simp[((c + d*x)~(m + 1)*(bxSin[e + fx*x])"n)/(d*x(m + 1)), x] + (Dist[(
b 2*xf"2%nx(n - 1))/(d"2*%(m + 1)*(m + 2)), Int[(c + d*x)"(m + 2)*(b*Sin[e +
fxx])"(n - 2), x], x] - Dist[(£f72*n"2)/(d"2*x(m + 1)*(m + 2)), Int[(c + dx*x)
“(m + 2)*(b*Sin[e + f*x])"n, x], x] - Simp[(b*f*n*(c + d*x)~(m + 2)*Cos[e +
f*x]*(bxSinfe + f*x])~(n - 1))/(d™2x(m + 1)*(m + 2)), x]) /; FreeQ[{b, c,
d, e, £}, x] && GtQ[n, 1] && LtQ[m, -2]

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)1)/(fxRt[d, 21), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pil*Rt[d, 2]*(e + f*xx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3416

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_ )" (n_)]*(b_.))"(p_)*(x)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x"(k*(m + 1) - 1)x(a +
b*Cos[c + d*x~(k*n)])"p, x], x, x~(1/k)], x1] /; FreeQ[{a, b, c, d, m}, x]
&& IntegerQ[p] && FractionQ[nl]

Rubi steps

cos?(a+0b 2
f ( \/— dx = BSubst( COS (a+bx) x,x,%)
(a

32
2cos2 +b\/_) 8bcos(a+b\/_)sm(a+b\/_)
x Vx

(8[92) Subst ( f % dx, x, \3/3—6

_ 1624 - 2 cos? (\a/_+ bf/}) .\ 8b cos (a + bf/;c_/)sin (a + bxe’/;) ~ (16b2) Subst (f(z—
x x A

2 cos? (a + b\S/E) 8b cos (a + b\s/i) sin (a + b%) cos(2a + 2bx’
=— + — (8b?) Subst ( f =
2cos? (a+b+x) 8bcos(a+by/x)sin(a+ byx 2
=_ (\/E ) + ( \‘7% ( ) - (8b2 cos(2a)) Subst ( f COS\/)_(

2 3 3 . 3
_ _2 cos (:;; b\/E) . 8b cos (a + b\/\i_c/%sm (a + b\/E) _ (16b2 cos(Za)) Subst (f cos(

\/_

Mathematica [A] time = 0.25, size = 116, normalized size = 1.00

SV sin@)s (20 ) + 469 sin (2 (a-+ b9K)) — cos (2 (a + 03K -
Vx

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*xx~(1/3)]172/x"(3/2),x]

—8+/1t b*2 cos(2a)C (

__2cos? (a-+b3x) - 8b324/nt cos(Za)C( o ] bS/Z\/_S( \/‘;—\/_ ) e + _

2b
=




213

[Out] -8%b~(3/2)*Sqrt[Pi]*Cos[2*a]*FresnelC[(2*Sqrt[bl*x~(1/6))/Sqrt[Pi]l] + (-1 -
Cos[2x(a + b*x~(1/3))] + 8*b~(3/2)*Sqrt [Pi]*Sqrt [x]*FresnelS[(2*Sqrt [b]*x~
(1/6))/8qrt [Pi]l1*Sin[2*a] + 4xb*x~(1/3)*Sin[2*(a + b*x~(1/3))])/Sqrt [x]

fricas [A] time = 0.87, size = 100, normalized size = 0.86

1 1 5 1 1
2(4nbx\/g cos(2a)C(2x3\/g) —4nbx\/§ S(ng\/g)sin(Za) — 4 bx6 cos (bx5 + a) sin(bx5 + a) +

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))72/x7(3/2),x, algorithm="fricas")

[Out] -2*(4*pixb*x*sqrt(b/pi)*cos(2*a)*fresnel cos(2*x~(1/6)*sqrt(b/pi)) - 4*pix*b
xx*sqrt (b/pi)*fresnel_sin(2*x~(1/6)*sqrt(b/pi))*sin(2*a) - 4xb*x~(5/6)*cos(
bxx~(1/3) + a)*sin(b*x~(1/3) + a) + sqrt(x)*cos(b*x~(1/3) + a)~2)/x

time = 0.00, size = 0, normalized size = 0.00

J

Verification of antiderivative is not currently implemented for this CAS.

giac [F]
1 2
cos (bx5 + a)

dx

NI

X

[In] integrate(cos(a+bxx~(1/3))"2/x7(3/2),x, algorithm="giac")

[Out] integrate(cos(b*x~(1/3) + a)~2/x~(3/2), x)

time = 0.06, size = 87, normalized size = 0.75

maple [A]
2a+2b % inl2a +2b % 1 1
1 cos(a+ x) sm(a x) 275V 2y
-— —4b| - - +2Vb v/t | cos (2a) FresnelC x_\/_ —sin(2a)S i
W . v v

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x~(1/3))"2/x"(3/2),x)

[Out] -1/x"(1/2)-1/x"(1/2)*cos(2*a+2*xbxx~(1/3))-4*b*x(-1/x"(1/6)*sin(2*a+2*xb*xx~(1/
3))+2xb~(1/2)*Pi~(1/2)*(cos (2%a) *FresnelC(2xx~(1/6)*b~(1/2)/Pi~(1/2))-sin(2

*a) *FresnelS(2*x~(1/6)*b~(1/2)/Pi~(1/2))))

maxima [C] time = 1.30, size = 87, normalized size = 0.75

V2 (((31’ ~3) V2T (—g,zi bxé) —(3i+3) V2T (—g —2i bx§)) cos (2a) + ((31’ +3) V2T (—g,zi bxé) — (3i-
_ e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))72/x7(3/2),x, algorithm="maxima")

[Out] -1/4%(sqrt(2)*(((3*I - 3)*sqrt(2)*gamma(-3/2, 2*I*bxx~(1/3)) - (3*I + 3)*sq
rt(2)*gamma (-3/2, -2*I*xbxx~(1/3)))*cos(2*a) + ((3*I + 3)*sqrt(2)*gamma(-3/2

, 2xIxbxx~(1/3)) - (3*I - 3)*sqrt(2)*gamma(-3/2, -2*xIxb*x~(1/3)))*sin(2*a))

*xsqrt (bxx~(1/3) ) *b*x~(1/3) + 4)/sqrt(x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

X

oS (a + bx1/3)2
f x3/2 4



Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*xx~(1/3))"2/x~(3/2),x)
[Out] int(cos(a + b*x~(1/3))~2/x~(3/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f cos? (a + b\s/i)
©

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+bxx**(1/3))**2/xx*(3/2),%)
[Out] Integral(cos(a + bxxx*(1/3))**2/x*x(3/2), x)

214
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3.59 dx

Optimal. Leaf size=228

cos? a+b%/§
[ (a+0¥x)

512

3 .
2 2 e DVE LI o oy [ 2V | 5120 cos” (o + DY) 12817 sinfa b
315 Vo ) 315 \r 315+/x 31

[Out] -16/105%b~2/x~(5/6)+256/315%b"4/x~(1/6)-2/3*cos(atb*x~(1/3))"2/x~(3/2)+32/1
05%b~2*cos (a+b*x~(1/3))"2/x"(5/6)-512/315%b~4*cos (a+b*x~(1/3))"2/x"(1/6)+8/
21xbxcos (a+b*x~(1/3))*sin(a+b*x~(1/3))/x~(7/6)-512/315%b~ (9/2) *cos (2*a) *Fre
snelS(2*x~(1/6)*b~(1/2)/Pi~(1/2))*Pi~(1/2)-512/315%b~(9/2) *FresnelC(2*x~(1/
6)*b~(1/2)/Pi~(1/2))*sin(2*a)*Pi~(1/2)-128/315%b"3*cos(a+b*x~(1/3))*sin(a+b
*x~(1/3))/x~(1/2)

Rubi [A] time = 0.25, antiderivative size = 228, normalized size of antiderivative
= 1.00, number of steps used = 12, number of rules used = 10, integrand size = 18,

number of rules _ ) 556, Rules used = {3416, 3314, 30, 3313, 12, 3306, 3305, 3351, 3304, 3352}

integrand size

512
I \/1 b2 sin(2a)FresnelC

2Vb ¥ 12 2/b € 322 cos? (a + by/x ) 512b* cos
[ \/_\/;]—5—\/5199/%05(2@5( \/_\/;]+ ( \/—)_
T

yr ] 315 N 105x5/6 3]

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~(1/3)]172/x7(5/2),x]

[Out] (-16%b~2)/(105%x~(5/6)) + (256%b~4)/(315xx~(1/6)) - (2xCos[a + b*x~(1/3)]172
)/ (3*x~(3/2)) + (32xb~2*Cos[a + b*x~(1/3)]172)/(105*x~(5/6)) - (512%b~4*Cos[

a + bxx~(1/3)]172)/(315%xx~(1/6)) - (512*b~(9/2)*Sqrt [Pi]*Cos[2*a] *FresnelS[(
2x3qrt [b]*x~(1/6))/Sqrt[Pi]]) /315 - (512xb~(9/2)*Sqrt [Pi]*FresnelC[(2xSqrt [
bl*x~(1/6))/Sqrt [Pi]]*Sin[2*a]) /315 + (8*b*Cos[a + b*x~(1/3)]*Sin[a + b*x~(
1/3)1)/(21%x~(7/6)) - (128%b~3*Cos[a + b*x~(1/3)1*Sin[a + b*x~(1/3)])/(315%

Sqrt [x])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQl[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 3304

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[dxe - cxf, 0]

Rule 3305

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQl[{c, d, e, f}
, x] && ComplexFreeQ[f] && EqQ[d*xe - cx*f, 0]

Rule 3306

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*e - c*f)/d], Int[Sin[(cxf)/d + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
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xe - cxf)/d], Int[Cos[(c*f)/d + fxx]/Sqrtlc + d*x], x], x] /; FreeQl{c, d,
e, £}, x] &% ComplexFreeQ[f] && NeQ[d*e - cxf, 0]

Rule 3313

Int[((c_.) + (d_)*(x))"(m_)*sin[(e_.) + (f_.)*(x_)]1"(n_), x_Symbol] :> Si

mp[((c + d*x)~(m + 1)*Sin[e + fxx]"n)/(d*(m + 1)), x] - Dist[(f*n)/(d*(m +
1)), Int[ExpandTrigReducel[(c + d*x)"(m + 1), Cos[e + f*x]*Sin[e + f*x] (n -
1), x], x], x] /; FreeQ[{c, d, e, f, m}, x] && IGtQ[n, 1] && GeQ[m, -2] &&
LtQ[m, -1]

Rule 3314

Int[((c_.) + (d_.)*(x_)) " (m_)*((b_.)*sin[(e_.) + (f_.)*x(x_)]1)"(n_), x_Symbo
1] :> Simp[((c + d*x)"(m + 1)*(b*Sin[e + f*x])"n)/(d*(m + 1)), x] + (Dist[(
b 2xf"2xn*x(n - 1))/(d"2%(m + 1)*(m + 2)), Intl[(c + d*x)"(m + 2)*(bxSinle +

fxx])"(n - 2), x], x] - Dist[(£f72*xn"2)/(d"2*%(m + 1)*(m + 2)), Int[(c + dx*x)
“(m + 2)*(b*Sinle + f*x])7n, x], x] - Simp[(b*f*n*(c + d*x)~(m + 2)*Cos[e +
fxx]*(bxSinle + fxx])"(n - 1))/(@ 2*(m + V*(m + 2)), x]) /; FreeQ[{b, c,

d, e, £}, x] && GtQ[n, 1] && LtQ[m, -2]

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
18[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 21), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*x((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pil*Rt[d, 2]*(e + fxx)1)/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3416

Int[((a_.) + Cos[(c_.) + (d_)*(x )" (@ )I*Mm_.))"(p_)*x)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x " (k*(m + 1) - 1)*(a +
b*xCos[c + d*x~(k*n)])"p, x], x, x~(1/k)], x]] /; FreeQ[{a, b, c, d, m}, x]
&& IntegerQ[p] && FractionQ[n]

Rubi steps
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cos? (a + bi/x 2
f ( \/—)dx=38ubst(fwdx,x,\3/§)

572 1172
2 cos? (a + bi/x 8bcos (a + b/x ) sin (a + by/x
_ 3(x3/2 i), ( ;/1;)7/6 (o:+63x) +21—1(8b2)8ubst(fﬁdx,
1602 2cos? (a + b\'j/;) 32b? cos? (a + b\S/E) 8b cos (a + bf/;) sin (a +b
BT A Y R TV P " 212776
16b2 o564 2cos? (a + b\S/E) 32b? cos? (a + b%) 512b* cos? (a +b
T T1050% 315k 3aR 10556 3154
16b2 564 2cos? (a + bf/}) 32b? cos? (a + b%) 512b* cos? (a +b
T R T v R TV - R 3154
162 756h% 2 cos? (a + b\3/§ ) 32b? cos? (a + b\3/§ ) 512b* cos? (a +b
= 7105556 T 3159% 32372 * 105x5/6 - 315+/x
16b2 256t 2cos? (a + bi/x ) 32b? cos? (a + bi/x ) 512b* cos? (a +b
TT105656 T 3sgx . w2 10s0k 3154
16b2 256t 2cos? (a + b\S/E) 32b? cos? (a + b\S/E) 512b* cos? (a +b
TTI050% 3159k 302 ' 105wk 3154

Mathematica [A] time = 0.27, size = 185, normalized size = 0.81

6 6
5124/ 92232 sin(2a)C (2%7&) _ 512/ b%2x32 cos(24)S (MTW) — 25604245 cos (2 (a + by )) - 64b
315

Antiderivative was successfully verified.

[In] Integrate[Cosl[a + b*x~(1/3)]172/x"(5/2),x]

[Out] (-105 - 105%Cos[2*(a + b*x~(1/3))] + 48%b~2%x~(2/3)*Cos[2*(a + b*x~(1/3))]
- 256%b~4x*x~(4/3)*Cos[2*(a + bxx~(1/3))] - 512%b~(9/2)*Sqrt [Pi]*x~(3/2)*Cos
[2%a] *FresnelS[(2*Sqrt [b]*x~(1/6))/Sqrt[Pi]] - 512%b~(9/2)*Sqrt [Pi]*x~(3/2)
xFresnelC[(2*Sqrt [b]l*x~(1/6))/Sqrt [Pi]]*Sin[2*a] + 60*b*x~(1/3)*Sin[2*(a +
bxx~(1/3))] - 64xb~3*x*Sin[2*(a + b*x~(1/3))]1)/(315%xx~(3/2))

fricas [A] time = 0.86, size = 154, normalized size = 0.68

1 1 11 7
2 (256 nb4x2\/g cos(2a)S (2 xg\/g) + 256 nb4x2\/§ C (2 G \/g) sin (2a) — 128 b4x® + 24 b2x6 + (256
315 22

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))"2/x~(5/2),x, algorithm="fricas")

[Out] -2/315%(256*pi*b~4*x~2*xsqrt(b/pi)*cos(2*a)*fresnel sin(2*x~(1/6)*sqrt(b/pi)
) + 256%pixb~4*x"2*sqrt(b/pi)*fresnel cos(2*x~(1/6)*sqrt(b/pi))*sin(2*a) -
128*%b~4*x~(11/6) + 24%b~2xx~(7/6) + (256*%b~4*x~(11/6) - 48%b~2xx~(7/6) + 10
5xsqrt (x))*cos(b*x~(1/3) + a)~2 + 4*x(16%b~3*x~(3/2) - 15%b*x~(5/6))*cos(b*x
~(1/3) + a)*sin(b*x~(1/3) + a))/x"2

giac [F] time = 0.00, size = 0, normalized size = 0.00

1 2

cos (bx5 + a)
[l s

X2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))72/x7(5/2),x, algorithm="giac")
[Out] integrate(cos(b*x~(1/3) + a)~2/x~(5/2), x)

maple [A] time = 0.06, size = 146, normalized size = 0.64

1
cos[Za +2bx3
4b

1 - ] —2+b V7t | cos(2a)S
sin[2a+2b x3 ] X
4b| - + 3

3yx

1
2¢6 Vb
W

]+sin(2

A=

1
Cos[2a+2b x3 ]
4b| - - 3
5x

[e){}é,]

1
sin(2a+2b x3 )
4b| - + -
7x

[o{RN]

1
1 cos (Za +2b x§)
- . _
3x2 3x2 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x~(1/3))"2/x~(5/2),x)

[Out] -1/3/x"(3/2)-1/3/x"(3/2)*cos(2xa+2xbxx~(1/3))-4/3xb*x(-1/7/x"(7/6) *sin(2*a+2
*bxx~(1/3))+4/Txbx(-1/5/x~(5/6) *cos (2*a+2xb*xx~ (1/3) )-4/5*b* (-1/3/x~(1/2) *si
n(2*xa+2xbxx~(1/3))+4/3*b*(-1/x"(1/6) *cos (2*a+2*b*x~(1/3) ) -2xb~(1/2)*Pi~(1/2
)*(cos(2*a) *FresnelS(2*x~(1/6)*b~(1/2) /Pi~(1/2))+sin(2*a)*FresnelC(2*x~(1/6
)*¥b~(1/2)/Pi~(1/2)))))))

maxima [C] time = 1.71, size = 89, normalized size = 0.39

x/E((— (18i +18) V2T (—%,21' bx%) +(18i —18) V2T (—g —2i bxé)) cos(2a) + ((181’ ~18) V2T (—g,zi bx%) -

3x

N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))72/x7(5/2),x, algorithm="maxima")

[Out] 1/3%(sqrt(2)*((-(18*I + 18)*sqrt(2)*gamma(-9/2, 2xIxb*x~(1/3)) + (18I - 18
)*sqrt (2) *gamma (-9/2, -2*%Ixb*x~(1/3)))*cos(2*a) + ((18*I - 18)*sqrt(2)*gamm
a(-9/2, 2*I*xbxx~(1/3)) - (18*I + 18)*sqrt(2)*gamma(-9/2, -2*I*xb*xx~(1/3)))*s
in(2%a))*sqrt (b*x~(1/3) ) *b~4*x~(4/3) - 1)/x~(3/2)



mupad [F] time = 0.00, size = -1, normalized size = -0.00

X

f cos (a + bx1/3)2 ;

512

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~(1/3))"2/x~(5/2),%)
[Out] int(cos(a + b*xx~(1/3))"2/x~(5/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

f cos? (a + b\%)
x5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*x**(1/3))*x2/x*x(5/2) ,%)
[Out] Integral(cos(a + bkx**(1/3))*x2/x**(5/2), x)
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3.60

Optimal. Leaf size=328

2\/5 6x . 2\/5 6x
32768/ b152 cos(2a)C( ﬁ‘f) 32768/ b152 sm(2a)S( ﬁ‘f) 327681 sin (a + b3 ) cos (a + bF)
— - +_
675675 675675 675675/

[Out] -16/715%b~2/x~(11/6)+256/45045%b~4/x~(7/6)-2/5*cos (a+b*x~(1/3))~2/x~(5/2)+3
2/715x%b"2*xcos (a+b*xx~(1/3))"2/x~(11/6)-512/45045*%b"4*cos (a+b*x~(1/3))~2/x~ (7
/6)+8/65*b*cos (a+b*x™ (1/3) )*sin(a+b*x~(1/3))/x"(13/6)-128/6435%b"3*cos (a+b*
x~(1/3))*sin(a+b*x~(1/3))/x~(3/2)+2048/225225*b"5*cos (a+b*x~(1/3) ) *sin(a+b*
x~(1/3))/x~(5/6)-32768/675675*%b"7*xcos (a+b*x~(1/3) ) *sin(a+b*xx~(1/3))/x~(1/6)
+32768/675675%b~ (15/2) *cos (2*a) *FresnelC(2*xx~ (1/6)*b~(1/2) /Pi~(1/2))*Pi~(1/
2)-32768/675675*b~ (15/2) *FresnelS (2*x~(1/6)*b~(1/2) /Pi~(1/2))*sin(2*a) *Pi~ (
1/2)-4096/675675%b"6/x~(1/2)+8192/675675*xb"6*cos (a+b*xx~(1/3))"2/x~(1/2)

Rubi [A] time = 0.35, antiderivative size = 328, normalized size of antiderivative
= 1.00, number of steps used = 16, number of rules used = 9, integrand size = 18,

number of rules _ ),500, Rules used = {3416, 3314, 30, 3312, 3306, 3305, 3351, 3304, 3352}

integrand size

6 6
32768~/ b'%? cos(2a)FresnelC (2\/3%% ) 32768+/m b'%? sin(2a)S (2\/3%‘/; ) 512b* cos2 (a n b%) 3012 cos?

+
675675 675675 45045x7/6 71¢

Antiderivative was successfully verified.
[In] Int[Cosl[a + bxx~(1/3)]172/x"(7/2),x]

[Out] (-16%b~2)/(715%x~(11/6)) + (256%b~4)/(45045%x"(7/6)) - (4096%b"6)/(675675+S
qrt[x]) - (2#Cosl[a + bxx~(1/3)172)/(5*x~(5/2)) + (32%b~2*Cos[a + bxx~(1/3)]
~2)/(715%x~(11/6)) - (512%b~4*Cos[a + b¥x~(1/3)]172)/(45045%x~(7/6)) + (8192
*b~6*%Cos[a + bxx~(1/3)172)/(675675+3qrt [x]) + (32768xb~(15/2)*Sqrt [Pil*Cos[

2xa] *FresnelC[(2xSqrt [b]l*x™~(1/6))/Sqrt [Pil]) /675675 - (32768%b™(15/2)*Sqrt [
Pi]*FresnelS[(2*Sqrt [bl*x~(1/6))/Sqrt[Pil]*Sin[2%al) /675675 + (8xbxCos[a +
b*x~(1/3)]1*Sinla + b*x~(1/3)])/(65%x~(13/6)) - (128%b~3*Cos[a + b*x~(1/3)]*
Sinf[a + b*x~(1/3)1)/(6435%x~(3/2)) + (2048xb~5*Cos[a + b*x~(1/3)]*Sin[a + b
*x~(1/3)])/(225225%x~(5/6)) - (32768*b~7xCos[a + bxx~(1/3)1xSinla + bxx~(1/
3)1)/(675675%x~(1/6))

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 3304

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[dxe - cxf, 0]

Rule 3305

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQl[{c, d, e, f}
, x] && ComplexFreeQ[f] && EqQ[dxe - cx*f, 0]

Rule 3306
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Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*e - c*f)/d], Int[Sin[(cxf)/d + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
xe — c*xf)/d], Int[Cos[(c*f)/d + f*x]/Sqrtlc + dxx], x], x] /; FreeQ[{c, d,
e, £}, x] &% ComplexFreeQ[f] && NeQ[dxe - cxf, 0]

Rule 3312

Int[((c_.) + (d_)*(x_)) " (m_)*sin[(e_.) + (f_.)*(x_)]1"(n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sin[e + f*x]°n, x], x] /; FreeQ[{c, d, e, f
, m}, x] && IGtQ[n, 1] && ( !'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 1]))

Rule 3314

Int[((c_.) + (d_.)*(x_)) " (m_)*((b_.)*sin[(e_.) + (f_.)*(x_)]1)"(n_), x_Symbo
1] :> Simp[((c + d*x)"(m + 1)*(b*Sin[e + f*x])"n)/(d*(m + 1)), x] + (Dist[(
b 2xf"2xn*x(n - 1))/(d"2%(m + 1)*(m + 2)), Intl[(c + d*x)"(m + 2)*(bxSin[e +

fxx])"(n - 2), x], x] - Dist[(£f72*xn"2)/(d"2*%(m + 1)*(m + 2)), Int[(c + dx*x)
“(m + 2)*(b*Sinle + f*x])"n, x], x] - Simp[(b*f*n*(c + d*x)~(m + 2)*Cos[e +
fxx]*(bxSinle + fxx])"(n - 1))/(@ 2*(m + V*(m + 2)), x]) /; FreeQ[{b, c,

d, e, £}, x] && GtQ[n, 1] && LtQ[m, -2]

Rule 3351

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
18[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 21), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pil*Rt[d, 2]*(e + fxx)1)/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rule 3416

Int[((a_.) + Cos[(c_.) + (d_)*(x )" )I*M_.))"(p_)*x)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist([k, Subst[Int[x " (k*(m + 1) - 1)*(a +
b*xCos[c + d*x~(k*n)])"p, x], x, x~(1/k)], x]] /; FreeQ[{a, b, c, d, m}, x]
&& IntegerQ[p] &% FractionQ[n]

Rubi steps
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cos? (a + bi/x 2
f ( \/—)dx=38ubst(fwdx,x,\3/§)

2 172
2cos? (a + by/x 8b cos (a + b/x ) sin (a + bx 1 1
= - + — (80?)Subst | [ -4
B 5x5/2 " 65x13/6 65 Hbs e
1602 2cos? (a + b\g’/}) 32b? cos? (a + b%) 8b cos (a + bxg/}) sin (a + b/
B O R S T 651376
16b2 256b% 2 cos? (a + by/x ) 32b? cos? (a + by/x ) 512b* cos? (a +1
= — —+ —_ + —
715x11/6 ~ 45045x7/6 5x5/2 715x11/6 45045x7/6
1612 25604 409616 2 cos? (a + bi/x ) 32b? cos? (a +bx ) 51
= - —_ —_ + —_—
715x176 4504576 675675/ 52572 7151176
_ 162 256b*  4096b°  65536b°{x _2cos’ (a+b3x) , 3207 cos? (c
-~ 715x11/6 © 45045x7/6 675675\/§ 675675 5x5/2 715x
16b2 256b* 4096h° 2 cos? (a + bx ) 32b2 cos? (a + bx ) 51
=— + - - + - —
715x11/6 ~ 45045x7/6  675675+/x 5x/2 715x11/6
1612 256b% 4096h° 2 cos? (a + bi/x ) 32b? cos? (a + bi/x ) 51
=- + - - + - —
715x11/6 ~ 45045x7/6  675675+/x 5x/2 715x11/6
16b2 256b4 409615 2 cos? (a + byx ) 32b2 cos? (a + bx ) 51
=- + - - + - —
715x11/6 ~ 45045x7/6  675675+/x 5x/2 715x11/6
16b2 256b* 4096h° 2 cos? (a + bx ) 32b2 cos? (a + bx ) 51!
=— + - - + - —
715x11/6 ~ 45045x7/6  675675+/x 5x/2 715x11/6

Mathematica [A] time = 0.38, size = 249, normalized size = 0.76

6 6
32768~/ b152x52 cos(2a)C (”jf) — 32768+/1 b192x%2 5in(2a)S (Njf ) —~16384b7x"P sin (2 (a + b/x)) +

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~(1/3)]172/x(7/2),x]

[Out] (-135135 - 135135%Cos[2*(a + b*x~(1/3))] + 15120%b~2*x~(2/3)*Cos[2*(a + b*x
~(1/3))] - 3840%b~4x*x~(4/3)*Cos[2*(a + b*x~(1/3))] + 4096%b~6*x"2*Cos[2*(a

+ b*x~(1/3))] + 32768%b~(15/2)*Sqrt [Pi]*x~(5/2)*Cos [2*a] *FresnelC[(2*Sqrt [b
1*x7(1/6))/Sqrt [Pi]] - 32768%b~(15/2)*Sqrt [Pi]l*x~(5/2)*FresnelS [(2*Sqrt [b] *
x~(1/6))/Sqrt[Pil]*Sin[2%a] + 41580*b*x~(1/3)*Sin[2*(a + bxx~(1/3))] - 6720
*b”3xx*3in[2*(a + b*x~(1/3))] + 3072%b~5b*x~(5/3)*Sin[2*(a + b*x~(1/3))] - 1
6384*b~7*x~(7/3)*Sin[2*(a + b*x~(1/3))]1)/(675675%x~(5/2))

fricas [A] time = 1.24, size = 192, normalized size = 0.59

1 1 5 11
2 (16384 nb7x3\/g cos (2a)C (2 X8 \/g) 16384 nb7x3\/g S (2 X8 \/g) sin (22) — 2048 bx3 +1920 bAx 6 — 7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))72/x~(7/2),x, algorithm="fricas")
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[Out] 2/675675%(16384*pixb~7*xx~3*sqrt(b/pi)*cos(2*a)*fresnel cos(2*x~(1/6)*sqrt(b
/pi)) - 16384*pi*b~7*xx"3*sqrt(b/pi)*fresnel_sin(2*x~(1/6)*sqrt(b/pi))*sin(2

*a) - 2048xb76xx7(5/2) + 1920%b~4*xx~(11/6) - 7560%b~2xx~(7/6) - (3840%b~4*x
~(11/6) - 15120%b~2*x~(7/6) - (4096*b~6*x"2 - 135135)*sqrt(x))*cos(b*x~(1/3

) + a)”2 + 4x(768*%b~5*x~(13/6) - 1680*b~3*x~(3/2) - (4096*b~7xx"2 - 10395%b
)*x7(5/6))*cos (b*x~(1/3) + a)*sin(b*x~(1/3) + a))/x"3

giac [F] time = 0.00, size = 0, normalized size = 0.00

) 2
bx3 + a)
d

gt

X2

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))72/x~(7/2),x, algorithm="giac")

[Out] integrate(cos(b*x~(1/3) + a)~2/x~(7/2), x)
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maple [A] time = 0.06, size = 207, normalized size = 0.63

4b

1
COS[2ﬂ+2b x3 ]

4b

sin[

1
2a+2bx3

|

4b

CDS[

1
2a+2bx3

|

cos[2u+2
4b| -
34,
1
sin[Za +2bx3 ]
4b| - 5 +
5x6

AN

7x

N W

9x

+

11

11x 6



225

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*xx~(1/3))"2/x~(7/2),x)

[Out] -1/5/x"(5/2)-1/5/x"(5/2)*cos (2*a+2*xbxx~(1/3))-4/5*xbx(-1/13/x~(13/6) *sin(2*a
+2xb*x~(1/3))+4/13%bx(-1/11/x"(11/6) *cos (2*xa+2xbxx~(1/3))-4/11%b*x(-1/9/x" (3
/2)*sin(2*%a+2*xb*xx~(1/3) ) +4/9%b* (-1/7/x" (7/6) *cos (2*xa+2*b*x~ (1/3) ) -4/7T*b*x (-1
/5/%x"(5/6) *sin(2*a+2xbxx~(1/3))+4/5*b*x(-1/3/x~(1/2) *cos (2*a+2*xb*x~(1/3))-4/
3xb*x(-1/x"(1/6) *sin(2*a+2*xb*xx~(1/3))+2xb~(1/2) *Pi~ (1/2) * (cos (2*a) *FresnelC(
2xx~(1/6)*b~(1/2) /Pi~(1/2))-sin(2*a)*FresnelS(2*x~(1/6)*b~(1/2)/Pi~(1/2))))

2)))))

maxima [C] time = 1.83, size = 89, normalized size = 0.27

V2 (((2401’ —240) V2T (—12—5,21' bx%) — (240i + 240) V2T (—% 2 bxé)) cos (2a) + ((2401' +240) V2T (—]

NG

5x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))72/x~(7/2),x, algorithm="maxima"

[Out] 1/5%(sqrt(2)*(((240*%I - 240)*sqrt(2)*gamma(-15/2, 2*I*b*x~(1/3)) - (240*I +
240) *sqrt (2) *gamma (-15/2, -2xIxb*x~(1/3)))*cos(2*a) + ((240%I + 240)*sqrt(
2)*gamma (-15/2, 2*I*b*x~(1/3)) - (240%I - 240)*sqrt(2)*gamma(-15/2, -2xIxb*
x~(1/3)))*sin(2%a) ) *sqrt (b*x~(1/3))*b~7*xx~(7/3) - 1)/x~(5/2)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

dx

f cos (a + bx1/3)2

712
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~(1/3))"2/x~(7/2),%)
[Out] int(cos(a + b*xx~(1/3))"2/x~(7/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

f cos? (a + b\S/E)
¥z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*x**(1/3))*x2/x*x(7/2),%)
[Out] Integral(cos(a + bkxx*x(1/3))**x2/x**x(7/2), x)
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361 [ cos® (\3/3?) dx

Optimal. Leaf size=86

2x?3 sin (\3/§)+x2/3 sin (\3&) cos? (\3/§)+§ sin® (\3/5)—E sin (\3/§)+§\3/§ cos® (\3/§)+4\3/§ cos (\S/E)

3

[Out] 4x*x~(1/3)*cos(x"(1/3))+2/3%x~(1/3)*cos(x"(1/3))"3-14/3*sin(x"(1/3))+2*xx~(2/
3)*xsin(x"(1/3))+x~(2/3)*cos(x~(1/3)) " 2*sin(x~(1/3))+2/9%sin(x~(1/3))"3

Rubi [A] time = 0.07, antiderivative size = 86, normalized size of antiderivative =

. . ber of rul
1.00, number of steps used = 7, number of rules used = 5, integrand size = §, qumber ot e

= 0.625, Rules used = {3362, 3311, 3296, 2637, 2633}

integrand size

2x?3 sin (\3/§)+x2/3 sin (\3&) cos? (\3/§)+§ sin® (\3/5)—E sin (\3&)+§\3/§ cos® (\S/E)+4\3/§ cos (\S/E)

3

Antiderivative was successfully verified.
[In] Int[Cos[x~(1/3)]1°3,x]

[Out] 4*x~(1/3)*Cos[x~(1/3)] + (2*x~(1/3)*Cos[x~(1/3)]173)/3 - (14*Sin[x~(1/3)]1)/3
+ 2xx~(2/3)*Sin[x~(1/3)] + x~(2/3)*Cos[x~(1/3)]1"2%Sin[x~(1/3)] + (2xSin[x~
(1/3)1°3)/9

Rule 2633

Int[sin[(c_.) + (d_.)*(x_ )] (n_), x_Symbol] :> -Dist[d”~(-1), Subst[Int[Expa
nd[(1 - x72)"((a - 1)/2), x], x], x, Coslc + d*x]], x] /; FreeQ[{c, d}, x]
& IGtQL(n - 1)/2, 0]

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dxx]/d, x] /;
FreeQ[{c, 4}, x]

Rule 3296

Int[((c_.) + (d_)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*xx])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos|[
e + f*x], x], x] /; FreeQl[{c, d, e, f}, x] && GtQ[m, 0]

Rule 3311

Int[((c_.) + (d_.)*(x_)) " (m_)*((b_.)*sin[(e_.) + (f_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[(d*m*(c + d*x)~(m - 1)*(b*Sin[e + f*x])"n)/(£72*n"2), x] + (Dist
[(b™2x(n - 1))/n, Int[(c + d*x) m*x(b*Sinf[e + f*x])"(n - 2), x], x] - Dist[(
d~2«mx(m - 1))/(f72*%n"2), Int[(c + d*x)"(m - 2)*(b*Sin[e + f*x])"n, x], x]
- Simp[(b*(c + d*x) “m*Cos[e + f*xx]*(bxSin[e + f*xx])"(n - 1))/(f*n), x]1) /;
FreeQ[{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, 1]

Rule 3362

Int[((a_.) + Cos[(c_.) + (d_.)*x((e_.) + (£_)*(x_))"(n )]*(_.))"(p_.), x_S
ymbol] :> Dist[1/(n*xf), Subst[Int[x~(1/n - 1)x(a + bxCos[c + d*x])7p, x], x
, (e + f*xx)°n], x] /; FreeQ[{a, b, c, 4, e, f}, x] && IGtQlp, 0] && Integer
Q[1/n]

Rubi steps
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cos® (¥/x ) dx = 3Subst | | x2 cos®(x) dx, x, V/x
(V)

2

= 3\3& cos3( ) + x?3 cos? (\3/5) sin ( ) - = Subst (fcos3(x) dx, x, \3/—) + ZSubst(

§\/§c053( )+2x2/3sm(\3/§)+ x%3 cos? ( )sm(\/_)+%5ubst(f(1 )dxx

= 4\/§ cos( ) x Cos3 (\35) ( ) +2x%3 sin (\/—) + x%3 cos? (\S/E) sin (\3’/
(Vx) -3

= 4+x cos( ) Vx cos® (Vx ( ) +2x%3 sin (\/—) + x%3 cos? (\S/E) sin (w:

*—‘U)II\J

Mathematica [A] time = 0.10, size = 66, normalized size = 0.77
31—6 (81 (x? - 2) sin (V) + (92%° = 2) sin (3V/x ) + 162¥/x cos (Vx ) + 63/x cos (3Vx))

Antiderivative was successfully verified.

[In] Integrate[Cos[x~(1/3)]173,x]

[Out] (162%x~(1/3)*Cos[x~(1/3)] + 6*x~(1/3)*Cos[3*x~(1/3)] + 81*(-2 + x7(2/3))*Si
n[x~(1/3)] + (=2 + 9*x7(2/3))*Sin[3*x~(1/3)])/36

fricas [A] time = 1.04, size = 48, normalized size = 0.56
21 1\3 1 2 1,2 2 1 1 1
5 x3 cos( ) + 9 ((9x3 —2) CoS (xS) + 18 x3 —40) sin (xS) + 4 x3 cos (x3)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/3))73,x, algorithm="fricas")

[Out] 2/3*x~(1/3)*cos(x~(1/3))7"3 + 1/9%((9%x~(2/3) - 2)*cos(x~(1/3))"2 + 18xx~(2/
3) - 40)*sin(x"(1/3)) + 4xx~(1/3)*cos(x"(1/3))

giac [A] time = 0.39, size = 47, normalized size = 0.55

1 2 1 9/ 2 1 1 1 1 9 1 1
— (9x3 —2) sin(3x3) + - (x3 —2) sin(x3) + — x3 cos (3x3) + — x3 cos (x3)
36 4 6 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/3))73,x, algorithm="giac")

[Out] 1/36%(9*x~(2/3) - 2)*sin(3*x~(1/3)) + 9/4*(x7(2/3) - 2)*sin(x7(1/3)) + 1/6%
x~(1/3) *cos (3*x~(1/3)) + 9/2%x~(1/3)*cos(x~(1/3))

maple [A] time = 0.04, size = 58, normalized size = 0.67

| =

3 9

2 (o o (o) ot e o 2 () 2o () onle)

X3 x3 |+4x3 cos|x3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/3))"3,x)

[Out] x~(2/3)*(2+cos(x~(1/3))"2)*sin(x~(1/3))-4*sin(x~(1/3))+4*x~(1/3)*cos(x~(1/3
))+2/3xx~(1/3)*cos(x~(1/3))"3-2/9% (2+cos (x~(1/3)) "2)*sin(x~(1/3))
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maxima [A] time = 0.85, size = 47, normalized size = 0.55

1 2 1 9/ 2 1 1 1 1 9 1 1
%(9x3—2)sin(3x3)+1(x3—2)sin(x3)+€x3cos(3x3)+§x3cos(x3)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/3))73,x, algorithm="maxima"

[Out] 1/36%(9%x~(2/3) - 2)*sin(3*x~(1/3)) + 9/4%x(x~(2/3) - 2)*sin(x~(1/3)) + 1/6%
x~(1/3)*cos(3*x~(1/3)) + 9/2%x~(1/3)*cos(x~(1/3))

mupad [B] time = 0.50, size = 62, normalized size = 0.72
2
2cos (x1/3) sin (x1/3) 40 sin (xl/ 3)

4x'3 cos (x1/3)— 5 - 5 +2x%3 sin (x1/3)+

2 x173 cos (xl/ 3)3

3

+x2P cos (xl/ 3)2 sin (

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/3))"3,x)

[Out] 4*x~(1/3)*cos(x”(1/3)) - (2*cos(x~(1/3)) " 2*sin(x"(1/3)))/9 - (40*sin(x~(1/3
I))/9 + 2xx7(2/3)*sin(x"(1/3)) + (2*xx~(1/3)*cos(x~(1/3))"3)/3 + x~(2/3)*cos
(x~(1/3))"2*sin(x~(1/3))

sympy [B] time = 2.61, size = 513, normalized size = 5.97

2 3 2 3
54x3 tan® (%) 36x3 tan® (%)
3 3 3 3 3 3 + 3
9tan® (%) + 27 tan* (%) + 27 tan? (%) +9 9tan® (%) + 27 tan* (%) + 27 tan? (%) +9 9tan® (%}

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x**(1/3))**3,x)

[Out] B4x*xx*x*x(2/3)*xtan(x**(1/3)/2)**5/(9xtan(x*x*x(1/3)/2)**6 + 27*xtan(x**x(1/3)/2)**
4 + 27xtan(x**(1/3)/2)**2 + 9) + 36*xx**x(2/3)*tan (x**(1/3)/2)**3/ (9xtan (x** (
1/3)/2)*x6 + 27+tan(x**(1/3)/2)**4 + 27+tan(x**(1/3)/2)**2 + 9) + Bdxx**(2/
3)*xtan(x*x*x(1/3)/2)/(9xtan(x**(1/3)/2) **x6 + 27*xtan(x**(1/3)/2)**4 + 27*xtan(x
*%(1/3)/2)*x2 + 9) - 42*xx¥*x(1/3)*tan(x**(1/3)/2)**6/(9*tan (x**(1/3)/2) **x6 +
27xtan (x**x(1/3) /2)**4 + 27*xtan(x**(1/3)/2)**x2 + 9) - 18xx**x(1/3)*tan(x**x(1
/3)/2)%*4/ (9xtan (xx*(1/3) /2) **x6 + 27*xtan(x**(1/3)/2)**4 + 27*tan(x**(1/3)/2
Yxx2 + 9) + 18*xkx(1/3)*tan(x*x*(1/3)/2)**2/(9*tan(x**(1/3)/2)**%6 + 27*tan(x
xx(1/3)/2)*x4 + 27xtan(x**(1/3)/2)**2 + 9) + 42xx*x*(1/3)/(9%tan(x**(1/3)/2)
**%6 + 27*xtan(x**(1/3)/2)**x4 + 27+tan(x**(1/3)/2)**x2 + 9) - 84xtan(x*xx(1/3)/
2)*x5/(9*xtan(xx* (1/3) /2)*%6 + 27*tan(x**(1/3)/2)*xx4 + 27+tan(x**(1/3)/2)**2
+ 9) - 152*xtan(x**(1/3)/2)**x3/(9*tan(x**(1/3)/2)*x6 + 27*tan(x**(1/3)/2)*x*
4 + 27xtan(x**(1/3)/2)**2 + 9) - 84xtan(x**(1/3)/2)/(9*tan(x**x(1/3)/2)**6 +
27*xtan(x**(1/3) /2)**x4 + 27+ tan(x**(1/3)/2)**x2 + 9)
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6X
3.62 [ ) oy

5/6

Optimal. Leaf size=8
6 sin (\6/9—c)
[Out] 6*sin(x~(1/6))
Rubi [A] time = 0.01, antiderivative size = 8, normalized size of antiderivative = 1.00,

) . number of rules
number of steps used = 2, number of rules used = 2, integrand size = 12, —————

= 0.167, Rules used = {3380, 2637}

integrand size

6 sin (\6/;)

Antiderivative was successfully verified.
[In] Int[Cos[x~(1/6)1/x~(5/6),x]
[Out] 6xSin[x~(1/6)]

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dx*x]/d, x] /;
FreeQ[{c, 4}, x]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(n_)]*(b_.))"(p_.)*(x_ )" (m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x])"p
, xJ, x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 11 || (IntegerQ[p] && GtQ[Simplify[(
m + 1)/n], 0]))

Rubi steps

f%dx = 6 Subst (fcos(x) dx,x,%)
= 6sin(\6/§)

Mathematica [A] time = 0.00, size = 8, normalized size = 1.00
6 sin (\%)
Antiderivative was successfully verified.

[In] Integrate[Cos[x~(1/6)]1/x~(5/6),x]
[Out] 6+Sin[x~(1/6)]

fricas [A] time = 0.98, size = 6, normalized size = 0.75
1
6 sin (xé)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/6))/x"(5/6),x, algorithm="fricas")



[Out] 6%*sin(x~(1/6))

giac[A] time = 0.36, size = 6, normalized size = 0.75

1
6 sin <x6)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/6))/x~(5/6),x, algorithm="giac")
[Out] 6*sin(x~(1/6))

maple [A] time = 0.02, size = 7, normalized size = 0.88

1
6 sin (xg)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/6))/x~(5/6),x)
[Out] 6*sin(x~(1/6))

maxima [A] time = 0.98, size = 6, normalized size = 0.75

1
6 sin (x6)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/6))/x~(5/6),x, algorithm="maxima"
[Out] 6*sin(x~(1/6))

mupad [B] time = 0.43, size = 6, normalized size = 0.75

6 sin (xl/ 6)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/6))/x~(5/6),x)
[Out] 6*sin(x~(1/6))

sympy [A] time = 75.63, size = 7, normalized size = 0.88

6 sin (\G/J—C)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x**(1/6))/x**(5/6),x)
[Out] 6*sin(x**(1/6))
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3.63  [(ex)" (bcos(c+dx") dx

Optimal. Leaf size=21
Int ((ex)" (b cos (c + dx"))’, x)

[Out] Unintegrable((e*x) “m*(b*cos(c+d*x"n)) p,x)
Rubi[A] time =0.02, antiderivative size = 0, normalized size of antiderivative = 0.00,
. ber of rul
number of steps used = 0, number of rules used = 0, integrand size = 0, “———"
integrand size

0.000, Rules used = {}

f (ex)™ (b cos (¢ + dx™)’ dx

Verification is Not applicable to the result.
[In] Int[(e*x) m*(b*Cosl[c + d*x"n]) p,x]
[Out] Defer[Int] [(e*x) m*(b*Cos[c + d*x"n]) p, xI]

Rubi steps

f (ex)" (b cos (c + dx")Y dx = f (ex)" (b cos (c + dx™)’ dx

Mathematica [A] time = 1.01, size = 0, normalized size = 0.00

f (ex)™ (b cos (¢ + dx™)’ dx

Verification is Not applicable to the result.

[In] Integratel[(exx) “m*(b*Cos[c + d*x"n]) p,x]
[Out] Integratel[(exx) m*(bxCos[c + d*x"n]) p, x]

fricas [A] time = 0.66, size = 0, normalized size = 0.00

integral ((ex)m (bcos (dx™ + ¢)), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x) “m*(b*cos(c+d*x™n)) p,x, algorithm="fricas")
[Out] integral((e*x) “m*(b*cos(d*x™n + c))7p, x)

giac[A] time = 0.00, size = 0, normalized size = 0.00
f (ex)" (b cos (dx" + ¢))’ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x) “m*(b*cos(c+d*x"n)) p,x, algorithm="giac")
[Out] integrate((exx) m*(b*cos(d*x™n + c))7p, x)

maple [A] time = 0.98, size = 0, normalized size = 0.00
f (ex)"™ (beos (c +dx™) dx

Verification of antiderivative is not currently implemented for this CAS.



[In] int((e*x) “m*(b*cos(c+d*x"n)) "p,x)
[Out] int((e*x) m*(b*cos(c+d*x"n)) p,x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

f (ex)"™ (b cos (dx" + ¢))’ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x) “m*(b*cos(c+d*x"n)) p,x, algorithm="maxima")

[Out] integrate((e*x) m*(b*cos(d*x™n + ¢))7p, x)

mupad [A] time = 0.00, size = -1, normalized size = -0.05
f(e x)" (b cos (c +dx™) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx) m*(b*cos(c + d*x"n)) p,x)
[Out] int((e*xx) mx(b*cos(c + d*x"n)) p, x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

f (bos (c + dx")Y (ex)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)**m* (b*cos (c+d*x**n))**p,x)

[Out] Integral((bxcos(c + dxx**n))**px(e*x)**m, X)
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3.64 f (ex)" (a + beos (c + dx™)) dx

Optimal. Leaf size=23

Int ((ex)’” (a + beos (c + dx™) ,x)

[Out] Unintegrable((e*x) “m*(at+b*cos(c+d*x™n)) p,x)

Rubi [A] time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, ntegrand size.
0.000, Rules used = {}
(ex)™ (a + beos (c + dx™) dx

Verification is Not applicable to the result.
[In] Int[(exx) mx(a + bxCos[c + d*x"n]) p,x]

[Out] Defer[Int] [(e*x) m*(a + b*Cos[c + d*x"n]) p, x]

Rubi steps

f (ex)" (@ + b cos (c + dx™)’ dx = f (ex)" (a + b cos (c + dx™) dx

Mathematica [A] time = 1.29, size = 0, normalized size = 0.00

f (ex)" (a + bcos (c + dx™))’ dx

Verification is Not applicable to the result.

[In] Integratel[(e*x) m*(a + b*Cos[c + d*x"n]) p,x]
[Out] Integrate[(exx) mx(a + b*Cos[c + d*x"n]) p, xI]

fricas [A] time = 1.54, size = 0, normalized size = 0.00

integral ((ex)m (bcos (dx" +¢) + a), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x) “m*(atb*cos(c+d*x"n)) p,x, algorithm="fricas")

[Out] integral((exx) m*(b*cos(d*x™n + c) + a)”p, x)

giac [A] time = 0.00, size = 0, normalized size = 0.00

f (ex)™ (b cos (dx" + ¢) + a)f dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x) “m*(atb*cos(c+d*x"n)) p,x, algorithm="giac")

[Out] integrate((e*x) m*(b*cos(d*x™n + c) + a)7p, x)

maple [A] time = 0.90, size = 0, normalized size = 0.00

f (ex)"™ (a +beos (c + dx™) dx



Verification of antiderivative is not currently implemented for this CAS.

[In] int((ex*x) m*(a+b*cos(c+d*x"n)) "p,x)
[Out] int((e*x) m*(atb*cos(c+d*x"n)) p,x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

f (ex)" (b cos (dx" + ¢) + a)P dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x) “m*(atb*cos(c+d*x"n)) p,x, algorithm="maxima")
[Out] integrate((e*xx) m*(b*cos(d*x™n + c) + a)7p, x)

mupad [A] time = 0.00, size = -1, normalized size = -0.04
f (ex)" (a+b cos (c +dx") dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x) "m*(a + b*cos(c + d*x"n)) p,x)
[Out] int((e*x) mx(a + bxcos(c + d*x"n))”p, x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00
f (ex)" (a + beos (c + dx™) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ex*x)**m* (a+b*cos(c+d*x**n))**p,x)

[Out] Integral((e*x)**m*(a + bxcos(c + dxx**n))**p, X)
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3.65  [(ex)™*" (beos(c + dx™)’ dx

Optimal. Leaf size=93

X (ex) sin (¢ + dx") (b cos (c + dxm)"*! ,Fy (% P,

bden(p + 1)v/sin? (¢ + dx™)

[Out] -(e*x) n*(b*cos(c+td*x"n))~ (1+p)*hypergeom([1/2, 1/2+1/2%p], [3/2+1/2*p],cos(
c+d*x"n) "2) *sin(c+d*x"n)/b/d/e/n/(1+p)/(x"n)/(sin(c+d*x"n)~2)~(1/2)

cos? (dx" + c))

Rubi [A] time = 0.10, antiderivative size = 93, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 20,

number of ules _ ().150, Rules used = {3382, 3380, 2643}

integrand size

x(ex)" sin (¢ + dx") (b cos (c + dx"))' ! Fy (% LALES

bden(p + 1)4/sin? (c + dx™)

Antiderivative was successfully verified.

cos? (dx" + c))

[In] Int[(exx)~(-1 + n)*(b*Cos[c + d*x"n]) p,x]

[Out] -(((e*x) n*(b*Cos[c + d*x"n])~ (1 + p)*Hypergeometric2F1[1/2, (1 + p)/2, (3
+ p)/2, Cos[c + d*x"n]~2]*Sin[c + d*x"n])/(bxd*e*xn*(1 + p)*x~n*Sqrt[Sin[c +
d*x"n]~2]))

Rule 2643

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(Cos[c + d*x]*(

b*Sin[c + d*x])~(n + 1)*Hypergeometric2F1[1/2, (n + 1)/2, (n + 3)/2, Sinl[c
+ d*x]72])/(b*xd*(n + 1)*Sqrt[Cos[c + d*x]172]), x] /; FreeQ[{b, c, d, n}, x]
&& !'IntegerQ[2+n]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_ )" (n_)]*(b_.))"(p_)*(x)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x]) p
, x]1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQlp] && GtQ[Simplifyl[(
m + 1)/n], 0]))

Rule 3382

Int[((a_.) + Cosl[(c_.) + (d_)*x(x_)" (@ )]1*(b_.))"(p_.)*x((e )*(x_))"(m_), x_
Symbol] :> Dist[(e"IntPart[m]*(e*x) FracPart[m])/x FracPart[m], Int[x"m*(a
+ b*Cos[c + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x] & Inte
gerQ[Simplify[(m + 1)/n]]

Rubi steps

—n n -14n n\\P
f(ex)_”” (bcos (c + dx™)) dx = (x"(ex)") [ x (eb cos (c +dx"))" dx

~ (x™(ex)™) Subst ( f (bcos(c + dx))P dx, x, x”)

en

x~"(ex)" (bcos (¢ + dx™))"P ,F, (%, 1%; 3%; cos? (c + dx”)) sin (c + dx™

bden(1 + p)\/sin2 (c +dx™)
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Mathematica [A] time = 0.17, size = 89, normalized size = 0.96

217 (ex)1/sin2 (c + dx") cot (¢ + dx™) (b cos (c + dx™)) oF; [+, 22 222 cos? (dx" + ¢)
_ 27 2 2
dn(p +1)

Antiderivative was successfully verified.

[In] Integrate[(exx)~ (-1 + n)*(b*Cos[c + d*x"n]) p,x]

[Out] -((x~(1 - n)*(exx)~ (-1 + n)*(b*Cos[c + d*x"n]) pxCot[c + d*x"n]*Hypergeomet
ric2F1[1/2, (1 + p)/2, (3 + p)/2, Coslc + d*x"n]~2]*Sqrt[Sin[c + d*x™n]~2])
/(d*n*x(1 + p)))

fricas [F] time = 1.70, size = 0, normalized size = 0.00

integral ((ex)"™" (b cos (dx" + o)), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+n)*(b*cos(c+d*x™n)) p,x, algorithm="fricas")
[Out] integral((e*x)~(n - 1)*(b*xcos(d*x™n + c¢))7p, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f (ex)"™ (b cos (dx" + c)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ex*x)~(-1+n)*(b*cos(c+d*x"n)) p,x, algorithm="giac")
[Out] integrate((exx)~(n - 1)*(b*cos(d*x™n + c)) p, %)

maple [F] time = 1.05, size = 0, normalized size = 0.00
f(ex)_H” (bcos (c +dx™) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x)~(-1+n)*(b*cos(c+d*x"n)) p,x)
[Out] int((e*x)~ (-1+n)*(b*cos(c+d*x"n)) p,x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f ()™ (b cos (dx" + o)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+n)*(b*cos(c+d*x"n)) p,x, algorithm="maxima")
[Out] integrate((exx)~(n - 1)*(b*cos(d*x™n + c))”p, x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

f (ex)"™ (b cos (c + d x")Y dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx)~(n - 1)*(b*cos(c + d*x"n)) p,x)
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[Out] int((e*x)~(n - 1)*(b*cos(c + d*x"n))"p, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f (bcos (c + dx™)Y (ex)"* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)**(-1+n)*(bxcos(c+d*x**n))**p,x)

[Out] Integral((b*cos(c + d¥x**n))**p*(exx)**(n - 1), x)
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3.66  [(ex)™ %" (bcos (c + dx")) dx

Optimal. Leaf size=39

x~2(ex)? Int (xz”‘1 (bcos (c + dx™)), x)

e

[Out] C(exx)~(2*n)*Unintegrable (x~ (-1+2*n)* (b*xcos(c+d*x™n)) p,x)/e/(x~(2*n))
time = 0.05, antiderivative size = 0, normalized size of antiderivative = 0.00,

Rubi [A]
. . number of rules
number of steps used = 0, number of rules used = 0, integrand size =0, ————— =
integrand size

0.000, Rules used = {}
(ex)™1*2" (b cos (¢ + dx™)) dx

Verification is Not applicable to the result.
[In] Int[(exx)~(-1 + 2*n)*(b*Cos[c + d*x"n]) p,x]
[Out] ((e*x)~(2*n)*Defer[Int] [x~ (-1 + 2*n)*(b*Cos[c + d*x"n]) p, x])/(exx”(2*n))

Rubi steps

—2n 2n —142n b dx" p d
f(ex)_“z” (bcos (c + dx™)) dx = (x (ex) )fx e( cos (c + dx™))’ dx

Mathematica [A] time = 0.93, size = 0, normalized size = 0.00

f (ex) 121 (b cos (c + dx™)’ dx

Verification is Not applicable to the result.

[In] Integrate[(e*x)~(-1 + 2*n)*(b*Cos[c + d*x"n]) p,x]
[Out] Integrate[(exx)~ (-1 + 2*n)*(b*Cos[c + d*x"n]) p, x]

fricas [A] time = 0.93, size = 0, normalized size = 0.00

integral ((ex)*"™" (b cos (dx" + o))/, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ex*x)~(-1+2*n)*(b*cos(c+d*x"n)) p,x, algorithm="fricas")

[Out] integral((exx)~(2#n - 1)*(b*cos(d*x"n + ¢)) p, x)

giac [A] time = 0.00, size = 0, normalized size = 0.00

f (ex)*""1 (b cos (dx" + o)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+2*n)*(b*cos(c+td*x"n)) p,x, algorithm="giac")

[Out] integrate((exx)~(2*xn - 1)*(bxcos(d*x"n + c¢))"p, x)

maple [A] time = 0.91, size = 0, normalized size = 0.00

f (ex) 2" (bcos (c + d x™) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx)~(-1+2*n)*(b*cos(c+d*x™n)) p,x)
[Out] int((e*x)~ (-1+2*n)*(b*xcos(c+d*x"n)) p,x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

f (ex)" "1 (b cos (dx" + o)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+2*n)*(b*cos(c+td*x™n)) p,x, algorithm="maxima")
[Out] integrate((exx)~(2*n - 1)*(bxcos(d*x™n + c¢))7p, x)

mupad [A] time = 0.00, size = -1, normalized size = -0.03
f (0?1 (b cos (c + dx™)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*xx)~(2*n - 1)*(b*cos(c + d*x"n)) p,x)
[Out] int((e*x)~(2*n - 1)*(b*cos(c + d*x"n)) p, x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00
f (bcos (c + dx")) (ex)*" ! dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)**(-1+2%n)*(b*cos(c+d*x**n))**p,x)

[Out] Integral((b*cos(c + dkx**n))**p*(exx)**(2*n - 1), x)
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3.67 f (ex)™*" (a + bcos (c + dx™"))’ dx

Optimal. Leaf size=131

b(1-cos(dx"+c
a+b

(1 = cos (dx™ + ¢)),

my\ P
V2 x7(ex)" sin (¢ + dx™) (a + bcos (¢ + dx™)) (M) F, (1' L 3.1

a+b 2727 Prara

deny/cos (c + dx™) +1

[Out] (e*xx) n*AppellF1(1/2,-p,1/2,3/2,b*(1-cos(c+d*x"n))/(a+b),1/2-1/2*cos(c+d*x~
n))*(at+tbxcos(c+d*x"n)) “p*sin(c+d*x"n)*27(1/2)/d/e/n/(x"n) /(((atb*cos (c+d*x~
n))/(a+b))"p)/(1+cos(c+d*x™n) )~ (1/2)

Rubi [A] time = 0.17, antiderivative size = 131, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 22,

number of rules _ ). 227, Rules used = {3382, 3380, 2665, 139, 138}

integrand size

b(1-cos(dx+c

a+b cos(c+dx™) R F 11
1 a+b

31
th 2 Pig (1 —cos (dx" +¢)),

V2 x7"(ex)" sin (c + dx") (a + bcos (c + dx™)) (

den+/cos (c + dx™) +1

Antiderivative was successfully verified.
[In] Int[(exx)~(-1 + n)*(a + b*Cos[c + d*x"n]) p,x]

[Out] (Sqrt[2]*(exx) nxAppellF1[1/2, 1/2, -p, 3/2, (1 - Cosl[c + d*x"n])/2, (b*(1
- Cos[c + d*x"n]))/(a + b)]*(a + b*Cos[c + d*x"n]) p*Sin[c + d*x"n])/(d*e*n
*x"n*Sqrt[1 + Cos[c + d*x"n]]*((a + b*Cos[c + d*x"n])/(a + b)) p)

Rule 138

Int[((a_) + (b_.)*x(x_))"(m_)*((c_.) + (d_.)*(x_))"(m_)*((e_.) + (£_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)"(m + 1)*AppellFi[m + 1, -n, -p, m + 2,
-((dx(a + b*x))/(bxc - axd)), -((fx(a + b*x))/(bxe - a*xf))])/(bx(m + 1)*(b/
(bxc - a*d)) n*x(b/(b*e - axf))”p), x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p},
x] &% !IntegerQ[m] && !'IntegerQ[n] && !'IntegerQlpl && GtQ[b/(bxc - a*xd)
, 0] && GtQ[b/(b*e - axf), 0] && '(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*e - ¢
xf), 0] && SimplerQ[c + d*x, a + b*xx]) && !'(GtQ[f/(f*xa - exb), 0] && GtQ[f
/(fxc - exd), 0] && SimplerQ[e + f*x, a + bxx])

Rule 139

Int[((a_) + (b_)*x(x_))"(m_)*((c_.) + (d_)*x(x_))"(m_)*((e_.) + (£_.)*(x_))
“(p_), x_Symbol] :> Dist[(e + f*x) FracPart[p]/((b/(b*xe - axf)) IntPart[p]x*
((bx(e + f*xx))/(bxe - axf)) FracPart([p]), Int[(a + b*x) m*x(c + d*x) n*x((bxe
)/ (b*xe - axf) + (b*xfxx)/(b*e - a*f))"p, x], x] /; FreeQ[{a, b, ¢, d, e, f,

m, n, pr, x] & !'IntegerQ[m] && !IntegerQ[n] && !IntegerQ[p]l && GtQ[b/(b
xc — a*xd), 0] && !GtQ[b/(b*xe - axf), 0]

Rule 2665

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[Cos[c +
d*x]/(d*Sqrt[1 + Sin[c + d*x]]*Sqrt[1 - Sinl[c + d*x]]), Subst[Int[(a + bxx)
“n/(Sqrt[1 + x]*Sqrt[1 - x]), x], x, Sinlc + d*x]], x] /; FreeQ[{a, b, c, d
, nt, x] && NeQ[a"2 - b72, 0] && !IntegerQ[2#n]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(n_)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x]) p
, xJ, x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
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m + 1)/n], 0]))

Rule 3382

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_ )" (n_)]*(b_.))"(p_.)*((e_)*x(x_))"(m_), x_
Symbol] :> Dist[(e~IntPart[m]*(e*x) FracPart[m])/x FracPart[m], Int[x"m*(a
+ bxCos[c + d*x"n])"p, x], x] /; FreeQ[{a, b, c, d, e, m, n, p}, x] && Inte
gerQ[Simplify[(m + 1)/n]]

Rubi steps

-n n —1+n n\\P
f(ex)_“” (@ + bcos (c + dx™)y dx = ("(ex)") [ x (‘1: bcos (c +dx"))" dx

~ (x7(ex)™) Subst ( f (a+ bcos(c +dx)) dx, x, x”)

éen
(a+bx)P

(x~(ex)" sin (¢ + dx")) Subst ( [
den+/1 — cos (c + dx™) /1 + cos (c + dx™)

dx,x,cos (c + dx”))

m\ P
(x-"(ex)" (a + beos (c + dx") (‘Lj)) sin (c + dx”)) Subs

den+/1 — cos (c + dx") /1 + cos (c +

—n n 11 3. 1. ayy  b(1—cos(c+dx™)) |
V2x(ex)"Fy (2,2/ P55 (L—cos(c+dx")), ——-— )(a+bc

den+/1 + cos (c + dx")

Mathematica [A] time = 0.43, size = 149, normalized size = 1.14

x"(ex)" csc (c + dx™) \/_ b(cos(c+dx™)-1) \/ b(cos(zt‘ix”)+1) (a+bcos (c +dx")* Fy (p +1;2,2;p + 2, 1hes

a+b Y a-b
bden(p +1)

Warning: Unable to verify antiderivative.

[In] Integrate[(exx)~ (-1 + n)*(a + b*Cos[c + d*x"n]) p,x]

[Out] -(((e*x) n*AppellF1[1 + p, 1/2, 1/2, 2 + p, (a + b*Cos[c + d*x"n])/(a - b),
(a + b*Cos[c + d*x"n])/(a + b)]*Sqrt[-((bx(-1 + Cos[c + d*x"n]))/(a + b))]

*Sqrt [(bx(1 + Cos[c + d*x"n]))/(-a + b)I*(a + bxCos[c + d*x"n])~ (1 + p)*Csc

[c + d*x"n])/(b*d*e*n*x(1 + p)*x~n))

fricas [F] time = 0.91, size = 0, normalized size = 0.00
integral ((ex)"™" (b cos (dx" + ¢) + a)’, x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+n)*(atb*cos(c+td*x"n)) p,x, algorithm="fricas")
[Out] integral((exx)~(n - 1)*(b*cos(d*x™n + c) + a)7p, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f ()" (b cos (dx" + ¢) + a)f dx

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate((ex*x)~(-1+n)*(atb*cos(c+d*x"n)) p,x, algorithm="giac")
[Out] integrate((exx)~(n - 1)*(b*cos(d*x™n + c) + a)7p, x)

maple [F] time = 1.00, size = 0, normalized size = 0.00
f(ex)_1+” (a+Dbceos(c+dx")) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x)~(-1+n)*(at+b*cos(c+d*x"n)) p,x)
[Out] int((e*xx)~(-1+n)*(a+b*cos(c+d*x"n)) "p,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f (ex)"! (bcos (dx" + ¢) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ex*x)~(-1+n)*(atb*cos(c+d*x"n)) p,x, algorithm="maxima"
[Out] integrate((exx)~(n - 1)*(b*cos(d*x™n + c) + a)7p, x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01
[ ey @+ b cosc+dxny dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x)~(n - 1)*(a + b*cos(c + d*x"n)) p,x)
[Out] int((e*x)~(n - 1)*(a + b*cos(c + d*x"n))"p, x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)**(-1+n)*(atb*cos(c+d*x**n))**p,x)

[Out] Timed out
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3.68  [(ex)™*?¥ (a+bcos(c+dx") dx

Optimal. Leaf size=41

x 2" (ex)?"Int (xz”‘1 (a+bceos (c+dx")), x)

e

[Out] C(exx)~(2*n)*Unintegrable(x~ (-1+2*n)* (atb*cos(c+d*x™n)) "p,x)/e/(x~(2%n))
time = 0.05, antiderivative size = 0, normalized size of antiderivative = 0.00,

Rubi [A]
. . number of rules
number of steps used = 0, number of rules used = 0, integrand size =0, ————— =
integrand size

0.000, Rules used = {}
f(ex)‘“z” (a + bcos (c +dx™))’ dx

Verification is Not applicable to the result.

[In] Int[(exx)~(-1 + 2*n)*(a + b*Cos[c + d*x"n]) p,x]

[Out] ((e*x)~(2+n)*Defer[Int] [x~ (-1 + 2*n)*(a + b*Cos[c + d*x"nl) p, x])/(exx~ (2%
n))

Rubi steps

-2n 2n —14+2n b dx" p d
f(ex)‘“z” (a + bcos (c + dx")) dx = (2" (ex™) [ x (: +bcos (c + dx™) dx

Mathematica [A] time = 1.14, size = 0, normalized size = 0.00

f (ex)121 (a + b eos (¢ + dx™)’ dx

Verification is Not applicable to the result.

[In] Integratel[(exx)~ (-1 + 2*n)*(a + b*Cos[c + d*x"n]) p,x]
[Out] Integrate[(exx)~ (-1 + 2*n)*(a + b*Cos[c + d*x"n]) p, xIl

fricas [A] time = 1.00, size = 0, normalized size = 0.00

integral ((ex)2 "1 (bcos (dx" + ¢) + a)’, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+2*n)*(atb*cos(c+d*x"n)) p,x, algorithm="fricas")

[Out] integral((exx)~(2#n - 1)*(b*cos(d*x™n + c) + a)7p, x)

giac[A] time = 0.00, size = 0, normalized size = 0.00

f (ex)*" ™ (b cos (dx" + ¢) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+2*n)*(atb*cos(c+d*x"n)) p,x, algorithm="giac")

[Out] integrate((exx)~(2*n - 1)*(bxcos(d*x™n + c) + a)7p, x)



maple [A] time = 0.94, size = 0, normalized size = 0.00

f (ex) 2" (4 + beos (c + d ™) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*xx)” (-1+2#n)*(at+bxcos(c+d*x"n)) p,x)
[Out] int((e*x)~ (-1+2*n)*(atb*cos(c+d*x"n)) "p,x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

f (€)™ 1 (bcos (dx" + ) + a) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((ex*x)~(-1+2*n)*(atb*cos(c+d*x"n)) p,x, algorithm="maxima")

[Out] integrate((exx)~(2*n - 1)*(b*cos(d*x"n + c) + a)7p, x)

mupad [A] time = 0.00, size = -1, normalized size = -0.02
f (ex)*" (@ +b cos (c +dx") dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx)~(2*n - 1)*(a + b*cos(c + d*x"n)) p,x)
[Out] int((e*x)”~(2*n - 1)*(a + b*cos(c + d*x"n)) p, x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)**(-1+2%n)* (a+b*cos (c+d*x**n))**p,x)

[Out] Timed out
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3.60 [ gy

X

Optimal. Leaf size=26
cos(a)Ci (bx™)  sin(a)Si (bx™)
n n

[Out] Ci(b*x"n)*cos(a)/n-Si(b*x"n)*sin(a)/n
Rubi [A] time = 0.03, antiderivative size = 26, normalized size of antiderivative

= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 12,
number of rules _ ) 250, Rules used = {3378, 3376, 3375)

integrand size

cos(a)CosIntegral (bx") _ sin(a)Si (bx™)
n n

Antiderivative was successfully verified.

[In] Int[Cos[a + b*x"n]/x,x]

[Out] (Cosl[al*CosIntegral[b*x™n])/n - (Sin[a]*SinIntegral[b*x"n])/n
Rule 3375

Int[Sin[(d_.)*(x_)"(n_)]1/(x_), x_Symbol] :> Simp[SinIntegral[d*x"nl/n, x] /
; FreeQ[{d, n}, xI]

Rule 3376

Int[Cos[(d_.)*(x_)"(n_)]1/(x_), x_Symbol] :> Simp[CosIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, xI]

Rule 3378

Int[Cos[(c_ ) + (d_.)*(x_)"(n_)]1/(x_), x_Symbol] :> Dist[Cos[c], Int[Cos[d*x
“n]/x, x], x] - Dist[Sinl[c], Int[Sin[d*x"n]/x, x], x] /; FreeQl{c, 4, n}, x
]

Rubi steps

f dez cos(a) f cos ) 1~ sin(a) f sin () 4,

X X
_ cos(a)Ci (bx")  sin(a)Si (bx")
B n - n

Mathematica [A] time = 0.07, size = 24, normalized size = 0.92

cos(a)Ci (bx™) — sin(a)Si (bx™)
n

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x"n]/x,x]
[Out] (Cos[al*CosIntegral[b*x"n] - Sin[al*SinIntegral [b*x"n])/n
fricas [A] time = 1.31, size = 35, normalized size = 1.35

cos(a) Ci (bx™) + cos(a) Ci (=bx") — 2 sin(a) Si (bx™)
2n
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*x™n)/x,x, algorithm="fricas")

[Out] 1/2%(cos(a)*cos_integral(b*x"n) + cos(a)*cos_integral (-b*x"n) - 2xsin(a)*si
n_integral (b*x"n))/n

giac [F] time = 0.00, size = 0, normalized size = 0.00

f cos (bx" + a) i

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n)/x,x, algorithm="giac")
[Out] integrate(cos(b*x™n + a)/x, x)
maple [A] time = 0.03, size = 25, normalized size = 0.96

—Si (bx") sin(a) + Ci (b x") cos(a)
n

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x"n)/x,x)
[Out] 1/n*(-Si(b*x"n)*sin(a)+Ci(b*x"n)*cos(a))

maxima [C] time = 1.74, size = 90, normalized size = 3.46

(Ei (ibx™) + Ei (—i bx") + Ei (i be("@)) +Ei (—i be(”@))) cos(a) + (i Ei (i bx") — i Ei (i bx") + i Ei (i pel1o8
4dn

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*x"n)/x,x, algorithm="maxima")

[Out] 1/4*%((Ei(I*b*x"n) + Ei(-Ixb*x"n) + Ei(I*bxe”(n*conjugate(log(x)))) + Ei(-Ix
bxe” (n*conjugate(log(x)))))*cos(a) + (I*Ei(I*b*x"n) - I*Ei(-I*b*x"n) + IxEi
(Ixb*e” (n*conjugate(log(x)))) - I*Ei(-Ixb*e” (n*conjugate(log(x)))))*sin(a))

/n

mupad [F] time = 0.00, size = -1, normalized size = -0.04

f cos(a+ bx") i

x
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)/x,x)
[Out] int(cos(a + b*x"n)/x, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f cos (a + bx™) ix

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*x**n)/x,x)

[Out] Integral(cos(a + b*x**n)/x, x)
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cosZ(a+bx"
( )dx

370 |

X

Optimal. Leaf size=43

cos(2a)Ci (2bx™) _ sin(2a)Si (2bx™) N log(x)
2n 2n 2

[Out] 1/2%Ci(2%b*x"n)*cos(2*a)/n+1/2*%1n(x)-1/2%Si(2*%b*x"n)*sin(2*a)/n
Rubi [A] time = 0.06, antiderivative size = 43, normalized size of antiderivative

= 1.00, number of steps used = 5, number of rules used = 4, integrand size = 14,
number of rules _ ) 286, Rules used = {3426, 3378, 3376, 3375}

integrand size

cos(2a)CosIntegral (2bx")  sin(2a)Si (2bx™) N log(x)
2n 2n 2

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x"n]~2/x,x]

[Out] (Cos[2*a]*CosIntegral [2¥b*x"n])/(2*n) + Logl[x]/2 - (Sin[2*a]*SinIntegral [2*
b*x"n])/(2%n)

Rule 3375

Int[Sin[(d_.)*(x_)~"(n_)]1/(x_), x_Symbol] :> Simp[SinIntegral[d*x"nl]/n, x] /
; FreeQ[{d, n}, xI]

Rule 3376

Int[Cos[(d_.)*(x_)"(n_)]/(x_), x_Symbol] :> Simp[CosIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, xI]

Rule 3378

Int[Cos[(c_) + (d_.)*(x_)"(n_)]/(x_), x_Symbol] :> Dist[Cos[c], Int[Cos[d*x
“nl/x, x], x] - Dist[Sin[c], Int([Sin[d*x"n]/x, x], x] /; FreeQ[{c, d, n}, x
]

Rule 3426

Int[((a_.) + Cosl[(c_.) + (d_)*(x_)"(n_)]*(b_.)) " (p)*((e_.)*x(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReducel[(e*x)"m, (a + b*Cos[c + d*x"n]) p, x], x]
/; FreeQ[{a, b, ¢, d, e, m, n}, x] & IGtQ[p, 0]

Rubi steps

2 n n
fcos (a + bx )dx:f(i+cos(2a+2bx )) I
X 2x 2x

|
_ log(®) |
2

1 1 2bx" 1 in (2bx"
= _og(x) + — cos(2a) f —COS( ad )dx — —sin(2a) f —sm( a )dx
2 2 X 2 X

_ cos(2a)Ci (2bx") N log(x) ~ sin(2a)Si (2bx™)
B 2n 2 2n

1 ( cos(2a + 2bx™)
f dx
2 X
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Mathematica [A] time = 0.09, size = 37, normalized size = 0.86

cos(2a)Ci (2bx™) — sin(2a)Si (2bx™) + nlog(x)
2n

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x"n]~2/x,x]

[Out] (Cos[2*a]*CosIntegral [2¥b*x"n] + nxLogl[x] - Sin[2*al*SinIntegral [2*b*x"n])/
(2*n)

fricas [A] time = 0.65, size = 48, normalized size = 1.12

cos (2a)Ci(2bx™) + cos (2a) Ci (-2 bx") + 2nlog(x) — 2 sin (2 a) Si (2 bx")
4n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x™n)~2/x,x, algorithm="fricas")

[Out] 1/4*(cos(2+*a)*cos_integral (2xb*x"n) + cos(2*a)*cos_integral (-2xb*x"n) + 2*n
xlog(x) - 2*sin(2*a)*sin_integral (2*¥b*x"n))/n

giac [F] time = 0.00, size = 0, normalized size = 0.00

f cos (bx™ + oz)2

X

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*x"n)~2/x,x, algorithm="giac")
[Out] integrate(cos(b*x™n + a)~2/x, x)
maple [A] time = 0.05, size = 45, normalized size = 1.05

_Si (2bx™) sin (2a) N Ci(2bx™) cos (2a) N In(bx™)
2n 2n 2n

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x"n)~2/x,x)
[Out] -1/2%Si(2*b*x"n)*sin(2*a)/n+1/2*Ci(2*¥b*x"n)*cos(2*a)/n+1/2/n*x1n(b*x"n)

maxima [C] time = 2.36, size = 99, normalized size = 2.30

(Ei (2i bx") + Ei (<21 bx") + Fi (21’ be(”m)) i (—21' be(”@))) cos (24) + 4nlog(x) + (i Fi (21 bx") — i Fi (=
8n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x™n)~2/x,x, algorithm="maxima")

[Out] 1/8*%((Ei(2*I*b*x"n) + Ei(-2*I*b*x"n) + Ei(2*%Ixb*e” (n*conjugate(log(x)))) +
Ei(-2xI*b*xe” (n*conjugate(log(x)))))*cos(2*a) + 4*n*xlog(x) + (I*Ei(2*Ixb*x"n

) — I*Ei(-2*Ixb*x"n) + I*Ei(2xI*b*e”(n*conjugate(log(x)))) - I*Ei(-2%Ixbxe”
(n*conjugate(log(x)))))*sin(2*a))/n

mupad [F] time = 0.00, size = -1, normalized size = -0.02

f cos (a + bx”)2 i

X



Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)~2/x,x)
[Out] int(cos(a + b*x"n)~2/x, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

2 b
fcos (a + bx )dx

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*x**n)**2/x,x)

[Out] Integral(cos(a + b*x**n)**2/x, x)
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cos> (a+bx"
( )dx

3.71 f

X

Optimal. Leaf size=67

3 cos(a)Ci (bx™) N cos(3a)Ci (3bx™) ~ 3 sin(a)Si (bx™) _ sin(3a)Si (3bx™)
4n 4n 4n 4n

[Out] 3/4*Ci(b*x"n)*cos(a)/n+1/4*Ci(3*b*x"n)*cos(3*a)/n-3/4*Si(b*x"n)*sin(a)/n-1/
4%xSi (3xbxx"n)*sin(3*a)/n

Rubi [A] time = 0.09, antiderivative size = 67, normalized size of antiderivative

= 1.00, number of steps used = 8, number of rules used = 4, integrand size = 14,
number of rules _ ) 286, Rules used = {3426, 3378, 3376, 3375}

integrand size

3 cos(a)CosIntegral (bx") N cos(3a)CosIntegral (3bx™) ~ 3 sin(a)Si (bx™) _ sin(3a)Si (3bx™)
4n 4n 4n 4n

Antiderivative was successfully verified.
[In] Int[Cosl[a + b*x"n] 3/x,x]

[Out] (3*Cos[al*CosIntegral[b*x"n])/(4*n) + (Cos[3*a]*CosIntegral [3xb*x"n])/(4*n)
- (3*Sin[a]l*SinIntegral [bxx"n])/(4*n) - (Sin[3*al*SinIntegral [3*bxx"n])/(4
*n)

Rule 3375

Int[Sin[(d_.)*(x_)"(n_)]/(x_), x_Symbol] :> Simp[SinIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, x]

Rule 3376

Int[Cos[(d_.)*(x_)"(n_)]/(x_), x_Symbol] :> Simp[CosIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, x]

Rule 3378

Int[Cos[(c_) + (d_.)*(x_)"(n_)]/(x_), x_Symbol] :> Dist[Cos[c], Int[Cos[d*x
“n]/x, x], x] - Dist[Sin[c], Int[Sin[d*x"nl/x, x], x] /; FreeQ[{c, d, n}, x
]

Rule 3426

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(m_)I*(b_.)) " (p_)*((e_.)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*xx)"m, (a + b*Cos[c + d*x"n])~p, x], x]
/; FreeQ[{a, b, ¢, d, e, m, n}, x] && IGtQ[p, 0]

Rubi steps

cos® (a + bx™) 3cos(a+bx") cos(3a+ 3bx")
f — " dx = f + dx
X 4x 4x

n n
zlfcos(3a+3bx)dx+§fcos(a+bx)dx
4 X 4 X

= ~Geos(@) [ LD s Leosan) [ gy L sin) [T gy

_ 3cos(a)Ci (bx") N cos(3a)Ci (3bx™) ~ 3 sin(a)Si (bx™) _ sin(3a)Si (3bx™)
B 4n 4n 4n 4n
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Mathematica [A] time = 0.13, size = 53, normalized size = 0.79

3 cos(a)Ci (bx™) + cos(3a)Ci (3bx™) — 3 sin(a)Si (bx™) — sin(3a)Si (3bx™)
4n

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x"n]~3/x,x]
[Out] (3*Cos[al*CosIntegral[b*x"n] + Cos[3*al]*CosIntegral [3*b*xx"n] - 3*Sin[a]*Sin
Integral [b*x"n] - Sin[3*a]l*SinIntegral [3*b*x"n])/(4*n)

fricas [A] time = 0.82, size = 74, normalized size = 1.10

cos (3a)Ci(3bx™) + 3 cos(a) Ci (bx™) + 3 cos(a) Ci (—bx™) + cos (3a) Ci (-3 bx™) — 2 sin(3a)Si(3bx™) - 6
8n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*x™n)~3/x,x, algorithm="fricas")

[Out] 1/8%(cos(3+*a)*cos_integral (3*b*x"n) + 3*cos(a)*cos_integral (b*x™n) + 3*cos(
a)*cos_integral (-b*x"n) + cos(3*a)*cos_integral (-3*b*x"n) - 2*sin(3*a)*sin_

integral (3*b*x"n) - 6*sin(a)*sin_integral (b*x"n))/n
giac [F] time = 0.00, size = 0, normalized size = 0.00

f cos (bx™ + a)3 i

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*x"n)~3/x,x, algorithm="giac")

[Out] integrate(cos(b*x™n + a)~3/x, x)

maple [A] time = 0.05, size = 52, normalized size = 0.78
_Si(3bx”)sin(3a) + Ci(3bx™) cos(3a) _ 3Si(bx™) sin(a) + 3 Ci(bx™) cos(a)
4 4 4 4
n

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x"n)~3/x,x)
[Out] 1/n*(-1/4%Si(3*b*x"n)*sin(3*a)+1/4*Ci(3*b*x"n)*cos(3*a)-3/4*Si(b*xx"n)*sin(a
)+3/4%Ci(b*x"n)*cos(a))

maxima [C] time = 1.86, size = 179, normalized size = 2.67

(Ei (3i bx") + Ei (-3i bx") + Ei (3i be(”@)) +Ei (—31‘ be("w))) cos (3a) + 3 (Ei (ibx™) + Ei (—i bx") + Ei

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(at+b*x"n)~3/x,x, algorithm="maxima"

[Out] 1/16%((Ei(3*I*b*x"n) + Ei(-3*%I*b*x"n) + Ei(3xIxb*e” (n*conjugate(log(x)))) +
Ei(-3*I*b*e” (n*conjugate(log(x)))))*cos(3*a) + 3*x(Ei(I*b*x"n) + Ei(-I*b*x~

n) + Ei(Ixbxe”(n*conjugate(log(x)))) + Ei(-I*b*e” (n*conjugate(log(x)))))*co

s(a) + (I*Ei(3%Ixb*x"n) - I*Ei(-3*I*b*x"n) + I*Ei(3*%Ixb*e” (n*conjugate(log(

x)))) - I*Ei(-3*Ixb*e”(n*conjugate(log(x)))))*sin(3*a) + (3*I*Ei(I*b*x"n) -
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3*xI*Ei (-I*b*x"n) + 3*xI*Ei(Ixb*e” (n*xconjugate(log(x)))) - 3*IxEi(-Ixb*e” (n*

conjugate(log(x)))))*sin(a))/n

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f cos (a + bx”)3 i

x
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)~3/x,x)
[Out] int(cos(a + b*x"n)~3/x, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

cos® (a + bx™)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x**n)**3/x,x)

[Out] Integral(cos(a + b*x**n)**3/x, x)
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4 n
cos*(a+bx
( )dx

3.72 f

X

Optimal. Leaf size=79

cos(2a)Ci (2bx™) N cos(4a)Ci (4bx™) ~ sin(2a)Si (2bx™) _ sin(4a)Si (4bx™) N 3log(x)
2n 8n 2n 8n 8

[Out] 1/2*Ci(2*b*x"n)*cos(2*a)/n+1/8*Ci(4*xb*x"n)*cos(4*a)/n+3/8*1n(x)-1/2*Si(2*bx*
x"n)*sin(2*a)/n-1/8%Si(4*bxx"n)*sin(4*a)/n

Rubi [A] time = 0.09, antiderivative size = 79, normalized size of antiderivative

= 1.00, number of steps used = 8, number of rules used = 4, integrand size = 14,
number of rules _ ) 286, Rules used = {3426, 3378, 3376, 3375}

integrand size

cos(2a)CosIntegral (2bx™) N cos(4a)Coslntegral (4bx") sin(2a)Si(2bx™) sin(4a)Si (4bx™) N 3log(x)
2n 8n 2n 8n 8

Antiderivative was successfully verified.
[In] Int[Cosl[a + b*x"n] 4/x,x]

[Out] (Cos[2*al*CosIntegral [2*b*x"n])/(2xn) + (Cos[4xal*CosIntegral [4¥b*x"n])/ (8%
n) + (3*Logl[x])/8 - (Sin[2*al]*SinIntegral [2¥b*x"n])/(2*n) - (Sin[4*a]*SinIn
tegral [4xb*x"n] )/ (8*n)

Rule 3375

Int[Sin[(d_.)*(x_)~"(n_)]1/(x_), x_Symbol] :> Simp[SinIntegral[d*x"nl/n, x] /
; FreeQ[{d, n}, xI]

Rule 3376

Int[Cos[(d_.)*(x_)"(n_)]1/(x_), x_Symbol] :> Simp[CosIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, x]

Rule 3378

Int[Cos[(c_) + (d_.)*(x_)"(n_)]1/(x_), x_Symbol] :> Dist[Cos[c], Int[Cos[d*x
“n]/x, x], x] - Dist[Sinl[c], Int[Sin[d*x"nl/x, x], x] /; FreeQl{c, 4, n}, x
]

Rule 3426

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*x(b_.))"(p_)*((e_)*(x_)) " (m_.), x
_Symbol] :> Int[ExpandTrigReducel[(e*x)"m, (a + b*Cos[c + d*x"n]) p, x], xI]
/; FreeQ[{a, b, ¢, d, e, m, n}, x] && IGtQ[p, O]

Rubi steps

4 n n n
fcos (a + bx )dx: f(i N cos (2a + 2bx™) N cos (4a + 4bx )) i
X 2x 8x
n n
3log(x) N 1 f cos (4a + 4bx™) x4 lf cos (2a + 2bx™) i
8 8 X X
31 1 2bx" 1 4bx™ 1 i
= °5(%) + — cos(2a) f M dx + — cos(4a) f M dx — — sin(2a) f i
8 2 X 8 X 2

_ cos(2a)Ci (2bx") N cos(4a)Ci (4bx™) N 3log(x) _ sin(2a)Si (2bx™) _ sin(4a)Si (4bx"
B 2n 8n 8 2n 8n
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Mathematica [A] time = 0.14, size = 66, normalized size = 0.84

4 cos(2a)Ci (2bx™) + cos(4a)Ci (4bx™) — 4 sin(2a)Si (2bx™) — sin(4a)Si (4bx™) N 3log(x)
8n 8

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x"n]~4/x,x]

[Out] (3*Logl[x])/8 + (4*Cos[2*a]*CosIntegral [2xbxx"n] + Cos[4*a]*CosIntegral [4xb*
x"n] - 4*Sin[2*a]*SinIntegral [2*b*x"n] - Sin[4*a]*SinIntegral [4*b*x"n])/(8*

n)

fricas [A] time = 0.90, size = 87, normalized size = 1.10

cos (4a)Ci(4bx") + 4 cos(2a)Ci(2bx") + 4 cos (2a) Ci (=2 bx") + cos (4 a) Ci(—4 bx") + 6 nlog(x) — 2 sin (4
l6n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n)~4/x,x, algorithm="fricas")

[Out] 1/16%(cos(4*a)*cos_integral (4*b*x™n) + 4*cos(2+%a)*cos_integral(2xb*x™n) + 4
xcos(2%a) *cos_integral (-2*b*x"n) + cos(4*a)*cos_integral (-4*b*x"n) + 6*n*lo
g(x) - 2xsin(4*a)*sin_integral (4xb*x"n) - 8*sin(2*a)*sin_integral (2*%b*x"n))

/n

giac [F] time = 0.00, size = 0, normalized size = 0.00

f cos (bx™ + a)4 i

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n)~4/x,x, algorithm="giac")

[Out] integrate(cos(b*x™n + a)~4/x, x)

maple [A] time = 0.05, size = 77, normalized size = 0.97

_Si (4b x™) sin (4a) N Ci (4bx™) cos (4a) ~ Si (2b x™) sin (2a) N Ci(2bx™) cos (2a) N 3In(bx™)
8n 8n 2n 2n 8n

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x"n) 4/x,x)
[Out] -1/8%*Si(4*b*x"n)*sin(4*a)/n+1/8*Ci(4*b*xx"n)*cos(4*a)/n-1/2*Si(2xb*x"n)*sin(
2%a)/n+1/2%Ci (2*b*x"n) *cos (2*a) /n+3/8/n*1n(b*x"n)

maxima [C] time = 2.62, size = 188, normalized size = 2.38

(Ei (4i bx") + Fi (~4i bx") + Ei (41’ be(”@)) + i (—41' be(”@))) cos (4a) + 4 (Ei (2i bx") + Ei (<2i bx") + Ei (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*x"n)~4/x,x, algorithm="maxima")

[Out] 1/32%((Ei(4*I*b*x"n) + Ei(-4xI*b*x"n) + Ei(4*Ixbxe” (n*conjugate(log(x)))) +
Ei(-4*Ixb*e” (n*conjugate(log(x)))))*cos(4xa) + 4x(Ei(2+I*bxx"n) + Ei(-2xIx
b*x™n) + Ei(2*%Ixb*e” (n*xconjugate(log(x)))) + Ei(-2*Ixb*e” (n*conjugate(log(x
)))))*cos(2xa) + 12#nxlog(x) + (I*Ei(4*I*b*x"n) - I*Ei(-4*I*bxx"n) + I*Ei(4
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xI*xbxe” (n*conjugate(log(x)))) - I*Ei(-4*Ixbxe” (n*conjugate(log(x)))))*sin(4
xa) + (4*IxEi(2*Ixb*x"n) - 4*IxEi(-2%I*bxx"n) + 4*I*Ei(2+I*bxe”(n*conjugate
(log(x)))) - 4*I*Ei(-2*I*b*e” (n*conjugate(log(x)))))*sin(2*a))/n

mupad [F] time = 0.00, size = -1, normalized size = -0.01

dx

X

f cos (a + bx”)4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n) ~4/x,x)
[Out] int(cos(a + b*x"n)~4/x, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

4 b
fcos (a+bx )dx

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*x**n)**4/x,%)

[Out] Integral(cos(a + b¥x**n)**4/x, x)
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3.73 fcos (a + bx™) dx

Optimal. Leaf size=83

ey (—ibx™)y V" T (%, —ibx”) e~y (ibx") " T (%, ibx”)

2n 2n

[Out] -1/2%exp(I*a)*x*GAMMA(1/n,-Ixb*x"n)/n/((-I*b*x"n)~(1/n))-1/2*x*GAMMA(1/n,I*
b*x"n) /exp(I*a)/n/((Ixb*x"n)~(1/n))

Rubi [A] time = 0.02, antiderivative size = 83, normalized size of antiderivative =

ber of rul
1.00, number of steps used = 3, number of rules used = 2, integrand size = §, /e e

= 0.250, Rules used = {3366, 2208}

integrand size

ey (=ibx™) " Gamma (%, —ibx”) e7inx (ibx™) V" Gamma (%, ibx”)

2n 2n

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x"n],x]

[Out] -(E~(I*a)x*x*Gammal[n~(-1), (-I)*bxx"n])/(2*n*((-I)*b*x"n) " n~(-1)) - (x*Gamma
[n~(-1), I*b*x"n])/(2*E~(I*a)*n*(I*b*x"n) n~(-1))

Rule 2208

Int[(F)"((a_.) + (b_)*((c_.) + (@_.)*(x_))"(n_)), x_Symbol] :> -Simp[(F~a
x(c + dxx)*Gamma[1/n, -(b*(c + d*x) n*xLogl[F])])/(d*n*(-(bx(c + d*x) n*LoglF
1)~ /n)), x] /; FreeQ[{F, a, b, c, d, n}, x] && !'IntegerQ[2/n]

Rule 3366

Int[Cos[(c_.) + (d_.)*((e_.) + (f_.)*(x_))"(n_)], x_Symbol] :> Dist[1/2, In
t[E"(-(c*xI) - d*xIx(e + f*x)"n), x], x] + Dist[1/2, Int[E"(c*I + dxIx(e + fx*
x)"n), x1, x] /; FreeQl{c, d, e, f, n}, xI]

Rubi steps
1 it 1 i
fcos(a+bx”)dx:§fe ia—ibx dx+§feza+zx dx

eitx (—ibx™) T (%, —ibx”) e~y (ibx") V" T (%, ibx”)
2n - 2n

Mathematica [A] time = 0.08, size = 92, normalized size = 1.11

x (22r) ((cos(a) _ isin(a)) (-ibx")7 T (1 ibx”) + (cos(a) + i sin(a)) (ibx") T (1 —ibx”))
2n

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x™n],x]

[Out] -1/2%(x*x(((-I)*b*x"n) n"(-1)*Gamma[n~(-1), Ix*b*x"n]*(Cos[a] - I*Sinf[a]) + (
I*b*x"n) n~ (-1)*Gamma[n~(-1), (-I)*b*x"n]*(Cos[a] + I*Sinl[a]l)))/(n*x(b"2xx"(
2%n)) "n~(-1))
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fricas [F] time = 1.14, size = 0, normalized size = 0.00
integral (cos (bx" + a) , x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(at+b*x"n),x, algorithm="fricas")
[Out] integral(cos(b*x™n + a), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f cos (bx™ + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*x"n),x, algorithm="giac")
[Out] integrate(cos(b*x™n + a), x)

maple [C] time = 0.12, size = 75, normalized size = 0.90

2ny,2
110N 1 Y212 b x1*" hypergeom ([% + %], [g,g + %],—x 4b )sin(a)
h — =1+ - —
x hypergeom ([an' [2, + an' 1 ) cos(a) Ta7

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x"n),x)

[Out] x*hypergeom([1/2/n],[1/2,1+1/2/n],-1/4%x~ (2*n)*b~2)*cos(a)-b/ (1+n)*x~ (1+n)*
hypergeom([1/2+1/2/n], [3/2,3/2+1/2/n],-1/4%x~ (2%n) *b~2) *sin(a)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f cos (bx™ + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n),x, algorithm="maxima")
[Out] integrate(cos(b*x™n + a), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
fcos (a+bx") dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n),x)
[Out] int(cos(a + b*x"n), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
fcos (a + bx™)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*x**n),x)

[Out] Integral(cos(a + b*x**n), x)
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3.74 f cos? (a + bx™) dx
Optimal. Leaf size=102

. 1 ) 1
21052y (—ipan) VI T (% —2ibx”) e2i89"5 2 (ibx") I T (% 2ibx”)
— p— + —
n n 2

[Out] 1/2%x-27(-2-1/n)*exp(2xI*a)*x*GAMMA(1/n,-2*Ixb*x"n)/n/((-I*b*x"n)~(1/n))-2"
(-2-1/n) *x*GAMMA (1/n,2*I*b*x"n) /exp(2*xI*a) /n/ ((I*b*xx"n) " (1/n))

Rubi [A] time = 0.07, antiderivative size = 102, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 3, integrand size = 10,

number of rules _ 5 300, Rules used = {3368, 3366, 2208}

integrand size

i _1_2 . —1/n 1 . _2i —1—2 . -1/n [
e"2 n “x (—ibx™) " Gamma (;,—Zbe”) e =2 n “x (ibx") " Gamma (;,Zbe”)
—_ — + —_
n n 2

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x"n]"2,x]

[Out] x/2 - (27(-2 - n~(-1))*E~((2*I)*a)*x*Gamma[n~(-1), (-2*I)*b*x"n])/(n*x((-I)x*
b*x"n) "n~(-1)) - (27(-2 - n~(-1))*x*xGamma[n~(-1), (2*xI)*bxx"n])/(E~((2*I)*a
) *n* (I*b*x™n) "n~(-1))

Rule 2208

Int[(F_)~((a_.) + (b_.)*x((c_.) + (d_.)*(x_))"(n_)), x_Symbol] :> -Simp[(F~a
x(c + d*x)*Gamma[1/n, -(b*(c + d*x) n*xLogl[F])])/(d*n*(-(bx(c + d*x) “n*LoglF
1))~ /n)), x] /; FreeQ[{F, a, b, c, d, n}, x] && !'IntegerQ[2/n]

Rule 3366

Int[Cos[(c_.) + (d_.)*((e_.) + (f_.)*(x_))"(n_)], x_Symbol] :> Dist[1/2, In
t[E"(-(c*xI) - d*xIx(e + f*x)"n), x], x] + Dist[1/2, Int[E"(c*xI + d*xIx(e + fx*
x)"n), x], x] /; FreeQl{c, d, e, f, n}, xI]

Rule 3368
Int[((a_.) + Cos[(c_.) + (d_.)*x((e_.) + (£_)*(x D))" (n )]1*(M_.))"(p_), x_Sy

mbol] :> Int[ExpandTrigReduce[(a + bxCos[c + dx(e + f*x)"n])7p, x], x] /; F
reeQ[{a, b, c, d, e, f, n}, x] && IGtQ[p, 1]

Rubi steps

1 1
fcos2 (a+Dbx") dx = f(i + 5 cos (2a + 2bx”)) dx

x 1

=5 + > cos (2a + 2bx™) dx

— f + 1 e—21’a—2ibx” dx + 1 eria+2ibx" dx
2 4 4

1 ! 1
2—2—582111:)( (_ibxn)—l/n I-v (%, _2ibx7’1) z_z_ﬁe_zmx (ibxn)_l/n r (%/ 2be7’1)

2_ n B n
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Mathematica [A] time = 0.25, size = 94, normalized size = 0.92

x (eZi”Z‘l/” (—ibxm)y V1T (%, —Zibx”) + e~2iap=1/n (jpymy T (%, Zibx”) -~ Zn)
- 4n

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x"n]~2,x]

[Out] -1/4x(x*x(-2xn + (E~((2*%I)*a)*Gamma[n~(-1), (-2xI)*b*x"n])/(2°n~(-1)*x((-I)*b
*x"n) " n"(-1)) + Gamma[n~(-1), (2%I)*b*xx"n]/(27n"(-1)*E~((2*I)*a)*(I*b*x"n)"~
n~(-1))))/n

fricas [F] time = 0.93, size = 0, normalized size = 0.00

integral (cos (bx™ + a)2 ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x™n)~2,x, algorithm="fricas")

[Out] integral(cos(b*x"n + a)~2, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f cos (bx™ + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*x™n)~2,x, algorithm="giac")
[Out] integrate(cos(b*x™n + a)~2, x)

maple [F] time = 0.23, size = 0, normalized size = 0.00

f cos? (a + bx") dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x"n)~2,x)
[Out] int(cos(a+b*x"n)~2,x)
maxima [F] time = 0.00, size = 0, normalized size = 0.00

1 1
§x+z fcos(be”+2a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*x™n)~2,x, algorithm="maxima")
[Out] 1/2*x + 1/2xintegrate(cos(2%b*x"n + 2%a), x)
mupad [F] time = 0.00, size = -1, normalized size = -0.01

f cos (a + bx™? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)~2,x)



[Out] int(cos(a + b*x"n)~2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f cos? (a + bx™) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x**n)**2,x)

[Out] Integral(cos(a + b*x**n)**2, x)
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3.75 f cos® (a + bx™) dx

Optimal. Leaf size=179

3e¢itx (—ibx") V' T (%, —ibx") e3ia3=1ny (—jpxmy VT (%, —3ibx”) 3e~iny (ibx") " T (%, ibx”) g3z~ 1/ny

8n 8n 8n

[Out] -3/8*exp(I*a)*x*GAMMA(1/n,-Ixb*x"n)/n/((-I*b*x"n)~(1/n))-3/8*x*GAMMA(1/n,I*
b*x"n) /exp(I*a)/n/((I*b*x"n)~(1/n))-1/8*exp(3*I*a)*x*GAMMA(1/n,-3*I*b*x"n)/

(37 (1/n)) /n/ ((~I*b*x"n)~(1/n))-1/8*x*GAMMA (1/n,3*I*b*x"n) /(37 (1/n)) /exp(3*I
*a)/n/ ((Ixb*x"n)~(1/n))

Rubi [A] time = 0.08, antiderivative size = 179, normalized size of antiderivative

= 1.00, number of steps used = 8, number of rules used = 3, integrand size = 10,
number of rules _ ) 300, Rules used = {3368, 3366, 2208)

integrand size

3¢y (=ibx™) " Gamma (%, —ibx”) ¢33 1ny (—ibx") " Gamma (%, —3ibx”) 3¢~y (ibx™) V" Gamma

8n - 8n 8n

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x"n]~3,x]

[Out] (-3*E~(I*a)*x*Gamma[n~(-1), (-I)*b*x"n])/(8*n*((-I)*b*x"n) n~(-1)) - (3*x*G
amma [n~(-1), I*bxx"n])/(8+E~(I*a)x*n*(I*b*x"n) n~(-1)) - (E~((3*I)*a)*x*Gamm
an~(-1), (-3*xD)x*b*x"n])/(8*3"n~(-1)*n*x((-I)*b*x"n) " n~(-1)) - (x*Gamma[n~ (-

1), (B*I)*b*x"n])/(8*3™n" (-1)*E~ ((3*I)*a)*n*(I*xb*x™n) n~(-1))

Rule 2208

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(n_)), x_Symbol] :> -Simp[(F~a
*(c + d*x)*Gamma[l/n, -(bx(c + d*x) nxLog[F])])/(d*n*(-(bx(c + d*x) nxLog[F
1))°(1/n)), x] /; FreeQ[{F, a, b, ¢, d, n}, x] & !'IntegerQ[2/n]

Rule 3366

Int[Cos[(c_.) + (d_.)*((e_.) + (f_.)*(x_))"(n_)], x_Symbol] :> Dist[1/2, In
t[E"(-(cxI) - d*xIx(e + f*x)"n), x], x] + Dist[1/2, Int[E"(c*I + dxIx(e + fx*
x)"n), x1, x] /; FreeQl{c, d, e, f, n}, xI]

Rule 3368

Int[((a_.) + Cos[(c_.) + (d_.)*x((e_.) + (£_)*(x)) " )]1*x(_.))"(p_), x_Sy
mbol] :> Int[ExpandTrigReduce[(a + bxCos[c + dx(e + f*x)"n])7p, x], x] /; F
reeQ[{a, b, c, d, e, £, n}, x] && IGtQ[p, 1]

Rubi steps

3 1
fcos3 (a+bx") dx = f(i cos (a + bx™) + 108 (3a + 3bx”)) dx

1 3
=1 fcos (3a + 3bx™") dx + 1 fcos (a + bx") dx
-1 f g-3u-diva" gy 4 L f giadive g 1 3 f pinibx g 43 f pia+ibe gy
8 8 3 5

3eitx (—ibx™) VT (%, —ibx”) e~y (ibx") V" T (%, ibx”) 3-1ngdiay (—jpxm)y VM T

8n - 8n 8n
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Mathematica [A] time = 0.24, size = 173, normalized size = 0.97

. ETIE i 1 1 . 1
e-dingny (122n) " (eZZﬂs%” (—ibx")n T (1 ibx”) + ehia35 L (ihxnyn T (1 —ibx”) + 65 (ibx")n T (1 —3ibx”)
8n

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x"n]~3,x]

[Out] -1/8*%(x*x(3"(1 + n~(-1))*E~((4xI)*a)*(I*b*x"n) n~(-1)*Gamma[n~(-1), (-I)*bx*x
“n] + 37(1 + n”(-1))*E"((2*%I)*a)*((-I)*b*x"n) n~ (-1)*Gamma[n~(-1), I*b*x"n]

+ E7((6*%I)*a)* (I*bxx"n) "n~(-1)*Gamma [n~(-1), (-3*I)*b*xx"n] + ((-I)*b*x"n)~
n~ (-1)*Gamma [n~(-1), (3*I)*b*x"n]))/(3"n~(-1)*E~((3*I)*a)*n*(b~2*xx~(2*n)) n
~(-1))

fricas [F] time = 0.81, size = 0, normalized size = 0.00

integral (cos (bx™ + a)3 ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*x"n)~3,x, algorithm="fricas")
[Out] integral(cos(b*x™n + a)~3, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f cos (bx™ + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*x™n)~3,x, algorithm="giac")
[Out] integrate(cos(b*x™n + a)~3, x)

maple [F] time = 0.28, size = 0, normalized size = 0.00
fcos3 (a+bx") dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x"n)~3,x)
[Out] int(cos(a+b*x"n)~3,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00
f cos (bx™ + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*x™n)~3,x, algorithm="maxima")
[Out] integrate(cos(b*x™n + a)~3, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
f cos (a + bx™)® dx

Verification of antiderivative is not currently implemented for this CAS.



[In] int(cos(a + b*x"n)~3,x)
[Out] int(cos(a + b*x"n)~3, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f cos? (a + bx") dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+bxx**n)**3,x)

[Out] Integral(cos(a + b*x**n)**3, x)
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3.76 fxm cos (a + bx™) dx

Optimal. Leaf size=105

m+1 . m+1
it (it r(’”—“ _ibx ) eingm L (it (’”—“ ibx )
- 2n - 2n

[Out] -1/2%exp(I*a)*x~ (1+m)*GAMMA((1+m)/n,-I*b*x"n)/n/((-Ixbxx"n)~((1+m)/n))-1/2%
X~ (1+m) *GAMMA ((1+4m) /n, I*b*x"n) /exp(I*a) /n/ ((I*b*x"n) " ((1+m) /n))

Rubi [A] time = 0.07, antiderivative size = 105, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 2, integrand size = 12,

numberofrules _ ) 167, Rules used = {3424, 2218}

integrand size

m+1 m+1
ex™*1 (—ibx™)” n Gamma (T —sz) e~axm+1 (jpx™)”"n~ Gamma (— sz)

2n - 2n

Antiderivative was successfully verified.
[In] Int[x"m*Cos[a + b*x"n],x]

[Out] -(E"(Ixa)*x~ (1 + m)*Gamma[(1 + m)/n, (-I)*xb*xx"n])/(2*n*x((-I)*b*x"n)~((1 + m
)/n)) - (x(1 + m)*Gamma[(1 + m)/n, I*b*x"nl])/(2*E~(I*a)x*n*(Ixbxx"n) ((1 +
m)/n))

Rule 2218

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(m_))*((e_.) + (f_.)*(x_)) " (m_
.), x_Symbol] :> -Simp[(F~a*(e + f*x)"(m + 1)*Gamma[(m + 1)/n, -(b*x(c + d*x
) "n*xLog[F]1)1)/(f*n* (- (b*(c + d*x) n*Log[F]))~((m + 1)/n)), x] /; FreeQ[{F,
a, b, ¢, d, e, £, m, n}, x] && EqQ[d*e - cx*f, 0]

Rule 3424

Int[Cos[(c_.) + (d_)*(x )" (n_ )I*x((e_.)*x(x_))"(m_.), x_Symbol] :> Dist[1/2,
Int[(exx)  m*E~(-(c*xI) - d*I*x"n), x], x] + Dist[1/2, Int[(e*x) m*E~(c*xI +
d*I*x"n), x], x] /; FreeQ[{c, d, e, m, n}, x]

Rubi steps

1 o 1 o
fxm cos (a+ bx") dx = 5 fe‘l”‘lbx x™dx + > fe“”lbx x™ dx
1+m 1+m
e (i) T (2 i) et iy e T (22 )
2n - 2n

Mathematica [A] time = 0.20, size = 115, normalized size = 1.10

m+1
m+1

XM+l (bzxZ”) ((cos(a)—zsm(a))( ibx™) n+ F(— ibx" )+ (cos(a) + isin(a)) (ibx™) w F(M—H —ibx" ))
2n

Antiderivative was successfully verified.

[In] Integrate[x"m*Cos[a + b*x"n],x]
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[Out] -1/2%(x"(1 + m)*(((-I)*b*x"n)~((1 + m)/n)*Gammal[(1 + m)/n, Ixbxx"n]*(Cos[al

- I*Sinfa]) + (I*b*x"n)~((1 + m)/n)*Gammal[(1 + m)/n, (-I)*b*x"n]*(Cosl[a] +

I*Sin[al)))/(n*(b™2*x~(2*n))~((1 + m)/n))
fricas [F] time = 0.99, size = 0, normalized size = 0.00

integral (x" cos (bx" + a) , x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x"m*cos(a+b*x"n),x, algorithm="fricas")
[Out] integral(x"m*cos(b*x™n + a), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f x™ cos (bx™ + a) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x"m*cos(a+b*x"n),x, algorithm="giac")
[Out] integrate(x"m*cos(b*x™n + a), x)

maple [C] time = 0.16, size = 111, normalized size = 1.06

2ny,2 m
x*" hypergeom ([ﬂ + i], [1 1+2 42 ], b )cos(a) b x1" 1 hypergeom ([% +—+

o  2n | |2’ m 2 4 2n

1

2n

I

33
272

+

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"m*cos(at+b*x"n),x)

[Out] 1/(1+m)*x"~(1+m)*hypergeom([1/2/n*m+1/2/n],[1/2,1+1/2/n*m+1/2/n],-1/4*x~ (2*n

)*b~2)*cos (a)-b/ (1+m+n) *x~ (1+m+n) *hypergeom ([1/2+1/2/n*m+1/2/n] , [3/2,3/2+1/

2/n*xm+1/2/n] ,-1/4*xx~ (2*n)*b~2)*sin(a)

maxima [F] time = 0.00, size = 0, normalized size = 0.00
f x™ cos (bx™ + a) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x"m*cos(a+b*x"n),x, algorithm="maxima"
[Out] integrate(x"m*cos(b*x™n + a), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
fxm cos (a+ bx™) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"m*xcos(a + b*x"n),x)
[Out] int(x"m*cos(a + b*x"n), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f x™ cos (a + bx™) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**m*cos(a+b*x**n),x)

[Out] Integral(x**m*cos(a + b*x**n), x)
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3.77 f x™ cos? (a + bx") dx

Optimal. Leaf size=141
. m+2n+l _m+l . mA2n+l _m+l
21y~ ym+1 ()~ r(’”T“,—zibx") e 2in9™ " L (i) r(’”T“,zibx”) st

+
n n 2(m+1)

[Out] 1/2%x”(1+m)/(1+m)-exp(2*I*a)*x" (1+m)*GAMMA ((1+m)/n,-2*%I*b*x"n) /(27 ((1+m+2*n
)/n))/n/ ((-Ixb*x"n) "~ ((1+m)/n))-x" (14m) *GAMMA ((1+m) /n,2*I*b*x"n) / (27 ((1+m+2x*
n)/n))/exp(2xI*a)/n/((I*b*xx"n)~ ((1+m)/n))

Rubi [A] time = 0.16, antiderivative size = 141, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 3, integrand size = 14,

number of rules _ ) 214, Rules used = {3426, 3424, 2218}

integrand size

SO ee e R mil i 2L el
e XML (—ibx™) T n Gamma(T,—Zsz”) e~ e XM (fbx™) Gamma(T,Zsz”) X

n n 2(r

Antiderivative was successfully verified.
[In] Int[x"m*xCosl[a + b*x"n]~2,x]

[Out] x~(1 + m)/(2*%(1 + m)) - (E"((2xI)*a)*x~ (1 + m)*Gamma[(1 + m)/n, (-2*I)*b*xx~
n])/(27((1 + m + 2*n)/n)*nx((-I)*b*x™n)~((1 + m)/n)) - (x~(1 + m)*Gamma[(1

+ m)/n, (2xI)*bxx"n])/(2°((1 + m + 2%n)/n)*E~((2*I)*a)*n*(I*xbxx™n) ((1 + m)

/n))

Rule 2218

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(n_))*((e_.) + (£_.)*(x_)) " (m_
.), x_Symbol] :> -Simp[(F~a*(e + f*x)~(m + 1)*Gamma[(m + 1)/n, -(b*(c + d*x
) "nxLog[F1)1)/ (f*n* (- (b*x(c + d*x) nxLog[F]))~((m + 1)/n)), x] /; FreeQ[{F,
a, b, ¢, d, e, £, m, n}, x] && EqQ[d*e - cxf, 0]

Rule 3424

Int[Cos[(c_.) + (d_)*(x_)"(m_)]*((e_.)*(x_))"(m_.), x_Symbol] :> Dist[1/2,
Int[(e*xx) "m*E~(-(c*I) - d*I*x"n), x], x] + Dist[1/2, Int[(e*xx) m*E~(c*xI +
d*I*x"n), x], x] /; FreeQ[{c, d, e, m, n}, x]

Rule 3426

Int[((a_.) + Cosl[(c_.) + (d_)*(x_)"(n_)]*(b_.))"(p)*((e_)*x(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReducel[(e*x)"m, (a + b*Cos[c + d*x"n]) p, x], x]
/; FreeQ[{a, b, ¢, d, e, m, n}, x] && IGtQ[p, O]

Rubi steps

mo1
fxm cos? (a + bx™) dx = f(x? + Exm cos (2a + be”)) dx

xl+m 1
= A+ m) + Efxmcos(2a+2bx”) dx
1
— 2(31( -:n:/n) + ife—Zia—Zibx”xm dx + ifezm+2ibx”xm dx
_1+m+2n viad ) _I+m 1+m . _l+m+2n a1 . _
LHm 2 ety (—bx™) T n F(T,—Zsz”) 2 n ey (hx)

:2(1+m)_ n n
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Mathematica [A] time = 0.52, size = 129, normalized size = 0.91

m+1 +1 m+1 m+1 m+1 m+1

x"+1 (ezm(m +1)27 (—ibx“)_mT r (T’ —Zibx”) +e2(m+1)2" " (ibx") n T (T’ Zibx”) - Zn)
B 4m + 1)n

Antiderivative was successfully verified.

[In] Integrate[x"m*Cos[a + b*x"n]~2,x]

[Out] -1/4*x(x"(1 + m)*(-2*n + (E"((2*xID)*a)*(1 + m)*Gamma[(1 + m)/n, (-2*I)*b*x"n]
)/ (27((1 + m)/n)*((-I)*b*x"n) " ((1 + m)/n)) + ((1 + m)*Gamma[(1 + m)/n, (2*I
)*¥b*xx"n]) /(27 ((1 + m)/n)*E~((2*I)*a)*(I*xb*x™n)~((1 + m)/n))))/((1 + m)*n)

fricas [F] time = 0.94, size = 0, normalized size = 0.00
integral (xm cos (bx™ + a)2 , x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x"m*cos(at+b*x"n)~2,x, algorithm="fricas")
[Out] integral (x"m*cos(b*x™n + a)~2, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f x™ cos (bx™ + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x"m*cos(a+b*x"n)~2,x, algorithm="giac")
[Out] integrate(x"m*cos(b*x™n + a)~2, x)

maple [F] time = 0.19, size = 0, normalized size = 0.00
fxm (c052 (a+ bx“)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"m*cos(a+b*x"n)~2,x)
[Out] int(x"m*cos(a+b*x"n)~2,x)
maxima [F] time = 0.00, size = 0, normalized size = 0.00

xxm+(m+1)fx’”cos(2bx”+2a) dx
2(m+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x"m*cos(a+b*x™n)~2,x, algorithm="maxima")
[Out] 1/2*%(x*x"m + (m + 1)*integrate(x"m*cos(2*b*x™n + 2*a), x))/(m + 1)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01
fxm cos (a + bx”)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"m*cos(a + b*x"n)"2,x)



[Out] int(x"m*cos(a + b*x"n)~2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f x™ cos? (a + bx™) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**m*cos (a+bxx**n)**2,x)

[Out] Integral (x**m*cos(a + b*x**n)**2, x)
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3.78 [ x™cos®(a+bx") dx

Optimal. Leaf size=229

m+1 m+1 m+1 m+1
; . -—— m+1 . i . - m+1 . P y——— . -—— m+1
3etaxm+ 1 (—ibx™) n I’(T,—lbx”) 3eiaxm+L (jpx™) I’(T,sz”) 393 T x L (—ibx) F(T

8n 8n 8n

[Out] -3/8*exp(I*a)*x”(1+m)*GAMMA((1+m)/n,-Ixb*x"n)/n/((-I*b*x"n)~((1+m)/n))-3/8*
x~(1+m) *GAMMA ((1+m) /n, I*b*xx"n) /exp(I*a) /n/ ((Ixb*x"n) ~((1+m)/n))-1/8%exp (3*I

*xa) *x~ (1+m) *GAMMA ((1+m) /n,-3*Ixb*x"n) /(37 ((1+m) /n)) /n/ ((-I*b*x"n)~ ((1+m) /n)
)-1/8%x~ (1+m) *GAMMA ((1+m) /n,3*I*b*x"n) /(37 ((1+m) /n)) /exp(3*I*a) /n/ ((I*b*x"n

)~ ((1+m) /n))

Rubi [A] time = 0.21, antiderivative size = 229, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 3, integrand size = 14,

number of rules _ ) 214, Rules used = {3426, 3424, 2218}

integrand size

i _m+l m+1 i _m+l m+1 . _mil
3etax™m+1 (—ibx™) Tn Gamma(T,—sz”) 3e~iaxm L (jihx)” Gamma(T,sz”) 3™ n xm 1 (—ib

8n - 8n

Antiderivative was successfully verified.
[In] Int[x"m*Cos[a + b*x"n] 3,x]

[Out] (-3*E~(I*a)*x”~ (1 + m)*Gamma[(1 + m)/n, (-I)*b*x"n])/(8*n*((-I)*b*x"n)~((1 +
m)/n)) - (3*x~(1 + m)*Gamma[(1 + m)/n, I*b*xx"n])/(8*E~(Ix*xa)*n*(Ixb*x"n)  ((

1 +m)/n)) - (ET((3*xI)*a)*x~ (1 + m)*Gamma[(1 + m)/n, (-3*I)*b*x"n])/(8%37((

1 + m)/n)*nx((-I)*bxx™n)"((1 + m)/n)) - (x~(1 + m)*Gamma[(1 + m)/n, (3*xI)*b
*x"n]) /(837 ((1 + m)/n)*E~((3*I)*a)*n*(I*b*x™n) ((1 + m)/n))

Rule 2218

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(m_))*((e_.) + (f_.)*(x_)) " (m_
.), x_Symbol] :> -Simp[(F~a*(e + f*x)~(m + 1)*Gamma[(m + 1)/n, -(b*x(c + d*x
) "n*xLog[F]1)1)/ (f*n* (- (b*(c + d*x) n*Log[F]))~((m + 1)/n)), x] /; FreeQ[{F,
a, b, ¢, d, e, f, m, n}, x] && EqQ[d*e - cx*f, 0]

Rule 3424

Int[Cos[(c_.) + (d_)*(x )" (m_ )I*x((e_.)*x(x_))"(m_.), x_Symbol] :> Dist[1/2,
Int[(exx) m*E~(-(c*xI) - d*I*x"n), x], x] + Dist[1/2, Int[(e*x) m*E~(c*xI +
d*I*x"n), x], x] /; FreeQ[{c, d, e, m, n}, x]

Rule 3426

Int[((a_.) + Cos[(c_.) + (d_)*x )" )I*x(M_))"(p)*((e_)*x))"(m_.), x
_Symbol] :> Int[ExpandTrigReducel[(e*x) m, (a + bxCos[c + d*x"n])7p, x], x]
/; FreeQ[{a, b, ¢, 4, e, m, n}, x] && IGtQ[p, O]

Rubi steps
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3 1
fxm cos® (a + bx™) dx = f(me cos (a + bx™) + me cos (3a + 3bx”)) dx
1 3
=- fxm cos (3a + 3bx™) dx + - fxm cos (a + bx™") dx
4 4
1 —3ia-3ibx" ,.m 1 3ia+3ibx" ,.m 3 —1a—ibx" ,.m 3 ia+ibx™ ,m
:gfe xdx+§fe xdx+§fe xdx+§fe x™ dx

. 1+m . _1+m _Ltm
3elaxltm (—ibx”)_TF(HTm,—ibx”) 3e~ix 1+ (ihx™) " "n F(HTm,ibx”) 377w e

8n - 8n

Mathematica [A] time = 0.56, size = 221, normalized size = 0.97

m+1

o e we N meed g
e 33" T xml (bzxzn) " (621“3 n (—ibx™)n F(T,sz”)+ela3 n (ibx™)n F( ,—sz”)+em(zb

n
8n

Antiderivative was successfully verified.

[In] Integrate[x"m*Cos[a + b*x"n]~3,x]

[Out] -1/8*%(x"(1 + m)*(3°((1 + m + n)/n)*E~((4*xI)*a)*(I*b*x"n)~ ((1 + m)/n)*Gamma [
(1 + m)/n, (-I*bxx"n] + 37((1 + m + n)/n)*E~((2*I)*a)*((-I)*b*x"n)~((1 + m
)/n)*Gamma[(1 + m)/n, I*b*x"n] + E~((6*I)*a)*(I*b*xx"n) ((1 + m)/n)*Gammal(1

+ m)/n, (=3*%I)*b*x"n] + ((-I)*b*x"n)~((1 + m)/n)*Gammal[(1 + m)/n, (3*I)x*bx*
x"n]))/(37((1 + m)/n)*E~((3*I)*a)*n*(b~2%x~(2%n) )~ ((1 + m)/n))

fricas [F] time = 0.68, size = 0, normalized size = 0.00
integral (xm cos (bx™ + a)3 , x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x"m*cos(at+b*x"n)~3,x, algorithm="fricas")
[Out] integral (x"m*cos(b*x™n + a)~3, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f x™ cos (bx™ + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x"m*cos(at+b*x"n)~3,x, algorithm="giac")
[Out] integrate(x"m*cos(b*x™n + a)~3, x)

maple [F] time = 0.25, size = 0, normalized size = 0.00
f x™ (cos3 (a+ bx”)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"m*cos(a+b*x"n)~3,x)
[Out] int(x"m*cos(a+b*x"n)~3,x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f x™ cos (bx™ + a)3 dx



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x"m*cos(a+b*x™n)~3,x, algorithm="maxima")
[Out] integrate(x"m*cos(b*x™n + a)~3, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

fxm cos (a + bx”)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"m*cos(a + b*x"n)~3,x)
[Out] int(x"m*cos(a + b*x"n)~3, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f x™ cos® (a + bx™) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**m*cos(a+b*x**n)**3,x)

[Out] Integral (x**m*cos(a + b*xx*n)**3, x)
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3.79  [x1cos(a+bx") dx
Optimal. Leaf size=47

_b sin(a)Ci (bx™) _ b cos(a)Si (bx™) _ x" cos (a + bx™)
n n n

[Out] -cos(a+b*x"n)/n/(x"n)-bxcos(a)*Si(b*x"n)/n-b*Ci(b*x"n)*sin(a)/n

Rubi [A] time = 0.09, antiderivative size = 47, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 16,

number of rules _ ) 312, Rules used = {3380, 3297, 3303, 3299, 3302}

integrand size

bsin(a)Coslntegral (bx")  bcos(a)Si(bx") x7"cos(a + bx")
n n n

Antiderivative was successfully verified.
[In] Int[x~(-1 - n)*Cos[a + b*x"n],x]

[Out] -(Cos[a + b*x"n]/(n*x"n)) - (b*CosIntegral[b*x"n]*Sin[al])/n - (b*Cos[a]*Sin
Integral [b*x"n])/n

Rule 3297

Int[((c_.) + (d_.)*(x_)) " (m_)*sinl[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x)"(m + 1)*Sinf[e + fx*x])/(d*(m + 1)), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)"(m + 1)*Cos[e + f*x], x], x] /; FreeQl{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3299

Int[sin[(e_.) + (£_)*(x)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[dxe - cx*f, O]

Rule 3302

Int[sin[(e_.) + (£_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x1/d, x] /; FreeQl{c, d, e, f}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3303

Int[sin[(e_.) + (£_)*(x)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(dx*
e - cxf)/d], Int[Sin[(c*f)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[(c*xf)/d + fxx]/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_)*(x )" (@ )I*(M_.))"(p_)*(x)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x])7p
, xJ, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/nl, 0]1))

Rubi steps
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Subst ( f COS(;:; ) dx, x, x")

n

fx‘l‘” cos (a + bx™) dx =

sin(a+bx)
X" cos (a + bx") b Subst (f " dx, x, x”)

n n

CO

(b cos(a)) Subst ( [ it dx,x,x”) (bsin(a)) Subst( co

X

x"cos (a + bx™)

n n n
_x‘” cos (a + bx™) _ bCi (bx™) sin(a) ~ b cos(a)Si (bx™)
n n n

Mathematica [A] time = 0.10, size = 45, normalized size = 0.96

x7" (bsin(a)x™Ci (bx™) + b cos(a)x"Si (bx") + cos (a + bx™))
n

Antiderivative was successfully verified.

[In] Integrate[x” (-1 - n)*Cos[a + b*x"n],x]

[Out] -((Cos[a + b*x"n] + b*x"n*CosIntegral [b*xx"n]*Sin[a] + b*x"n*Cos[al*SinInteg
ral[b*xx"n])/(n*x"n))

fricas [A] time = 0.84, size = 62, normalized size = 1.32

bx™ Ci (bx") sin(a) + bx™ Ci (—bx™) sin(a) + 2 bx" cos(a) Si (bx™) + 2 cos (bx" + a)
2 nx"

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cos(a+b*x"n),x, algorithm="fricas")

[Out] -1/2%(b*x"n*cos_integral (b*x"n)*sin(a) + b*x"n*cos_integral (-b*x"n)*sin(a)
+ 2%bxx"n*cos(a)*sin_integral(b*x"n) + 2xcos(b*x"n + a))/(n*x"n)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f x" 1 cos (bx™ + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cos(a+b*x"n),x, algorithm="giac")
[Out] integrate(x~(-n - 1)*cos(b*x™n + a), x)

maple [A] time = 0.04, size = 45, normalized size = 0.96

b (_% — Si (bx™) cos(a) — Ci (bx™) sin(a))

n
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(-1-n)*cos(a+b*x"n),x)
[Out] 1/n*bx(-cos(a+b*x"n)/(x"n)/b-Si(b*x"n)*cos(a)-Ci(b*x"n)*sin(a))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f x" 1 cos (bx" + a) dx



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x”(-1-n)*cos(a+b*x™n),x, algorithm="maxima")
[Out] integrate(x~(-n - 1)*cos(b*x™n + a), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.02

f cos (a + bx™) i

xn+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)/x"(n + 1),x)
[Out] int(cos(a + b*x"n)/x"(n + 1), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f x"1cos (a+ bx")dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(-1-n)*cos(atb*x**n) ,x)

[Out] Integral(x**(-n - 1)*cos(a + b*x**n), x)
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3.80 f x 17" cos? (a + bx™) dx
Optimal. Leaf size=69

_b sin(2a)Ci (2bx™) _ b cos(2a)Si (2bx™) _ x"cos(2(a+bx") x"

n n 2n 2n

[Out] -1/2/n/(x"n)-1/2*cos(2*a+2*b*x"n)/n/(x"n)-b*cos(2*a) *Si (2*b*x"n) /n-b*Ci (2*b
*x"n)*sin(2*a)/n

Rubi [A] time = 0.12, antiderivative size = 69, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 6, integrand size = 18,

number of rules _ ) 333, Rules used = {3426, 3380, 3297, 3303, 3299, 3302}

integrand size

bsin(2a)Coslntegral (2bx™)  bcos(2a)Si (2bx™) x7"cos(2(a+bx")) x™"
n n 2n 2n

Antiderivative was successfully verified.
[In] Int[x~(-1 - n)*Cos[a + b*x"n]~2,x]

[Out] -1/(2*n*x"n) - Cos[2*(a + b*x"n)]/(2*n*x"n) - (b*CosIntegral [2*b*x"n]*Sin[2
*al)/n - (b*Cos[2*a]l*SinIntegral [2*¥b*x"n])/n

Rule 3297

Int[((c_.) + (d_)*(x_)) " (m_)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x)"(m + 1)*Sin[e + f*x])/(d*(m + 1)), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)"(m + 1)*Cos[e + f*x], x], x] /; FreeQl{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3299

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQ[{c, d, e, £}, x] && EqQ[d*e - cx*f, 0]

Rule 3302

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQ[{c, d, e, £}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3303

Int[sin[(e_.) + (£_)*(x)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(dx*
e - cxf)/d], Int[Sin[(c*f)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[(c*xf)/d + fxx]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_)*(x_)" (@ )I*(M_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x]) p
, xJ, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/n], 0]))

Rule 3426

Int[((a_.) + Cos[(c_.) + (d_)*x)" (@ )I*(M_.))"(p)*((e_)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*xx)"m, (a + b*Cos[c + d*x"n])~p, x], x]
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n

sin(2bx)
x

dx, x, x”) (bsin(2a))

n
bCi (2bx™) sin(2a) b cos(2a)Si (2bx™)

/; FreeQ[{a, b, c, d, e, m, n}, x] & IGtQ[p, 0]
Rubi steps
—1-n 1
f x 17" cos? (a + bx") dx = f (x > Ex‘l‘” cos (2a + be”)) dx
xm 1 e "
:—§+§fx cos (2a + 2bx") dx
o Subst ( f %;%x) dx,x, x”)
=——+
2n 2n
sin(2a+2bx) n
x N x" cos (2 (a + bx”)) b Subst (f - dx, X, X )
2n 2n
1 xcos(2(a by  (beos(2a))Subst ( [
- 2n 2n
_x" x"cos(2(a+bx"))
 2n 2n n

Mathematica [A]

x" (b sin(2a)x"Ci (2bx™) + b cos(2a)x"Si (2bx™) + cos? (a + bx"))

time = 0.19, size = 53, normalized size = 0.77

n

Antiderivative was successfully verified.

[In] Integrate[x”(-1 - n)*Cos[a + b*xx"n]~2,x]

n

[Out] -((Cos[a + b*x"n]~2 + b*x"n*CosIntegral [2*¥b*x"n]*Sin[2*a] + b*xx"n*Cos[2xa]*

SinIntegral [2*b*x"n])/(n*x"n))
fricas [A]

time = 0.96, size = 72, normalized size = 1.04

_bx" Ci(2bx")sin (2a) + bx" Ci (=2 bx™) sin (2a) + 2 bx" cos (2a) Si (2 bx™) + 2 cos (bx" + a)z

2 nx"

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cos(a+b*x"n)~2,x, algorithm="fricas")

[Out] -1/2*(b*x"n*cos_integral (2¥b*x"n)*sin(2*a) + b*x"n*cos_integral (-2*b*x"n) *s
in(2*a) + 2*b*x"n*cos(2*a)*sin_integral (2¥b*x"n) + 2*cos(b*x"n + a)~2)/(n*x

~n)
giac [F] time = 0.00, size = 0, normalized size = 0

f "1 cos (bx" + a)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cos(a+b*x"n)~2,x, algorithm="giac")

.00

dx

[Out] integrate(x”~(-n - 1)*cos(b*x™n + a)~2, x)

maple [A] time = 0.06, size = 65, normalized size

b (—& — Si (2bx") cos (2a) — Ci (2b x") sin (2a))

2
——+

= 0.94

2n n
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(-1-n)*cos(a+b*x"n)~2,x)
[Out] -1/2/n/(x"n)+1/nxbx(-1/2*%cos(2*a+2*xb*x"n)/(x"n)/b-Si(2*¥b*x"n)*cos(2*a)-Ci(2

*b*x"n)*sin(2%a))
maxima [F] time = 0.00, size = 0, normalized size = 0.00

cos(2bx"+2a
nx" f % dx -1

2 nx"

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cos(a+b*x"n)~2,x, algorithm="maxima"
[Out] 1/2*%(n*x"n*integrate(cos(2*b*x™n + 2%a)/(x*x"n), x) - 1)/(n*x"n)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f cos (a + bx”)2 i

x7’l+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)"2/x"(n + 1),x)

[Out] int(cos(a + b*x"n)~2/x"(n + 1), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(-1-n)*cos(a+b*x**n)**2,x)

[Out] Timed out
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3.81 f x 17" cos® (a + bx™) dx
Optimal. Leaf size=113

_ 3b sin(a)Ci (bx™) ~ 3b sin(3a)Ci (3bx™) _ 3b cos(a)Si (bx™) ~ 3b cos(3a)Si (3bx™) _ 3x7" cos (a + bx™") _ x " cos (3
4n 4n 4n 4n 4n 4

[Out] -3/4*cos(a+b*x"n)/n/(x"n)-1/4*xcos(3*a+3*b*x"n)/n/(x"n)-3/4*b*xcos(a)*Si (b*x~
n)/n-3/4xb*xcos (3*a) *Si (3*b*x"n) /n-3/4*b*Ci(b*x"n)*sin(a)/n-3/4*xb*Ci (3*xb*xx"n
)*sin(3*a)/n

Rubi [A] time = 0.20, antiderivative size = 113, normalized size of antiderivative

= 1.00, number of steps used = 12, number of rules used = 6, integrand size = 18,
number of rules _ ),333, Rules used = {3426, 3380, 3297, 3303, 3299, 3302}

integrand size

_ 3b sin(a)CosIntegral (bx") _ 3b sin(3a)CosIntegral (3bx™) _ 3b cos(a)Si (bx™) _ 3b cos(3a)Si (3bx™) _ 3x7" cos (
4n 4n 4n 4n 47

Antiderivative was successfully verified.
[In] Int[x~(-1 - n)*Cosl[a + b*x"n]~3,x]

[Out] (-3*Cos[a + b*x"n])/(4*n*x"n) - Cos[3*(a + b*x"n)]/(4*n*x"n) - (3*bxCoslnte
gral [bxx"n]*Sin[a])/(4*n) - (3*b*CosIntegral [3*xbxx"n]*Sin[3*a])/(4*n) - (3%

b*Cos [a]*SinIntegral [b*xx"n])/(4*n) - (3*b*Cos[3*al*SinIntegral [3*b*x"n])/(4

*n)

Rule 3297

Int[((c_.) + (d_)*(x)) " (m_)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x)"(m + 1)*Sin[e + f*x])/(d¥(m + 1)), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)"(m + 1)*Cosle + f*x], x], x] /; FreeQl{c, d, e, f}, x] && LtQ[m, -1
]

Rule 3299

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQ[{c, d, e, £}, x] && EqQ[d*e - cx*f, 0]

Rule 3302

Int[sinl[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQ[{c, d, e, £}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3303

Int[sin[(e_.) + (£_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(dx
e - cxf)/d], Int[Sin[(c*xf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d]l, Int[Cos[(c*xf)/d + fxx]/(c + d*x), x], x] /; FreeQl{c, 4, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_.)*x(x )" (n )]*(b_.))"(p_)*(x)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosl[c + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}r, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 11 || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify[(
m + 1)/nl, 0]1))

Rule 3426
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Int[((a_.) + Cos[(c_.) + (d_)*x)"(m )I*(M_.))"(p)*((e_)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cos[c + d*x"n])~p, x], x]
/; FreeQ[{a, b, c, d, e, m, n}, x] && IGtQ[p, O]

Rubi steps

3 1
fx‘l‘” cos® (a + bx™) dx = f (Zx‘l‘” cos (a + bx™) + Zx‘l‘” cos (3a + be”)) dx

1 3
=7 fx‘l_” cos (3a + 3bx™) dx + 1 fx‘l‘” cos (a + bx") dx

Subst ( f cos(3a+3bx) dx, x, x”) 3 Subst ( f COS(;:; bx) dx, x, x”)

x2
= +
4n 4n

(3b) Subst ( f Sm(i:bx) dx, x, x”)

_3x‘” cos (a + bx™) _ x"cos (3 (a + bx")) ~

4n 4n 4n
sin(bx)
3x"cos (a + bx") x"cos(3(a+ bx")) (3b cos(a)) Subst (f — dx, %, x
B 4n 4n 4n
_3x‘” cos (a + bx™) _ x"cos (3 (a + bx")) ~ 3bCi (bx") sin(a) _ 3bCi (3bx™) si
B 4n 4n 4n 4n

Mathematica [A] time = 0.24, size = 95, normalized size = 0.84

x~" (3bsin(a)x"Ci (bx™) + 3b sin(3a)x"Ci (3bx™) + 3b cos(a)x"Si (bx™) + 3b cos(3a)x"Si (3bx™) + 3 cos (a +
4n

Antiderivative was successfully verified.

[In] Integrate[x”(-1 - n)*Cos[a + b*x"n]~3,x]

[Out] -1/4%(3*Cos[a + b*x"n] + Cos[3*(a + b*x"n)] + 3*b*x"n*CosIntegral [b*x"n]*Si
nla] + 3*b*x"n*CosIntegral [3*b*x"n]*Sin[3*a] + 3*b*x"n*Cos[a]*SinIntegral[b
*x"n] + 3%b*x"n*Cos[3*a]*SinIntegral [3*b*x"n])/(n*x"n)

fricas [A] time = 1.04, size = 117, normalized size = 1.04

3 bx™ Ci (3 bx™) sin (3 a) + 3 bx™ Ci (-3 bx™) sin (3 a) + 3 bx™ Ci (bx™) sin(a) + 3 bx" Ci (-bx") sin(a) + 6 bx™
8 nx"

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cos(a+b*x"n)~3,x, algorithm="fricas")

[Out] -1/8%(3*b*x"n*cos_integral (3xb*x"n)*sin(3*a) + 3*b*x"n*cos_integral (-3*b*x~
n)*sin(3*a) + 3*b*x"n*cos_integral (b*x"n)*sin(a) + 3*b*x"n*cos_integral (-b*
x"n)*sin(a) + 6xb*x"n*cos(3*a)*sin_integral (3xb*x"n) + 6*b*xx"n*cos(a)*sin_i
ntegral (bxx™n) + 8*cos(b*x™n + a)~3)/(n*x"n)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f x 1 cos (bx" + a)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cos(a+b*x™n)~3,x, algorithm="giac")

[Out] integrate(x~(-n - 1)*cos(b*x™n + a)~3, x)
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maple [A] time = 0.06, size = 101, normalized size = 0.89
3b (- T _ G (p ) cos(a) - Ci (bx")sin(a) | 3b (- SCHPIT _ g5 (3p xm) cos (3a) - Ci (3bx") sin
b N 3b
4n

4n

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(-1-n)*cos(a+b*x"n)~3,x)

[Out] 3/4/n*b*(-cos(a+b*x"n)/(x"n)/b-Si(b*x"n)*cos(a)-Ci(b*x"n)*sin(a))+3/4/n*bx*(
-1/3*cos (3*a+3*b*xx"n)/(x"n) /b-Si (3*b*x"n)*cos (3*a)-Ci(3*b*x"n)*sin(3*a))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f x" 1 cos (bx" + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cos(a+b*x"n)~3,x, algorithm="maxima"
[Out] integrate(x”~(-n - 1)*cos(b*x™n + a)~3, x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

f cos (a + bx”)3 i

x7’l+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)~3/x"(n + 1),x)

[Out] int(cos(a + b*x"n)~3/x"(n + 1), x)
sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(-1-n)*cos(a+b*x**n)**3,x)

[Out] Timed out
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382  [x1""cos(a+bx") dx

Optimal. Leaf size=78

b? cos(a)Ci (bx™) .\ b? sin(a)Si (bx™) .\ bx~"sin (a + bx") x~2" cos (a + bx™)
2n 2n 2n 2n

[Out] -1/2*b~2*Ci(b*x"n)*cos(a)/n-1/2*cos(a+b*x"n)/n/(x~(2*n))+1/2*xb~2%Si (b*x"n)*
sin(a)/n+1/2*b*sin(a+b*x"n)/n/(x"n)

Rubi [A] time = 0.11, antiderivative size = 78, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 5, integrand size = 16,

number of rules _ ),312, Rules used = {3380, 3297, 3303, 3299, 3302}

integrand size

b? cos(a)Coslntegral (bx™) s b? sin(a)Si (bx™) s bx"sin (a +bx") x~2" cos (a + bx™)
2n 2n 2n 2n

Antiderivative was successfully verified.
[In] Int[x~(-1 - 2*n)*Cos[a + b*x"n],x]

[Out] -Cos[a + b*x"n]/(2*n*x~(2*n)) - (b~2*Cos[al*CosIntegral [b*x"n])/(2*n) + (bx
Sinf[a + b*x"n])/(2*n*x"n) + (b~2*Sin[a]*SinIntegral [b*x"n])/(2*n)

Rule 3297

Int[((c_.) + (d_)*(x_))"(m_)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x)"(m + 1)*Sin[e + f*x])/(d*(m + 1)), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x) " (m + 1)*Cos[e + fxx], x], x] /; FreeQ[{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3299

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQl[{c, 4, e, f}, x] && EqQ[dxe - cx*f, O]

Rule 3302

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[dx(e - Pi/2) -
cxf, 0]

Rule 3303

Int[sin[(e_.) + (£_)*(x)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[(c*f)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cxf
)/d], Int[Cos[(cxf)/d + fxx]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cx*f, 0]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(n_)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x]) p
, xJ, x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 11 || (IntegerQ[p] && GtQ[Simplify[(
m + 1)/n], 0]))

Rubi steps
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Subst ( f Cos(j; 7) dx, x, x”)

n

fx‘l‘zn cos (a + bx™) dx =

sin(a+bx)
¥ 2" cos (a + bx") b Subst (f 2 dx,x, x”)

- 2n 2n

2 cos(a+bx) "
x~?" cos (a + bx™) . bx™" sin (a + bx") b" Subst (f dxxx )
2n 2n 2n
b? cos(a)) Subst ( Il s gy, x, x”)

X

_x‘zn cos (a + bx™) .\ bx"sin (a + bx") (

B 2n 2n 2n -
x~?" cos (a + bx)  b?cos(a)Ci (bx™) N bx"sin (a + bx") . b? sin(a)Si (bx™)
B 2n 2n 2n 2n

Mathematica [A] time = 0.14, size = 70, normalized size = 0.90

72 (b2 cos(a)x?"Ci (bx™) - b? sin(a)x?"Si (bx") — bx" sin (a + bx") + cos (a + bx"))
2n

Antiderivative was successfully verified.

[In] Integrate[x~(-1 - 2*n)*Cos[a + b*x"n],x]

[Out] -1/2%(Cos[a + b*x"n] + b~2*x~(2#n)*Cos[a]*CosIntegral [bxx"n] - b*x"nx*Sin[a
+ b*x"n] - b7"2xx~(2*n)*Sin[al*SinIntegral [b*x"n])/(n*x~(2*n))

fricas [A] time = 0.92, size = 90, normalized size = 1.15

b?x?" cos(a) Ci (bx™) + b?x?" cos(a) Ci (=bx™) — 2 b?x?" sin(a) Si (bx™) — 2 bx" sin (bx" + a) + 2 cos (bx™ + a)
- 4 nx2n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-2*n)*cos(atb*x"n),x, algorithm="fricas")

[Out] -1/4%(b~2*x~(2#n)*cos(a)*cos_integral (b*xx"n) + b~2*x”~(2xn)*cos(a)*cos_integ
ral (-b*x"n) - 2*b~2*x~(2*n)*sin(a)*sin_integral (b*x"n) - 2*b*x " n*sin(b*x"n
+ a) + 2xcos(b*x™n + a))/(n*x”(2#n))

giac [F] time = 0.00, size = 0, normalized size = 0.00

f x~2""1 cos (bx" + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x”(-1-2#n)*cos(a+b*x"n),x, algorithm="giac")
[Out] integrate(x~(-2*n - 1)*cos(b*x™n + a), x)

maple [A] time = 0.04, size = 65, normalized size = 0.83

cos(a+bxMx~2"  sin(a+bx™)x"  Si(bx")sin(a)  Ci(bx")cos(a)
b2 (- + + —~
2b2 2b 2 2

n

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(-1-2*n)*cos(a+b*x"n),x)
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[Out] 1/n*xb~2%(-1/2*cos(a+b*x"n)/(x"n) 2/b"2+1/2*sin(a+b*x"n)/(x"n) /b+1/2*Si (b*xx~
n)*sin(a)-1/2*Ci(b*x"n)*cos(a))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f x~2" 1 cos (bx" + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-2*n)*cos(at+b*x”n),x, algorithm="maxima"
[Out] integrate(x™(-2*n - 1)*cos(b*x"n + a), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

dx

x2 n+1

f cos(a+ bx™)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)/x~(2*n + 1),x)
[Out] int(cos(a + b*x"n)/x~(2%n + 1), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f x~2"1 cos (a + bx™) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(-1-2%n)*cos (a+tb*x**n) ,x)

[Out] Integral (x*x(-2*n - 1)*cos(a + b*x**n), x)
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3.83 f x 172" cos? (a + bx™) dx

Optimal. Leaf size=95

b? cos(2a)Ci (2bx™) s b? sin(24)Si (2bx™) .\ bx"sin (2 (a + bx™)) _x‘z” cos (2 (a + bx™)) _x‘Z”
n n 2n 4n 4n

[Out] -1/4/n/(x"(2%n))-b~2*Ci(2*¥b*x"n)*cos(2*a) /n-1/4*cos (2*xa+2*b*x"n) /n/ (x~ (2*n)
)+b72%Si (2*%b*x"n) *sin(2*a) /n+1/2*b*sin(2*a+2*b*x"n) /n/(x"n)

Rubi [A] time = 0.15, antiderivative size = 95, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 6, integrand size = 18,

number 01 1S — 0.333, Rules used = {3426, 3380, 3297, 3303, 3299, 3302)

integrand size

b? cos(2a)CosIntegral (2bx™) . b? sin(2a)Si (2bx™) .\ bx"sin (2 (a + bx")) x %' cos(2(a+bx") x2"

n n 2n 4n 4n

Antiderivative was successfully verified.
[In] Int[x~(-1 - 2%n)*Cos[a + b*x"n]~2,x]

[Out] -1/(4*n*x~(2*n)) - Cos[2*(a + b*x"n)]/(4*n*x~(2*n)) - (b~2xCos[2*a]*CosInte
gral [2#b*x"n])/n + (b*Sin[2*(a + b*x"n)])/(2*n*x"n) + (b~2xSin[2*a]*SinInte
gral [2xb*x"n])/n

Rule 3297

Int[((c_.) + (@_)*(x)) " (m_)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x)"(m + 1)*Sin[e + f*x])/(d*(m + 1)), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)"(m + 1)*Cos[e + f*xx], x], x] /; FreeQl[{c, d, e, f}, x] && LtQ[m, -1
]

Rule 3299

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*e - cx*f, 0]

Rule 3302

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fx*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3303

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e — cxf)/d], Int[Sin[(c*xf)/d + fxx]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[(c*xf)/d + fxx]/(c + d*x), x], x] /; FreeQl{c, 4, e, f}, x] &&
NeQ[d*e - cx*f, 0]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_ )" (n_)]*(b_.))"(p_)*(x)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x]) p
, x]1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/n], 0]))

Rule 3426
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Int[((a_.) + Cos[(c_.) + (d_)*x)"(m )I*(M_.))"(p)*((e_)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cos[c + d*x"n])~p, x], x]
/; FreeQ[{a, b, c, d, e, m, n}, x] && IGtQ[p, O]

Rubi steps

1 1
fx‘l‘zn cos? (a + bx™) dx = f(ix‘l‘zn + Ex‘l‘zn cos (2a + 2bx”)) dx

X2 1
= - + = f x 172" cos (2a + 2bx™) dx
4n 2

x2n Subst ( f %:%x) dx, x, x”)

=- +
4n 2n

sin(2a+2bx)
X2 x2"cos (2 (a + bx™)) bSubst (f — e dux xn)

4n 4n 2n

2 cos(2a+2bx
x2" x 2" cos (2(a + bx™)) . bx"sin (2 (a + bx™)) b"Subst (f x

4n 4n 2n n
2
_ ¥ aPeosQa+by)  bxsin(2(atbx) (12 cos(20)) Subst (J
© 4n 4n 2n n
_x x?cos(2(a+bx"))  b%cos(2a)Ci (2bx") . bx"sin (2 (a + bx™)) ,
 4n 4n n 2n

Mathematica [A] time = 0.22, size = 82, normalized size = 0.86

x 2" (4192 cos(2a)x?"Ci (2bx™) — 4b? sin(2a)x?"Si (2bx™) — 2bx" sin (2 (a + bx™)) + cos (2 (a + bx™)) + 1)
4n

Antiderivative was successfully verified.

[In] Integrate[x~ (-1 - 2x*n)*Cos[a + b*x"n]~2,x]

[Out] -1/4%(1 + Cos[2*(a + b*x"n)] + 4xb~2%x~(2#n)*Cos[2*al*CosIntegral [2*b*x"n]
- 2%b*x"n*Sin[2*(a + b*x™n)] - 4xb~2*xx” (2#n)*Sin[2*a]*SinIntegral [2%¥b*x"n])
/ (n*x~ (2*n))

fricas [A] time = 0.70, size = 106, normalized size = 1.12

b2x?" cos (2 a) Ci (2 bx™) + b?x?" cos (2 a) Ci (=2 bx™) — 2 b?x?" sin (2 a) Si (2 bx™) — 2 bx" cos (bx" + a) sin (
- 2 nx2n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-2*n)*cos(atb*x™n)~2,x, algorithm="fricas")

[Out] -1/2%(b~2*x~(2#*n)*cos(2*a)*cos_integral (2xb*x"n) + b~ 2*x~ (2*n)*cos(2*a)*cos
_integral (-2*b*x"n) - 2xb”2*x~(2#n)*sin(2*a)*sin_integral (2%b*x"n) - 2xb*x~
n*xcos(b*x™n + a)*sin(b*x™n + a) + cos(b*x™n + a)~2)/(n*x”(2*n))

giac [F] time = 0.00, size = 0, normalized size = 0.00
f x~2"1 cos (bx" + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-2*n)*cos(a+b*x™n)~2,x, algorithm="giac")
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[Out] integrate(x~(-2*n - 1)*cos(b*x"n + a)~2, x)

maple [A] time = 0.06, size = 89, normalized size = 0.94

¥ 2 cos(2a+2bx")  sin(Qa+2bxM)x"  Sibx")sin(a)  Ci(2bx") cos(24)
—2n sz - + -
X 4 8h2 4b 2 2

4n n

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(-1-2*n)*cos(a+b*x"n)~2,x)

[Out] -1/4/(x"n) " 2/n+2/n*b~2%(-1/8/(x"n) "2/b"2*cos (2%a+2*b*x"n)+1/4*sin (2%a+2*b*x
“n)/(x"n)/b+1/2*%Si(2*b*x"n)*sin(2*a)-1/2*Ci (2*b*x"n) *cos (2*a))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

cos(2bx"+2a
anzn f % dx -1

4 nx2n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-2*n)*cos(atb*x™n)”2,x, algorithm="maxima")

[Out] 1/4*(2*n*x~(2*n)*integrate(cos(2*b*x"n + 2*a)/(x*x~(2*n)), x) - 1)/(n*x"(2*
n))

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f cos (a + bx”)2 i

x2n+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)"2/x~(2*n + 1),x)
[Out] int(cos(a + b*x"n)~2/x"(2*%n + 1), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(-1-2#n)*cos (a+b*x**n)**2,x)

[Out] Timed out
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3.84 f x 172" cos® (a + bx™) dx

Optimal. Leaf size=165

3b? cos(a)Ci (bx™) _9b2 cos(3a)Ci (3bx™) . 3b? sin(a)Si (bx™) .\ 9b? sin(3a)Si (3bx™) s 3bx"sin (a + bx") .\ 31
8n 8n 8n 8n 8n

[Out] -3/8*b~2*Ci(b*x"n)*cos(a)/n-9/8*b~2*xCi (3*xb*xx"n)*cos(3*a)/n-3/8*cos (a+b*x"n)
/n/(x~(2*n))-1/8*cos (3*a+3*b*x"n) /n/(x~(2*n) )+3/8*b~2*Si (b*x"n)*sin(a) /n+9/
8*b~2*Si (3*b*x"n)*sin(3*a) /n+3/8*b*sin(a+b*x"n)/n/(x"n)+3/8*b*sin (3*xa+3*b*x
“n)/n/(x"n)

Rubi [A] time = 0.25, antiderivative size = 165, normalized size of antiderivative
= 1.00, number of steps used = 14, number of rules used = 6, integrand size = 18,

number of rules _ ) 333, Rules used = {3426, 3380, 3297, 3303, 3299, 3302}

integrand size

3b? cos(a)CosIntegral (bx") _ 9b? cos(3a)CosIntegral (3bx") N 3b? sin(a)Si (bx") N 9b? sin(3a)Si (3bx™) N 3_b
8n 8n 8n 8n

Antiderivative was successfully verified.
[In] Int[x~(-1 - 2*n)*Cos[a + b*x"n]~3,x]

[Out] (-3*Cos[a + b*x"n])/(8*n*x~(2*n)) - Cos[3*(a + b*xx"n)]/(8*n*x~(2*n)) - (3*b
~2%Cos [a] *CosIntegral [b*x"n])/(8*n) - (9xb~2*Cos[3*a]*CosIntegral [3*xb*x"n])
/(8%n) + (3*b*Sin[a + b*x"n])/(8*n*x™n) + (3*%b*Sin[3*(a + b*x"n)])/(8*n*x"n

) + (3%b"2*Sin[a]*SinIntegral [b*x"n])/(8*n) + (9*b~2*Sin[3*a]l*SinIntegrall[3
*b*x"n])/(8*n)

Rule 3297

Int[((c_.) + (d_)*(x_))"(m_)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x)"(m + 1)*Sin[e + f*x])/(d*x(m + 1)), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x) " (m + 1)*Cosl[e + fxx], x], x] /; FreeQ[{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3299

Int[sin[(e_.) + (£_)*(x)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQl[{c, 4, e, f}, x] && EqQ[dxe - cx*f, O]

Rule 3302

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fx*x]/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3303

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(dx
e - cxf)/d], Int[Sin[(c*f)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cxf
)/d]l, Int[Cos[(cxf)/d + f*x]/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x] &&
NeQ[d*e - cx*f, 0]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(n_)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x]) p
, x]1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
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m + 1)/n], 0]1))
Rule 3426
Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(m_)I*x(b_.)) " (p_)*((e_.)*(x_))"(m_.), x

_Symbol] :> Int[ExpandTrigReducel[(e*x)"m, (a + b*Cos[c + d*x"n]) p, x], x]
/; FreeQ[{a, b, ¢, d, e, m, n}, x] & IGtQ[p, 0]

Rubi steps

3 1
fx‘l‘zn cos® (a + bx™) dx = f(zx‘l‘zn cos (a + bx") + Zx‘l‘zn cos (3a + 3bx”)) dx

1 3
=1 f x7 172" cos (3a + 3bx™) dx + 1 f x~ 172" cos (a + bx™) dx

Subst ( f cos(3a+36%) dx, x, x”) 3 Subst ( f Cos(j; bx) dx, x, x”)

3

- 4n ¥ 4n
sin(a+bx)

_ 3x"cos(a+bx")  x72"cos(3(a+ bx")) (3b) Subst (f z 45X, xn)
B 8n 8n 8n
_ 3xcos(a+bxm)  xcos(3(a+ bx")) N 3bx™" sin (a + bx™) N 3bx™" sin (3
B 8n 8n 8n 81
_ 3x"cos(a+bx")  x72"cos (3 (a+ bx")) .\ 3bx"sin (a + bx") s 3bx~" sin (2
B 8n 8n 8n 8
_ 3x"cos(a+bx") x7"cos(3(a+bx") 3b*cos(a)Ci(bx") 9b*cos(3a)C
B 8n 8n 8n 8n

Mathematica [A] time = 0.36, size = 141, normalized size = 0.85

x~2" (3b2 cos(a)x*"Ci (bx™) + 9b? cos(3a)x>"Ci (3bx™) — 3b? sin(a)x>"Si (bx") — 9b? sin(3a)x>"Si (3bx™) — 3bx"
8n

Antiderivative was successfully verified.

[In] Integrate[x™(-1 - 2*n)*Cos[a + b*x"n]~3,x]

[Out] -1/8%(3*Cos[a + b*x"n] + Cos[3*(a + b*x"n)] + 3*b~2*x~ (2*n)*Cos [a] *CosInteg
ral [b*x"n] + 9xb~2*x~(2#n)*Cos [3*a] *CosIntegral [3*b*x"n] - 3*b*x"n*Sin[a +

b*xx"n] - 3*b*x"n*Sin[3*(a + b*x"n)] - 3*b72xx~(2*n)*Sin[a]*SinIntegral [b*x"

n] - 9%b~2*x” (2*n)*Sin[3*a]*SinIntegral [3*b*x"n])/(n*x~(2*n))

fricas [A] time = 0.92, size = 167, normalized size = 1.01

9 b?x?" cos (3 a) Ci (3 bx™) + 3 b?x?" cos(a) Ci (bx™) + 3 b?x?" cos(a) Ci (=bx") + 9 b?x?" cos (3 a) Ci (=3 bx™) -
16 nx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-2*n)*cos(atb*x™n)~3,x, algorithm="fricas")

[Out] -1/16%(9%b~2*xx~(2#n)*cos(3*a)*cos_integral (3¥b*x"n) + 3*xb~2*xx~(2+#n)*cos(a)*
cos_integral(b*x"n) + 3*b~2*x~(2#n)*cos(a)*cos_integral (-b*x"n) + 9*b~2*x"(
2*n)*cos (3*xa)*cos_integral (-3*b*x"n) - 24*bxx"nxcos(b*x™n + a) 2*sin(b*x"n

+ a) - 18*%b”"2*xx~(2*n)*sin(3%a)*sin_integral (3*b*x™n) - 6*b~2*x~(2*n)*sin(a)
*sin_integral (bxx™n) + 8*cos(b*x™n + a)”3)/(n*x”(2*n))
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giac [F] time = 0.00, size = 0, normalized size = 0.00
f x~2"1 cos (bx" + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-2*n)*cos(at+b*x"n)~3,x, algorithm="giac")
[Out] integrate(x~(-2*n - 1)*cos(b*x™n + a)~3, x)

maple [A] time = 0.07, size = 144, normalized size = 0.87

3p2 _cos(a+bx”)x’2” + sin(a+bx™)x™" + Si(bx")sin(a) _ Ci(bx") cos(a) o2 _cos(3a+3b2x”)x’2” sin(3a+3bx™)x™" + Si(3b
2h2 2b 2 2 N 18b 6b

4n 4n
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(-1-2*n)*cos(a+b*x"n)"3,x)

[Out] 3/4/n*b~2*x(-1/2*cos(a+b*x"n)/(x"n) ~2/b"2+1/2xsin(a+b*x"n)/(x"n) /b+1/2%Si (b*
x"n)*sin(a)-1/2*Ci(b*x"n)*cos(a))+9/4/nxb~2*(-1/18*cos (3*a+3*b*x"n)/(x"n) "2

/b7 2+1/6*%sin(3*a+3*b*xx"n)/(x"n) /b+1/2*Si(3*b*x"n)*sin(3*a)-1/2*Ci (3*b*x"n) *
cos(3x*a))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f 211 cos (bx" + a)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-2*n)*cos(atb*x™n)~3,x, algorithm="maxima"
[Out] integrate(x~(-2*n - 1)*cos(b*x™n + a)~3, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f cos (a + bx”)3 i

x2n+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)~3/x~(2*n + 1),x)
[Out] int(cos(a + b*x"n)~3/x"(2*n + 1), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(-1-2#n)*cos(a+b*x**n)**3,x)

[Out] Timed out
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3.85 f x% cos ((a + bx)z) dx

Optimal. Leaf size=99

\/gazC (\/g(a + bX)) \/gs (\/%(a + bx)) asin ((a + bx)z) N (a + bx) sin ((a + bx)z)
2 } )

263 b3 2b3

[Out] -axsin((b*xx+a)~2)/b"3+1/2*(bxx+a)*sin((b*xx+a) "2) /b~ 3+1/2*%a"2*xFresnelC ((b*xx+
a)*2”(1/2)/Pi~(1/2))*2~(1/2)*Pi~(1/2) /b~ 3-1/4*FresnelS ((b*x+a) *2~(1/2) /Pi~(
1/2))*2~(1/2)*Pi~(1/2) /"3

Rubi [A] time = 0.07, antiderivative size = 99, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 6, integrand size = 12,

number of rules _ 5 500, Rules used = {3434, 3352, 3380, 2637, 3386, 3351}

integrand size

\/gaZFresnelC (\/g (a+ bx)) ) \/ES (\/g (a+ bx)) a sin ((a n bx)z) . (a + bx) sin ((a " bx)z)

b3 203 b3 203

Antiderivative was successfully verified.
[In] Int[x"2*Cos[(a + b*xx)~2],x]

[Out] (a"2#Sqrt[Pi/2]*FresnelC[Sqrt[2/Pil*(a + b*x)])/b~3 - (Sqrt[Pi/2]*FresnelS[
Sqrt[2/Pi]l*(a + b*x)])/(2*b~3) - (a*Sin[(a + b*x)"2])/b"3 + ((a + bxx)*Sin[
(a + b*x)72])/(2%b"3)

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dxx]/d, x] /;
FreeQ[{c, d}, x]

Rule 3351

Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 21), x] /; FreeQ[{d, e, f}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]1), x] /; FreeQ[{d, e, f}, x]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_)*x(x )" ( )]*(M_.))"(p_)*(x)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x])~p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}r, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify[(
m + 1)/nl, 0]1))

Rule 3386

Int[Cos[(c_.) + (d_)*(x_ )" (n_)]*((e_.)*(x_)) " (m_.), x_Symbol] :> Simp[(e”(
n - D*x(exx)"(m - n + 1)*Sin[c + d*x"n])/(d*n), x] - Dist[(e™n*(m - n + 1))
/(d*n), Int[(e*x)"(m - n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] &&
IGtQ[n, 0] && LtQ[n, m + 1]

Rule 3434

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_.)*(x_))"(n_)1*(b_.))"(p_.)*((g_
D o+ (h_)*(x ) (m_.), x_Symbol] :> Module[{k = If[FractionQ[n], Denominat
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or[n], 1]}, Dist[k/f~(m + 1), Subst[Int[ExpandIntegrand[(a + b*Cos[c + d*x~
(k*n)]1)"p, x~(k - D)*(f*g - exh + h*x"k)"m, x], x], x, (e + f*x)"(1/k)], x]
1 /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] && IGtQ[p, 0] && IGtQ[m, O]

Rubi steps

fxz COS ((El + bx)z) dx = Subst (f (a2 Ccos (xz) —2ax COSb(3x2) + x2 cos (xz)) dx, x, a + bx)

Subst ( f x% cos (xz) dx,x,a + bx) (2a) Subst ( f X Cos (xz) dx,x,a + bx) a2 S

13
B ﬂz\/gc (\/g(ﬂ + bx)) (a + bx) sin ((a + bx)z) Subst (f sin (xz) dx, x,a + ba
= e + 253 B 2b3

) az\/gc (\/%(a + bx)) \ES (\/%(a + bx)) asin ((a + bx)z) . (a + bx) sin(
= 3 - -

2b3 b3 2b3

Mathematica [A] time = 0.28, size = 76, normalized size = 0.77

2\2ra?C (\/%(a + bx)) +27 s (\/g(“ + bx)) + 2(a — bx) sin ((a + bx)z)

4b3

Antiderivative was successfully verified.

[In] Integrate[x™2*Cos[(a + b*x)~2],x]

[Out] -1/4%(-2xa~2*xSqrt[2*Pi]*FresnelC[Sqrt[2/Pi]*(a + b*x)] + Sqrt[2#Pi]*Fresnel
S[Sqrt[2/Pi]*(a + b*x)] + 2x(a - b*x)*Sin[(a + b*x)~2])/b"3

fricas [A] time = 0.82, size = 112, normalized size = 1.13

V2 (bx-+a) \/E V2 (bx+a) \/E
2\/571&2\/% C fn - \/ETI\/% S|———— - +2(b2x—ab)sin(b2x2 + 2 abx + az)

4 b4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos((b*x+a)~2),x, algorithm="fricas")

[Out] 1/4%(2xsqrt(2)*pi*a~2xsqrt(b~2/pi)*fresnel cos(sqrt(2)*(b*x + a)*sqrt(b~2/p
i)/b) - sqrt(2)*pi*sqrt(b~2/pi)*fresnel_sin(sqrt(2)*(b*x + a)*sqrt(b~2/pi)/
b) + 2% (b72%x - axb)*sin(b"2%x"2 + 2%axb*x + a”2))/b74

giac [C] time = 0.46, size = 159, normalized size = 1.61

(i41) V2 v (2a2+) erf((%i—%) V2 (x+g)|b|) 4(ib(c+)-2ra)el Po2s2iabeeia) (i-1) V2 7 (2a%-i) erf(—(%i+%) \2 (x+g)|b|)
+ —_
o b ~ o

16 b? 16 b2

+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos((b*x+a)~2),x, algorithm="giac")

[Out] -1/16%((I + 1)*sqrt(2)*sqrt(pi)*(2*%a~2 + I)*erf((1/2*I - 1/2)*sqrt(2)*(x +
a/b)*abs(b))/abs(b) + 4*(Ixbx(x + a/b) - 2%I*a)*e” (I*b~2%x"2 + 2kIkaxb*x +
I¥a~2)/b)/b~2 - 1/16%(-(I - 1)*sqrt(2)*sqrt(pi)*(2*a~2 - I)*erf(-(1/2*I + 1
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/2)*sqrt(2)*(x + a/b)*abs(b))/abs(b) + 4x(-Ixbx(x + a/b) + 2xIxa)*e”(-I*b~2
*x"2 - 2%Ixaxb*x - I*a~2)/b)/b~2

maple [A] time = 0.03, size = 131, normalized size = 1.32

V2 (b x+ab)
sin(x2b2+2abx+a2) av2 2 7 FresnelC( = ) b b)
¢ 2 N x+a
x sin (xzb2 + 2abx + az) 2b 2bVp2 \/_ Ja s ( )

212 b bz\/“

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos((b*x+a)”~2),x)

[Out] 1/2/b 7 2*xx*sin(b~2*x"2+2*ax*b*x+a”2)-a/b*x(1/2/b"2*sin(b”2*x"2+2*a*xbxx+a~2)-1/
2%a/bx2"(1/2)*Pi~(1/2)/(b~2) " (1/2)*FresnelC(2~(1/2)/Pi~(1/2)/(b~2)~(1/2)*(b
“2xx+axb)))-1/4/b72*%27(1/2)*Pi~(1/2)/(b"2) " (1/2) #*FresnelS(2~(1/2) /Pi~(1/2)/

(b72) " (1/2) * (b~ 2*x+axb))

maxima [C] time = 3.19, size = 256, normalized size = 2.59

12,2 1 0: ) (=i 524207 abr—i g2 R avvIY ) (=i 124207 abr—i g2
abx(Sie(lb X“+2iabx+ia ) _ 816( ib°x*-2iabx—ia )) n az(&e(zb x“+2iabx+ia ) _ 816( ib°x*-2iabx—ia )) + 2232 + 2 abx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos((b*x+a)”~2),x, algorithm="maxima"

[Out] 1/16x(axb*x*(8*I*e” (I*¥b~2%x"2 + 2*Ikaxbxx + I*a~2) - 8xI*e” (-I*b~24x"2 - 2x
I*xaxb*x - I*a”2)) + a~2x(8xI*e” (I*b~2%x"2 + 2*I*axb*x + I*a~2) - 8xIxe” (-Ix
b~2%x72 - 2xIkaxb*x - I*a”2)) + 2*sqrt(b”™2*x"2 + 2*axb*x + a2)*((-(I - 1)*

sqrt (2) *sqrt(pi) *(erf (sqrt (I*b~2*x72 + 2xI*axb*xx + I*a"2)) - 1) + (I + 1)*s

qrt (2) *sqrt (pi)*(erf (sqrt (-I*b~2*x~2 - 2xI*axb*x - I*a~2)) - 1))*a”2 + (I +
1)*sqrt(2)*gamma (3/2, I*b~2*x~2 + 2*I*axbxx + I*a~2) - (I - 1)*sqrt(2)*gam
ma(3/2, -I*b~2*x72 - 2xIkaxb*x - I*a~2)))/(b"4*x + axb”3)

mupad [B] time = 0.15, size = 80, normalized size = 0.81

xsin((a+bx)2) asin((a+bx)2) \/E\ES(%) ﬁazﬁc(ﬁfgbﬂ)
20 2 11 i 208

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos((a + b*x)~2),x)

[Out] (x*sin((a + b*x)~2))/(2¥b~2) - (a*sin((a + b*x)~2))/(2%b73) - (27(1/2)*pi~(
1/2)*fresnels((27(1/2)x(a + b*x))/pi~(1/2)))/(4*b~3) + (27 (1/2)*a~2*pi~(1/2
)*fresnelc((27(1/2)*(a + bx*x))/pi~(1/2)))/(2xb~3)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f x2 cos (a2 + 2abx + bzxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2xcos((b*x+a)**2),x)

[Out] Integral (x**2*cos(a*x*2 + 2kaxb*x + b**2xx**2), x)
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3.86 f X COS ((a + bx)z) dx

Optimal. Leaf size=47

sin ((a + bx)?) J? aC (\/E (a+ bx))

2b? b?

[Out] 1/2*sin((b*xx+a)”~2)/b~2-1/2*%a*FresnelC((b*xx+a)*2"(1/2)/Pi~(1/2))*2"(1/2)*Pi~
(1/2)/b72

Rubi [A] time = 0.03, antiderivative size = 47, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 4, integrand size = 10,

number of rules _ ) 400, Rules used = {3434, 3352, 3380, 2637}

integrand size

sin ((a + bx)z) ) \/g aFresnelC (\/% (a+ bx))

2b? b?

Antiderivative was successfully verified.

[In] Int[x*Cos[(a + bx*x)~2],x]

[Out] -((axSqrt([Pi/2]*FresnelC[Sqrt[2/Pil*(a + b*x)])/b~2) + Sin[(a + b*x)~2]/(2%
b~2)

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dx*x]/d, x] /;
FreeQ[{c, 4}, x]

Rule 3352

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)]1)/(fxRt[d, 21), x] /; FreeQ[{d, e, f}, x]

Rule 3380

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_ )" (n_)]*(b_.))"(p_)*(x)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cosl[c + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] & IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQlp] && GtQ[Simplifyl[(
m + 1)/n], 01))

Rule 3434

Int[((a_.) + Cos[(c_.) + (d_.)*x((e_.) + (£_)*(x_))"(n_)]1*(b_.)) " (p_.)*x((g_
D+ (h_)*(x_))"(m_.), x_Symbol] :> Module[{k = If[FractionQ[n], Denominat
or[n], 1]}, Dist[k/f"(m + 1), Subst[Int[ExpandIntegrand[(a + b*Cos[c + d*x~
(k*n)])7p, x"(k - D)*(fxg - exh + h*x"k)™m, x], x], x, (e + £*x)~(1/k)], x]
1 /; FreeQ({a, b, c, d, e, f, g, h}, x] && IGtQ[p, 0] && IGtQ[m, O]

Rubi steps
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Subst (f (—a cos (xz) + X COS (xz)) dx,x,a + bx)

fxcos ((a + bx)z) dx = 72
Subst (fxcos( 2) dx,x,a + bx) a Subst (f cos (xz) dx,x,a + bx)
_ =
\/g (\/7(‘1 + bx ) Subst (f cos(x) dx, x, (a + bx)z)
2b?
\/g (\/7(‘1 + bx ) sin ((a + bx)z)

2b?

Mathematica [A] time = 0.05, size = 42, normalized size = 0.89

sin ((a + bx)z) —\2maC (\/g(a + bx))

2b?

Antiderivative was successfully verified.

[In] Integrate[x*Cos[(a + bx*x)~2],x]
[Out] (-(axSqrt[2#Pi]*FresnelC[Sqrt[2/Pil*(a + b*x)]) + Sin[(a + b*x)~2])/(2%b~2)

fricas [A] time = 0.99, size = 63, normalized size = 1.34

\2 mz\/7 C Ve \/7 —bsin (b2x2 +2abx + az)

203

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos((b*x+a)~2),x, algorithm="fricas")

[Out] -1/2x%(sqrt(2)*pi*axsqrt(b~2/pi)*fresnel cos(sqrt(2)*(b*x + a)*sqrt(b~2/pi)/
b) - b*sin(b™2*x™2 + 2%axb*x + a”2))/b"3

giac [C] time = 0.55, size = 119, normalized size = 2.53

(i+1) V2 \/Euerf((%i—%) V2 (x+g)|b|) . o VP32 +2iabx+ia?)  (i-1) V2 \ma erf(—(%i+%) V2 (x+g)|b|) ;o022 abx-ia?)
4 b 14 b

8b 8b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos((b*x+a)~2),x, algorithm="giac")

[Out] -1/8%(-(I + 1)*sqrt(2)*sqrt(pi)*a*xerf((1/2*I - 1/2)*sqrt(2)*(x + a/b)*abs(b
))/abs(b) + 2%Ixe” (I*b~2*x~2 + 2xI*xaxb*x + I*a~2)/b)/b - 1/8%((I - 1)*sqrt(
2)*sqrt (pi)*axerf (-(1/2*%I + 1/2)*sqrt(2)*(x + a/b)*abs(b))/abs(b) - 2xIxe™(
-Ixb72*x"2 - 2xIxaxbxx - I*a~2)/b)/b

maple [A] time = 0.03, size = 63, normalized size = 1.34

V2 (b x+ab)
sin (x2b2 +2abx +a ) V2 \r FresnelC( N )
2v° 2bVb?

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(x*cos((b*x+a)~2),x)

[Out] 1/2/b"2xsin(b~2%x~2+2%ax*xb*xx+a~2)-1/2%a/b*2~(1/2)*Pi~(1/2)/(b~2)~(1/2) *Fresn
elC(27(1/2)/Pi~(1/2)/(b™2)~(1/2) * (b~ 2*x+ax*xb))

maxima [C] time = 1.87, size = 197, normalized size = 4.19

bx(4i iV s2iabesia) _y; o[-ib2a-2i ”bx_mz)) +2Vb2x2 + 2 abx + a2 (— (i-1) V2+m (erf (\/ 1b2x% + 2i abx
16 (!

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos((b*x+a)~2),x, algorithm="maxima"

[Out] -1/16%(bxx* (4*Ixe” (I*¥b~24x"2 + 2xI*axbxx + I*a”2) - 4*xIxe” (-I*b72xx"2 - 2x*I
xaxbxx - Ixa”2)) + 2xsqrt(b™2*x72 + 2xaxb*x + a~2)*(-(I - 1)*sqrt(2)*sqrt(p

i) *(erf (sqrt (I*xb™2*x72 + 2xI*axb*x + I*a~2)) - 1) + (I + 1)*sqrt(2)*sqrt(pi

)k (erf (sqrt (-I*b~2*x72 - 2xI*axb*xx - I*a”2)) - 1))*a + ax(4xIxe” (I*xb~2*%x"2

+ 2xI*axb*x + I*a~2) - 4*xIxe” (~I*b~2*x72 - 2xI*axb*x - I*a~2)))/(b”"3*x + ax

b~2)

mupad [B] time = 0.07, size = 39, normalized size = 0.83

sin((a+b?) V2o C(HE)

202 2b?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*xcos((a + b*x)~2),x)

[Out] sin((a + bxx)~2)/(2%b~2) - (27(1/2)*axpi~(1/2)*fresnelc((27(1/2)*(a + b*x))
/pi~(1/2)))/(2%b™2)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
fxcos (az + 2abx + bzxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos((b*x+a)**2),x)

[Out] Integral(x*cos(a**2 + 2%axb*x + b**2*x**2), x)
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3.87  [cos((a+bx)?) dx

Optimal. Leaf size=29

\/gc(\/g(mbx))
b

[Out] 1/2*FresnelC((b*x+a)*2~(1/2)/Pi~(1/2))*2"(1/2)*Pi~(1/2)/b

Rubi [A] time = 0.01, antiderivative size = 29, normalized size of antiderivative =

ber of rul
1.00, number of steps used = 1, number of rules used = 1, integrand size = §, /e =

= 0.125, Rules used = {3352}
\/g FresnelC (\/g (a+ bx))

b

integrand size

Antiderivative was successfully verified.

[In] Int[Cos[(a + b*x)~2],x]

[Out] (Sqrt[Pi/2]*FresnelC[Sqrt[2/Pil*(a + b*x)])/b
Rule 3352

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1C[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rubi steps

m 2
fcos ((a + bx)z) dx = \/;C (\/E(ﬂ i bX))

Mathematica [A] time = 0.01, size = 29, normalized size = 1.00

§C(\/g(a ; bx))

b

Antiderivative was successfully verified.

[In] Integrate[Cos[(a + b*x)~2],x]
[Out] (Sqrt[Pi/2]*FresnelC[Sqrt[2/Pi]*(a + b*x)])/b

fricas [A] time = 0.95, size = 40, normalized size = 1.38

b2
2z | V2 (bm)\/;
Vi fE | Emns

b

202
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)~2),x, algorithm="fricas")

[Out] 1/2%sqrt(2)*pi*sqrt(b~2/pi)*fresnel_cos(sqrt(2)*(b*x + a)*sqrt(b~2/pi)/b)/b
2
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giac [C] time = 0.40, size = 55, normalized size = 1.90

i+ V2 r erf((%i— %) V2 (x + g)|b|) (i-1) V2 ym erf(— (%z + %) V2 (x + g)|b|)

8| 80|

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)~2),x, algorithm="giac")

[Out] -(1/8%I + 1/8)*sqrt(2)*sqrt(pi)*erf((1/2*%I - 1/2)*sqrt(2)*(x + a/b)*abs(b))
/abs(b) + (1/8+I - 1/8)xsqrt(2)*sqrt(pi)*erf (-(1/2+I + 1/2)*sqrt(2)*(x + a/
b)*abs (b)) /abs(b)

maple [A] time = 0.02, size = 36, normalized size = 1.24

V2 (b2x+ab)
\/E \/E FresnelC (W)
22

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos((b*x+a)~2),x)

[Out] 1/2*2°(1/2)*Pi~(1/2)/(b"2) " (1/2)*FresnelC(2~(1/2)/Pi~(1/2)/(b~2)"(1/2)*(b"2
*x+axb))

maxima [C] time = 0.82, size = 84, normalized size = 2.90

ﬁ((i—l) «/Eerf(—(—l)i (ibx+z’a)) Fi-1) \/Eerf(—(ii— i) \/E(zibx+2ia))—(i+1) V2 erf(— (

16b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)~2),x, algorithm="maxima"

[Out] -1/16%sqrt(pi)*((I - 1)*sqrt(2)*erf(-(-1)"(3/4)*(I*b*xx + Ixa)) + (I - 1)*sq
rt(2)*erf (-(1/4*%I - 1/4)*sqrt(2)*(2xI*b*x + 2*xIxa)) - (I + 1)xsqrt(2)*erf(-
(1/4*%T + 1/4)*sqrt(2)*(2xIxb*xx + 2xIxa)) + (I + 1)*sqrt(2)*erf((I*bxx + Ixa
)/sqrt(-1)))/b

mupad [B] time = 0.06, size = 32, normalized size = 1.10

V2b /5 (a+by)
b2 /1

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos((a + b*x)~2),x)

[Out] (27(1/2)*pi~(1/2)*fresnelc((27(1/2)*b*x(1/b"2)~(1/2)*(a + bx*x))/pi~(1/2))*(1
/b72)7(1/2))/2

sympy [F] time = 0.00, size = 0, normalized size = 0.00
fcos ((a + bx)z) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((bxx+a)**2),x)

[Out] Integral(cos((a + b*x)**2), x)
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3.88 f cos((a+bx)2) dx

X

Optimal. Leaf size=15

cos ((a + bx)?
Int[ (( )),x)
X
[Out] Unintegrable(cos((b*x+a)~2)/x,x)

Rubi [A] time = 0.01, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, - — =
integrand size

0.000, Rules used = {}
dx

f cos ((a + bx)z)
x

Verification is Not applicable to the result.

[In] Int[Cos[(a + b*x)~2]/x,x]

[Out] Defer[Int] [Cos[(a + b*x)~2]/x, x]

Rubi steps

2 2
fcos ((a+bx) )dx _ fcos ((a+bx) )dx

X X

Mathematica [A] time = 2.65, size = 0, normalized size = 0.00

dx

f oS ((a + bx)z)

X

Verification is Not applicable to the result.

[In] Integrate[Cos[(a + b*x)~2]/x,x]

[Out] Integrate[Cos[(a + b*x)~2]/x, x]

fricas [A] time = 0.92, size = 0, normalized size = 0.00

cos (b2x2 +2abx + az)

X

;X

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)~2)/x,x, algorithm="fricas")

[Out] integral(cos(b™2*x~2 + 2%a*xb*x + a~2)/x, x)

giac[A] time = 0.00, size = 0, normalized size = 0.00

dx

f cos ((bx + a)z)

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)~2)/x,x, algorithm="giac")

[Out] integrate(cos((b*x + a)~2)/x, x)



maple [A] time = 0.15, size = 0, normalized size = 0.00

dx

f cos ((bx + a)z)

X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos((b*x+a)~2)/x,x)
[Out] int(cos((b*x+a)~2)/x,x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

dx

f cos ((bx + a)z)

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)~2)/x,x, algorithm="maxima"
[Out] integrate(cos((b*x + a)~2)/x, x)

mupad [A] time = 0.00, size = -1, normalized size = -0.07

f cos ((a +b x)2) i

X

X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos((a + b*x)~2)/x,x)
[Out] int(cos((a + b*x)~2)/x, x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

dx

f cos (a2 + 2abx + bzxz)

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)**2)/x,x)

[Out] Integral(cos(a*x*2 + 2xa*b*x + b*x*2*x**2)/x, X)

299
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3.89 f cos((a+bx)2) dx

x2

Optimal. Leaf size=15

cos ((a + bx)?
Int[ (( 5 )),x)
x
[Out] Unintegrable(cos((b*x+a)~2)/x"2,x)

Rubi [A] time = 0.01, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, - — =
integrand size

0.000, Rules used = {}
dx

f cos ((a + bx)z)

xz

Verification is Not applicable to the result.
[In] Int[Cos[(a + b*x)~2]/x"2,x]
[Out] Defer[Int] [Cos[(a + b*x)~2]/x"2, x]

Rubi steps

2 2
fcos ((a+bx) )dx _ fcos ((a+bx) )dx

x2 x2

Mathematica [A] time = 5.22, size = 0, normalized size = 0.00

dx

f oS ((a + bx)z)

x2

Verification is Not applicable to the result.

[In] Integrate[Cos[(a + bx*x)~2]/x72,x]

[Out] Integrate[Cos[(a + b*x)~2]/x72, x]

fricas [A] time = 0.65, size = 0, normalized size = 0.00

cos (b2x2 +2abx + az)

X
X2 ’

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)~2)/x"2,x, algorithm="fricas")
[Out] integral(cos(b™2*x~2 + 2*a*xb*x + a~2)/x72, x)

giac[A] time = 0.00, size = 0, normalized size = 0.00

dx

f cos ((bx + a)z)

12
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)~2)/x"2,x, algorithm="giac")

[Out] integrate(cos((b*x + a)~2)/x72, x)



maple [A] time = 0.13, size = 0, normalized size = 0.00

dx

f cos ((bx + a)z)

xz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos((b*x+a)~2)/x"2,x)
[Out] int(cos((b*x+a)~2)/x"2,x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

dx

f cos ((bx + a)z)

x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)~2)/x"2,x, algorithm="maxima"
[Out] integrate(cos((b*x + a)~2)/x"2, x)

mupad [A] time = 0.00, size = -1, normalized size = -0.07

f cos ((a +b x)2) i

X
x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos((a + b*x)~2)/x"2,x)
[Out] int(cos((a + b*x)~2)/x"2, x)

sympy [A] time = 0.00, size = 0, normalized size = 0.00

dx

f cos (a2 + 2abx + bzxz)

xz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)**2)/x**2,x)

[Out] Integral(cos(a*x*2 + 2%a*xbxx + b**2*x**2)/x**2, Xx)

301
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3.90 fxz COS (a + bVe + dx) dx

Optimal. Leaf size=346

240 cos (a +bVc + dx) 240Vc + dx sin (a +bVc+ dx) 120(c + dx) cos (a +bVc+ dx) 24c cos (a + bve +
+ —_

Do e E¥E * A

[Out] 240*cos(a+bx(d*x+c)~(1/2))/b"6/d"3+24*c*cos (a+bx(d*x+c)~(1/2))/b"4/d"3+2xc™
2%cos (a+bx (d*x+c) ~(1/2))/b72/d"3-120*% (d*x+c) *cos (a+b* (d*x+c) ~(1/2))/b~4/4"3
-12%c* (d*x+c) *cos (a+bx (d*x+c) ~(1/2)) /b~2/d"3+10* (d*x+c) "2*cos (a+b* (d*x+c) ~(
1/2))/b"2/d"3-40* (d*x+c) ~(3/2) *sin(a+b* (d*x+c) ~(1/2)) /b~3/d"3-4*c* (d*x+c) ~(
3/2)*sin(a+b* (d*x+c) " (1/2))/b/d"3+2x (d*x+c) "~ (5/2)*sin(a+b* (d*x+c) ~(1/2))/b/
d"3+240*sin(a+bx (d*x+c) ~(1/2) ) *(d*x+c) ~(1/2) /b~5/d"3+24*c*sin (a+b* (dxx+c) ~(
1/2))*x(d*xx+c)~(1/2) /b~3/d"3+2*xc” 2xsin(a+b* (d*x+c) ~(1/2) ) *(d*x+c) " (1/2) /b/d"

3

Rubi [A] time = 0.30, antiderivative size = 346, normalized size of antiderivative
= 1.00, number of steps used = 14, number of rules used = 3, integrand size = 18,

number of rules _ ) 167, Rules used = {3432, 3296, 2638)

integrand size

2¢? cos (a +bVc + dx) 40(c + dx)¥? sin (a + bV + dx) 24cVc + dx sin (a +bVe+ dx) 240Vc + dx sin (a
- + +

b2d3 b3d3 b3d3 b3

Antiderivative was successfully verified.
[In] Int[x"2*Cos[a + bxSqrtlc + d*x]],x]

[Out] (240%Cos[a + bxSqrtlc + d*x]])/(b~6*d"3) + (24xc*Cosl[a + b*Sqrtlc + d*x]]1)/
(b~4%d"3) + (2xc”2*Cos[a + b*Sqrtlc + d*x]]1)/(b"2xd~3) - (120%(c + dx*x)*Cos

[a + bxSqrtlc + d*x]])/("4*d~3) - (12xcx(c + d*x)*Cos[a + bxSqrt[c + d*x]]

)/ (b72%d~3) + (10*%(c + d*x)~2xCos[a + bxSqrt[c + d*xx]])/(b~2xd~3) + (240%Sq

rt[c + d*x]*Sin[a + bxSqrtlc + d*x]])/(b~5*d~3) + (24*c*Sqrt[c + d*x]*Sin[a

+ bxSqrtlc + d*x]])/(b~3*%d~3) + (2%c~2*xSqrtlc + d*x]*Sin[a + bxSqrt[c + dx
x]11)/(b*d~3) - (40x(c + d*x)~(3/2)*Sin[a + b*Sqrtl[c + d*x]])/(b~3%xd"3) - (4
xckx(c + d*x)7(3/2)*Sin[a + b*Sqrtlc + d*x]])/(bxd"3) + (2x(c + d*xx)~(5/2)*S

in[a + b*Sqrtlc + d*x]])/(b*d~3)

Rule 2638

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3296

Int[((c_.) + (@_)*(x))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Cos|[
e + f*x], x], x] /; FreeQl{c, 4, e, £}, x] && GtQ[m, O]

Rule 3432

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_.)*(x_))" (0 )1*(b_.))"(p_.)*((g_
D+ (h_)*(x_))"(m_.), x_Symbol] :> Dist[1/(n*f), Subst[Int[ExpandIntegran
d[(a + b*Cos[c + d*x])7p, x~(1/n - D*(g - (exh)/f + (h*x~(1/n))/f)"m, x],

x], x, (e + f*x)°nl, x] /; FreeQ[{a, b, ¢, 4, e, f, g, h, m}, x] && IGtQ[p,
0] && IntegerQ[1/n]

Rubi steps
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2 3 5
2 Subst (f (c xco;§a+bx) _ 2cx Cc;sz(a+bx) " X C0;(2a+bx)) dx, X, m)

fxzcos(a+b\/c+dx) dx =

d

2 Subst ( [ x5 cos(a + bx) dx, x, Ve + dx) (4c) Subst ( [ 13 cos(a + bx) dx, x
Bl a3 a3

2c¢%Vc + dx sin (a +bVe + dx) 4c(c + dx)¥? sin (a +bVe + dx) 2(c+d
- bd® ) b i

2¢? cos (a +bVc + dx) 12c(c + dx) cos (a +bVc+ dx) 10(c + dx)? cos (
B TERE ) ERE " P

2c? cos (a +bVe+ dx) 12¢(c + dx) cos (a +bVe + dx) 10(c + dx)? cos (
- TP ) P i P

24c cos (a + bV + dx) 2c? cos (a + bV + dx) 120(c + dx) cos (a + bV
- P i TP ) P

24c cos (a + bVc + dx) 2c? cos (a + bvVc + dx) 120(c + dx) cos (a + bV
- e i e ) e

240 cos (a +bVe + dx) 24c cos (a + bV + dx) 2c? cos (a +bVe + dx)
- T i TP " TEFE

Mathematica [C] time = 0.83, size = 224, normalized size = 0.65

¢ila+bVerdx) ((—ib5d2x2\/c +dx + bidx(dc + 5dx) + 4ib3c + dx (2¢ + 5dx) — 12b2(4c + 5dx) — 120ibVe + d

Antiderivative was successfully verified.

[In] Integrate[x~2+Cos[a + b*Sqrt[c + d*x]],x]

[Out] (120 + (120*I)*b*Sqrtlc + d*x] + I*b~5xd~2*xx~2*Sqrt[c + d*x] - (4*I)*b~3%Sq
rtc + dxx]*(2xc + 5xd*x) - 124b72x(4xc + b*d*x) + b7 4xd*x*(4dxc + Bxd*x) +
ET((2xI)*(a + bxSqrtlc + d*x]))*(120 - (120%I)*bxSqrtl[c + d*xx] - I*b~5*xd~2*
x"2xSqrt[c + d*xx] + (4*I)*b~3xSqrt[c + dxx]*(2*c + 5*xd*x) - 12%b~2x(4*c + 5

xd*x) + bT4xdxx* (4*c + 5xd*x)))/(b76%d"3*xE~ (I*(a + b*Sqrtlc + dx*x])))

fricas [A] time = 1.75, size = 103, normalized size = 0.30

2 (15222 = 20 b3dx — 8b3c + 120 b)Vddx + ¢ sin (Vdx + cb + a) + (5b%d2x? - 48 b2c + 4 (bc — 1502 )dx +1
bod

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(a+b*(d*x+c)~(1/2)),x, algorithm="fricas")

[Out] 2x((b~5*%d~2xx"2 - 20%b~3*d*x - 8*b~3*c + 120%b)*sqrt(d*x + c)*sin(sqrt(d*x
+ c)*b + a) + (5¥b74xd"2*x"2 - 48*%b~2xc + 4*x(b”4*c - 15xb~2)*dxx + 120)*cos
(sqrt(d*x + c)*b + a))/(b~6xd"3)

giac [A] time = 0.45, size = 480, normalized size = 1.39

(b4c2—6 (\/dx+c b+a)2b2(:+12 (\/dx+c b+a)abzc—6 a2b%c+5 (\/dx+c b+a)4—20 (\/dx+c b+a)3a+30 (\/dx+c b+a)2a2—20 (\/dx+c b+a)a3+5 at+

2 b*d?

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~2xcos(a+b*(d*x+c)~(1/2)),x, algorithm="giac")

[Out] 2*%((b"4xc™2 - 6%(sqrt(d*x + c)*b + a) 2xb~2*c + 12x(sqrt(d*x + c)*b + a)*ax
b~2xc - 6*%a”2xb”"2%c + 5x(sqrt(d*x + c)*b + a)”4 - 20*%(sqrt(d*x + c)*b + a)~
3xa + 30x(sqrt(d*x + c)*b + a)~2*%a”2 - 20x(sqrt(d*x + c)*b + a)*a”3 + 5xa~4
+ 12%xb~2%c - 60*(sqrt(d*x + c)*b + a)~2 + 120*%(sqrt(d*x + c)*b + a)*a - 60
*a~2 + 120)*cos(sqrt(d*x + c)*b + a)/(b™4*d"2) + ((sqrt(d*x + c)*b + a)*b~4
*C72 - axb"4xc”2 - 2x(sqrt(d*x + c)*b + a)~3*b”2*%c + 6x(sqrt(d*x + c)*b + a
) T2%axb”2xc - 6x(sqrt(d*x + c)xb + a)*a"2xb"2xc + 2xa”~3*b"2*c + (sqrt(dxx +
c)*b + a)”b - bkx(sqrt(d*x + c)*b + a)"4*a + 10*(sqrt(d*x + c)*b + a)~3xa”2
- 10x(sqrt(d*x + c)*b + a)~2*%a”3 + b*(sqrt(d*x + c)*b + a)*a™4 - a”b + 12%
(sqrt(d*x + c)*b + a)*b~2*c - 12%a*xb~2*c - 20*(sqrt(d*x + c)*b + a)~3 + 60%
(sqrt(d*x + c)*b + a)~2*%a - 60*(sqrt(d*x + c)*b + a)*a”2 + 20%¥a~3 + 120%*sqr
t(d*x + c)*b)*sin(sqrt(d*x + c)*b + a)/(b~4*d"2))/(b~2xd)

maple [B] time = 0.05, size = 825, normalized size = 2.38

4 (a+bacre) sinfa+

2¢2 (cos(a+b\/dx+c) + (a+b\/dx+c)sin(a+b\/dx+c))—2aczsin(a+b\/dx+c)—

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2*cos(a+b*(d*x+c)~(1/2)),x)

[Out] 2/d73/b"2x(c"2x(cos(a+b* (d*x+c)~(1/2))+(a+b* (d*x+c) " (1/2) ) *sin(a+bx (d*x+c)”
(1/2)))-a*c”2*sin(a+bx (d*x+c)~(1/2))-2/b " 2*xc* ((a+b*x (d*x+c) ~(1/2)) "3*sin(a+b
*(dxx+c) " (1/2))+3x (a+bx (d*x+c) ~(1/2)) "2*cos (a+b* (d*x+c) ~(1/2) ) -6*cos (a+b*x(d
*x+¢) " (1/2)) -6*x(a+bx (d*x+c) ~(1/2) ) *sin(a+bx (d*x+c) ~(1/2)))+6/b " 2*xa*xc*x ((a+b*
(d*x+c)~(1/2)) " 2*sin(a+b*x(d*x+c)~(1/2))-2*sin(a+b*x (d*x+c) "~ (1/2))+2*cos (a+bx*
(d*x+c)~(1/2) ) *(a+b* (d*x+c) ~(1/2)))-6/b"2*a"2*c* (cos (a+b* (d*x+c) ~(1/2))+(a+
b (d*x+c)~(1/2))*sin(a+b* (d*x+c)~(1/2)))+2/b"2*a"3*c*sin(a+b*x (d*xx+c)~(1/2))
+1/b74* ((a+b* (d*xx+c) " (1/2)) "5xsin(a+b* (dxx+c) ~(1/2) ) +5x (a+b* (d*x+c) ~(1/2))~
4xcos (at+bx (d*x+c) ~(1/2))-20* (a+b* (d*x+c) ~(1/2)) "3*sin(a+b*x (d*x+c)~(1/2))-60
* (a+b* (d*xx+c) " (1/2) ) "2xcos (a+b* (d*x+c) ~(1/2) ) +120*cos (a+b* (d*x+c) ~(1/2) ) +12
0% (a+b* (d*x+c) ~(1/2) ) *sin(a+bx (d*x+c) ~(1/2)))-5/b 4*ax ((a+b*x (d*x+c)~(1/2))"
dxgin(a+bx (d*x+c) ~(1/2))+4* (a+bx (d*xx+c)~(1/2)) "3*cos(a+b*x (d*x+c) ~(1/2))-12%
(at+b* (d*x+c)~(1/2)) "2*sin(a+b* (d*x+c) " (1/2) ) +24*sin(a+b* (d*x+c) ~(1/2))-24%*c
os (a+b* (d*x+c) " (1/2) ) *(a+b* (d*x+c) ~(1/2)))+10/b"4*xa~2* ((a+b* (d*x+c) ~(1/2))"~
3*xsin(a+b* (d*x+c) ~(1/2))+3* (a+b* (d*x+c) ~(1/2) ) "2*cos (a+b* (d*x+c) ~(1/2) ) -6*c
os(a+b* (d*x+c) ~(1/2))-6*x(a+b* (d*x+c) ~(1/2) ) *sin(a+b* (d*x+c) ~(1/2)))-10/b"4x*
a~3* ((a+b* (d*x+c)~(1/2)) "2xsin(a+b* (d*x+c) ~(1/2))-2xsin(a+b* (d*x+c) ~(1/2) )+
2%cos (a+b* (d*x+c) ~(1/2) ) * (a+b*x (d*x+c) ~(1/2)))+5/b"4*a"4*x (cos (a+b* (d*x+c) ~ (1
/2))+(a+bx (d*x+c) "~ (1/2) ) *sin(a+b* (d*xx+c) " (1/2)))-1/b"4*xa~5*sin(a+b* (d*x+c)”
(1/2)))

maxima [B] time = 0.65, size = 672, normalized size = 1.94

2| ac?sin (VA + cb + a) - ((Vax + cb + a)sin (VA + cb + ) + cos (Vilx + b+ a))c2 - 20l

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(a+b*(d*x+c)~(1/2)),x, algorithm="maxima")

[Out] -2x(axc™2*sin(sqrt(d*x + c)*b + a) - ((sqrt(d*x + c)*b + a)*sin(sqrt(d*x +
c)*b + a) + cos(sqrt(d*x + c)*b + a))*c™2 - 2*a”3xc*sin(sqrt(d*x + c)*b + a
)/b72 + 6%((sqrt(d*x + c)*b + a)*sin(sqrt(d*x + c)*b + a) + cos(sqrt(d*x +

c)*b + a))*a”2*%c/b”2 + a~bxsin(sqrt(d*x + c)*b + a)/b"4 - 5x((sqrt(d*x + c)

*b + a)*sin(sqrt(d*x + c)*b + a) + cos(sqrt(d*x + c)*b + a))*a"4/b~4 - 6%(2
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x(sqrt(d*x + c)*b + a)*cos(sqrt(d*x + c)*b + a) + ((sqrt(d*x + c)*b + a)~2

- 2)*sin(sqrt(d*x + c)*b + a))*axc/b~2 + 10%(2*(sqrt(d*x + c)*b + a)*cos(sq
rt(d*x + c)*b + a) + ((sqrt(d*x + c)*b + a)~2 - 2)*sin(sqrt(d*x + c)*b + a)
)*a”3/b74 + 2x(3x((sqrt(d*x + c)*b + a)~2 - 2)*cos(sqrt(d*x + c)*b + a) + (
(sqrt(d*x + c)*b + a)~3 - 6*xsqrt(d*x + c)*b - 6%a)*sin(sqrt(d*x + c)*b + a)
)*c/b”2 - 10%(3*%((sqrt(d*x + c)*b + a)”2 - 2)*cos(sqrt(d*x + c)*b + a) + ((
sqrt(d*x + c)*b + a)~3 - 6*sqrt(d*x + c)*b - 6*a)*sin(sqrt(d*x + c)*b + a))
*a”"2/b"4 + bk (4*x((sqrt(d*x + c)*b + a)~3 - 6*xsqrt(d*x + c)*b - 6%a)*cos(sqr
t(d*xx + c)*b + a) + ((sqrt(d*x + c)*b + a)”4 - 12x(sqrt(d*x + c)*b + a)”2 +
24)*sin(sqrt(d*x + c)*b + a))*a/b~4 - (5x((sqrt(d*x + c)*b + a)~4 - 12x(sq
rt(d*x + c)*b + a)”2 + 24)*cos(sqrt(d*x + c)*b + a) + ((sqrt(d*x + c)*b + a
)75 - 20*(sqrt(d*x + c)*b + a)~3 + 120*sqrt(d*x + c)*b + 120%a)*sin(sqrt(d*
X + c)*b + a))/b"4)/(b"2%d"3)

mupad [F]  time = 0.00, size = -1, normalized size = -0.00
fxz Cos(a+b\/c+dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(a + bx(c + d*x)~(1/2)),x)
[Out] int(x~2*cos(a + b*x(c + d*x)~(1/2)), x)

sympy [A] time = 1.65, size = 269, normalized size = 0.78

x3 cos (a)
3
x3 cos (a+b\/E)
3
2x2/c+dx sin (a+b\/c+dx) 8cx cos (a+b\/c+dx) 10x2 cos (a+b \/c+dx) 16cVc+dx sin (a+b\/c+dx) 40x Vc+dx sin (a+b\/c+dx
bd + b2d2 + b2d B b33 B b3d2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cos(a+b*(d*x+c)**(1/2)),x)

[Out] Piecewise((x**3*cos(a)/3, Eq(b, 0) & (Eq(b, 0) | Eq(d, 0))), (x*x3*cos(a +
bxsqrt(c))/3, Eq(d, 0)), (2xx**2+sqrt(c + d*x)*sin(a + bxsqrt(c + d*x))/(bx

d) + 8*cxx*cos(a + bxsqrt(c + d*xx))/(bx*2xd*x2) + 10*x**2xcos(a + bxsqrt(c

+ d*x))/(b*x*2%d) - 16%c*sqrt(c + d*x)*sin(a + bxsqrt(c + d*x))/(b**3xd**3)

- 40*x*sqrt(c + d*x)*sin(a + bxsqrt(c + d*x))/(b**3*d**2) - 96xcxcos(a + bx
sqrt(c + dxx))/(bx*x4xd**3) - 120*x*cos(a + b*xsqrt(c + d*x))/(b**4*xd**2) + 2
40*sqrt(c + d*x)*sin(a + b*sqrt(c + d*x))/(b*x5*xd**3) + 240*cos(a + b*sqrt(

c + dx*x))/(b*x6xd**3), True))
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3.91 fxcos (a + bVc + dx) dx

Optimal. Leaf size=167

12cos(a+b\/c+dx) 12\/c+dxsin(a+b\/c+dx) 6(c+dx)cos(a+b\/c+dx) 2ccos(u+b\/c+dx)
—_ —_ + —

bid? b3d? b2d? b2d?

[Out] -12*cos(a+bx(d*x+c)~(1/2))/b"4/d"2-2*xc*cos (a+bx (d*x+c) ~(1/2))/b"2/d"2+6* (d*
x+c)*cos (a+bx (d*x+c) ~(1/2)) /b72/d"2+2* (d*xx+c) " (3/2) *sin(a+bx (d*x+c) ~(1/2))/
b/d"2-12*sin(a+b* (d*x+c) ~(1/2) ) *(d*x+c)~(1/2) /b~3/d"2-2*c*sin (a+b* (d*x+c) ~(
1/2))*(d*x+c)~(1/2)/b/d"2

Rubi [A] time = 0.14, antiderivative size = 167, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 3, integrand size = 16,

number of rules _ ) 188, Rules used = {3432, 3296, 2638}

integrand size

12\/c+dxsin(a+b\/c+dx) 6(c+dx)cos(a+b\/c+dx) 2ccos(a+b\/c+dx) 12cos(a+b\/c+dx)
—_ + — —_

b3d? b2d? b2d? b*d?

Antiderivative was successfully verified.
[In] Int[x*Cos[a + b¥Sqrtlc + d*x]],x]

[Out] (-12%Cos[a + b*Sqrtlc + dxx]])/(b"4xd"2) - (2xc*Cos[a + b*Sqrtlc + d*x]])/(
b~2*%d"2) + (6*%(c + d*x)*Cos[a + b*Sqrtlc + d*x]])/(b"2%d"2) - (12xSqrtlc +
dxx]*Sin[a + bxSqrtl[c + d*x]])/(b~3*d~2) - (2%cxSqrt[c + d*x]*Sin[a + b*Sqr
tlc + d*x]])/(bxd"2) + (2x(c + d*x)~(3/2)*Sin[a + bxSqrtlc + d*x]])/(b*d~2)

Rule 2638

Int[sinl[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3296

Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + fxx])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos|[
e + f*xx], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 3432

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_.)*(x_))"(m_)]1*(b_.))"(p_.)*((g_
D o+ (h_D)*(x_))"(m_.), x_Symbol] :> Dist[1/(n*f), Subst[Int[ExpandIntegran
d[(a + b*Cos[c + d*x])7p, x~(1/n - D*(g - (exh)/f + (h*x~(1/n))/f)"m, x],

x], x, (e + f*x)"n], x] /; FreeQ[{a, b, c, d, e, £, g, h, m}, x] && IGtQ[p,
0] &% IntegerQ[1/n]

Rubi steps
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3
2 Subst (f (_cxcosg(la+bx) n X cos(u+bx)) dx, X, m)

d

fxcos(a+b\/c+dx) dx =

d
2 Subst ( [ %3 cos(a + bx) dx, x, Ve + dx) (2c) Subst ( [ xcos(a + bx) dx, x, 3

= 42 - 42

2cVc + dx sin (a + bV + dx) 2(c + dx)¥? sin (a + bV + dx) 6 Subst
B bd? bd? -

2c cos (a +b\/c+dx) 6(c + dx) cos (a +b\/c+dx) 2cVc + dx sin (a+
B 22 i a2 ) b2

2c cos (a +b\/c+dx) 6(c + dx) cos (a +b\/c+dx) 12Vc + dx sin (a +
- a2 i a2 ) B2

12 cos (a+b\/c+dx) 2c cos (a+b\/c+dx) 6(c + dx) cos (a+b\/c+a
- P ) P i P

Mathematica [A] time = 0.28, size = 71, normalized size = 0.43

2 (b (bzdx -~ 6) Ve + dx sin (u + bV + dx) (b2 (2c + 3dx) — 6) cos (zz + bV +dx ))

bd?

Antiderivative was successfully verified.

[In] Integrate[x*Cos[a + b*Sqrtlc + d*x]],x]

[Out] (2%x((-6 + b~2*(2%c + 3*xd+*x))*Cos[a + bxSqrt[c + d*x]] + bxSqrtlc + dxx]*(-6
+ b~2*xd*x)*Sin[a + bxSqrtlc + d*x]]1))/(b~4*d"2)

fricas [A] time = 0.80, size = 67, normalized size = 0.40

2((b3dx—6b)\/dx+csm(\/dx+cb+a) ( 3b2dx +2b%*c -6 )cos(\/dx+cb+a))

b*d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(a+bx(d*x+c)~(1/2)),x, algorithm="fricas")

[Out] 2*%((b~3*d*x - 6%b)*sqrt(d*x + c)*sin(sqrt(d*x + c)*b + a) + (3*xb~2*d*x + 2%
b~2%c - 6)*cos(sqrt(d*x + c)*xb + a))/(b74xd"2)

giac [A] time = 0.47, size = 166, normalized size = 0.99

(bzc—3 (\/dx+c b+a)2+6 (\/dx+c b+a)a—3 a2+6) cos( Vdx+c b+a) ((\/dx+c b+a)b2c—abzc—(\/dx+c b+a)3+3 (\/dx+c b+a)2a—3 (\/dx+c 1

2 72 + 2

v2d?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(a+bx(d*x+c)~(1/2)),x, algorithm="giac")

[Out] -2%x((b"2xc - 3*(sqrt(d*x + c)*b + a)~2 + 6x(sqrt(d*x + c)*b + a)*a - 3*a”2
+ 6)*cos(sqrt(d*x + c)*b + a)/b"2 + ((sqrt(d*x + c)*b + a)*b~2*c - axb~2*c

- (sqrt(d*x + c)*b + a)~3 + 3*(sqrt(d*x + c)*b + a)”2*xa - 3*(sqrt(d*x + c)*

b + a)*a”2 + a”3 + 6*xsqrt(d*x + c)*b)*sin(sqrt(d*x + c)*b + a)/b~2)/(b~2*xd"

2)
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maple [A] time = 0.04, size = 299, normalized size = 1.79

3 i R
—Z%KB@+bWM+C)+@+b¢£:$)ﬂn@+b%ﬂ:?»+2Mﬂn@+b¢aiz)+4@wﬁ;asﬂﬁb

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a+b*x(d*x+c)~(1/2)),%)

[Out] 2/d72/b"2*x(-c*(cos (a+b* (d*x+c) ~(1/2))+(a+b* (d*x+c) ~(1/2)) *sin(a+b* (d*xx+c) ~(
1/2)))+axc*sin(a+b* (d*x+c) " (1/2))+1/b7 2% ((a+b* (d*x+c) ~(1/2) ) "3*sin(a+b* (d*x

+c) ~(1/2))+3% (a+b* (d*x+c) ~(1/2) ) ~2*cos (a+b* (d*x+c) ~(1/2) ) -6%cos (a+b* (d*x+c)
~(1/2))-6*x(atb*(d*xx+c) " (1/2))*sin(a+bx (d*x+c) ~(1/2)))-3/b"2*ax ((a+b* (d*x+c)
~(1/2)) " 2*xsin(a+bx(d*x+c)~(1/2))-2*sin(a+b* (d*x+c) "~ (1/2))+2*cos (a+b* (d*x+c)
~(1/2)) *(a+bx (d*x+c) ~(1/2)))+3/b"2*a"2*x(cos (a+b* (d*x+c) ~(1/2) )+ (a+b* (d*x+c)
~(1/2))*sin(a+b*(d*x+c)~(1/2)))-1/b"2xa"3*sin(a+bx (d*x+c)~(1/2)))

maxima [A] time = 0.36, size = 263, normalized size = 1.57

2]acsin (\/dx +cb+ a) - ((\/dx +cb+ a) sin (\/dx +cb+ a) + cos (\/dx—-l—cb + a))c - ussm(\/Z;_ﬂbw) + 30

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(a+bx(d*x+c)~(1/2)),x, algorithm="maxima"

[Out] 2*(a*xc*sin(sqrt(d*x + c)*b + a) - ((sqrt(d*x + c)*b + a)*sin(sqrt(d*x + c)x*
b + a) + cos(sqrt(d*x + c)*b + a))*c - a~3*sin(sqrt(d*x + c)*b + a)/b"2 + 3
*((sqrt(d*x + c)*b + a)*sin(sqrt(d*x + c)*b + a) + cos(sqrt(d*x + c)*b + a)
)*a”2/b72 - 3x(2x(sqrt(d*x + c)*b + a)*cos(sqrt(d*x + c)*b + a) + ((sqrt(dx
X + c)*b + a)”2 - 2)*sin(sqrt(d*x + c)*b + a))*a/b”2 + (3*((sqrt(d*x + c)*b

+ a)”2 - 2)*cos(sqrt(d*x + c)*b + a) + ((sqrt(d*x + c)*b + a)~3 - 6x*sqrt(d

*X + c)*b - 6*a)*sin(sqrt(d*x + c)*b + a))/b~2)/(b"2xd"2)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
fx Cos(a+b\/c+dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a + b*x(c + d*x)~(1/2)),x)
[Out] int(x*cos(a + bx(c + d*xx)~(1/2)), x)

sympy [A] time = 0.52, size = 151, normalized size = 0.90

2

X C(;s(a) forb=0,
2 cos (a+b

x cos (a+bye) ford =0

2

2xVc+dx sin (a+b\/c+dx) 4c cos (a+b\/c+dx) 6x cos (a+b\/c+dx) 12Vc+dx sin (a+b\/c+dx) 12 cos (a+b\/c+dx)

bd + b242 + b2d 1342 Ty otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(a+bx(d*x+c)**(1/2)),%)

[Out] Piecewise((x**2xcos(a)/2, Eq(b, 0) & (Eq(b, 0) | Eq(d, 0))), (x**2*cos(a +
bxsqrt(c))/2, Eq(d, 0)), (2*x*sqrt(c + d*x)*sin(a + bxsqrt(c + d*x))/(b*xd)
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+ 4xckxcos(a + bxsqrt(c + d*x))/(b*x2*xd**2) + 6*x*cos(a + b*sqrt(c + d*x))/(
bx*2xd) - 12*sqrt(c + d*x)*sin(a + bxsqrt(c + d*x))/(b**3*d**2) - 12xcos(a
+ bxsqrt(c + d*x))/(b**4*xd**2), True))
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3.92 fcos (a + bVc + dx) dx

Optimal. Leaf size=54

2cos(a+b\/c+dx) 2Vc + dx sin(a+b\/c+dx)
+
b2d bd

[Out] 2*cos(a+b*x(d*x+c)~(1/2))/b"2/d+2*sin(a+b*x(d*x+c)~(1/2))*(d*x+c)~(1/2)/b/d

Rubi [A] time = 0.03, antiderivative size = 54, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 14,

number of rules _ ) 214, Rules used = {3362, 3296, 2638)

integrand size
2 cos (a + bV + dx) 2Vce + dx sin(a + bV + dx)
+
b2d bd

Antiderivative was successfully verified.
[In] Int[Cos[a + b*Sqrtlc + d*x]],x]

[Out] (2xCos[a + b*Sqrtlc + d*x]])/(b~2*xd) + (2+Sqrtlc + d*x]*Sin[a + bxSqrtlc +
d*x]])/ (b*d)

Rule 2638

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3296

Int[((c_.) + (@_)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos|[
e + f*xx], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 3362

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_)*x))"(n )]1*(M_.))"(p_.), x_S
ymbol] :> Dist[1/(n*f), Subst[Int[x~(1/n - 1)*(a + b*Cosl[c + d*x])7p, x], x
, (e + fxx)"nl], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[p, 0] && Integer
Q[1/n]

Rubi steps
2Subst ( | xcos(a + bx)dx,x, Vc + dx
fcos(a+b\/c+dx) dx = (f ( 7 ) )
2Vc + dx sin (a + bVc + dx) 2 Subst (f sin(a + bx) dx, x, Vc + dx)
N bd - bd
2cos(a+b\/c+dx) 2V + dx sin(a+b\/c+dx)
= +

b2d bd

Mathematica [A] time = 0.07, size = 48, normalized size = 0.89

2(b\/c+dx sin(a+b\/c+dx) + Cos (a+b\/c+dx))

b2d

Antiderivative was successfully verified.



311

[In] Integrate[Cos[a + bxSqrtl[c + d*x]],x]
[Out] (2x(Cos[a + b*Sqrtl[c + d*x]] + bxSqrt[c + d*x]*Sinl[a + b*Sqrtlc + d*x]]))/(

b~2%d)
time = 0.92, size = 42, normalized size = 0.78

2(\/dx+cbsin(\/dx+cb+u) +cos(\/dx+cb+a))

b2d

fricas [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+bx(d*x+c)~(1/2)),x, algorithm="fricas")

[Out] 2x(sqrt(d*x + c)*bxsin(sqrt(d*x + c)*b + a) + cos(sqrt(d*x + c)*b + a))/(b~

2xd)
time = 0.33, size = 42, normalized size = 0.78

2(\/dx+cbsin(\/dx+cb+a) +cos(\/dx+cb+a))

b2d

giac [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+bx(d*x+c)~(1/2)),x, algorithm="giac")
[Out] 2x(sqrt(d*x + c)*bxsin(sqrt(d*x + c)*b + a) + cos(sqrt(d*x + c)*b + a))/(b~

2%d)
maple [A] time = 0.02, size = 61, normalized size = 1.13
2cos(a + bVdx + c) +2(a + bVdx + c)sin(a + b\/dx+c) —2asin(a + b\/dx+c)
d b?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*(d*x+c)~(1/2)),x)
[Out] 2/d/b~2*(cos(a+b*x(d*x+c)~(1/2))+(a+bx(d*x+c)~(1/2))*sin(a+b*(d*x+c)~(1/2))-
a*sin(a+bx(d*x+c)~(1/2)))

maxima [A] time = 0.30, size = 60, normalized size = 1.11

2((\/dx+cb+a)sin(\/dx+cb+a) —asin(\/dx+cb+a) +cos(\/dx+cb+a))

b2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*(d*x+c)~(1/2)),x, algorithm="maxima"
[Out] 2x((sqrt(d*x + c)*b + a)*sin(sqrt(d*x + c)*b + a) - a*sin(sqrt(d*x + c)*b +
a) + cos(sqrt(d*x + c)*b + a))/(b~2*d)

time = 0.34, size = 42, normalized size = 0.78

2 (cos(a+b\/c+dx)+bsin(a+b\/c+dx) \/c+dx)
b2d

mupad [B]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + bx(c + d*xx)~(1/2)),x)
[Out] (2x(cos(a + b*(c + d*x)~(1/2)) + bxsin(a + bx(c + d*x)~(1/2))*(c + d*x)~(1/

2)))/(b~2%d)
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sympy [A] time = 0.40, size = 66, normalized size = 1.22

X cos (a) forb=0Ad=0
xcos(a+b\/5) ford =0
X cos (a) forb=20
2Ve+dx sin (a+bVe+dx ) 2cos (a+bVe+dx ) ,
” + = otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)**(1/2)),x)

[Out] Piecewise((x*cos(a), Eq(b, 0) & Eq(d, 0)), (x*cos(a + bxsqrt(c)), Eq(d, 0))
, (x*cos(a), Eq(b, 0)), (2xsqrt(c + d*x)*sin(a + b*sqrt(c + d*x))/(b*d) + 2
xcos(a + bxsqrt(c + d*x))/(b**2*xd), True))
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cos(a+b Ve+dx ) J

X

393 | X

Optimal. Leaf size=126
cos (a - b\/E)Ci(b (\/E + m))+cos (a + b\/E)Ci (b\/E - bm)—sin(a - b\/E)Si(b (\/E + Ve +

[Out] Ci(b*x(c™(1/2)+(d*x+c)~(1/2)))*cos(a-b*xc™(1/2))+Ci(b*c™(1/2)-bx(d*x+c)~(1/2)
Y*cos(atb*c”™(1/2))-Si(bx(c~(1/2)+(d*x+c)~(1/2)))*sin(a-bxc~(1/2))+Si(b*xc~ (1
/2)-bx(d*x+c) "~ (1/2))*sin(a+bxc~(1/2))

Rubi [A] time = 0.24, antiderivative size = 126, normalized size of antiderivative
= 1.00, number of steps used = 8, number of rules used = 4, integrand size = 18,

number of rules _ ).222, Rules used = {3432, 3303, 3299, 3302}

integrand size

cos (a — by/c ) CosIntegral (b Ve + dx + v/ | |+cos (a + by/c ) CosIntegral (by/c — bVc + dx |-sin (a — by
& &

Antiderivative was successfully verified.
[In] Int[Cos[a + b*Sqrtlc + d*x]]/x,x]

[Out] Cos[a - b*Sqrt[c]]*CosIntegral [b*(Sqrt[c] + Sqrtlc + d*x])] + Cos[a + bx*Sqr
t[c]]*CosIntegral [bxSqrt[c] - b*Sqrtlc + d*x]] - Sin[a - bxSqrt[c]l]*SinInte
gral[bx(Sqrt[c] + Sqrtlc + d*x])] + Sin[a + b*Sqrt[c]]*SinIntegral [bxSqrtl[c

] - bxSqrtlc + d*x]]

Rule 3299

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[d*e - cx*f, O]

Rule 3302

Int[sin[(e_.) + (£_)*(x)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fx*x]/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[d*x(e - Pi/2) -
cxf, 0]

Rule 3303

Int[sin[(e_.) + (£_)*(x)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[(c*f)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[(c*xf)/d + fxx]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3432

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_.)*(x_))"(m_)]1*(b_.))"(p_.)*((g_
D+ (h_)*(x_))"(m_.), x_Symbol] :> Dist[1/(n*f), Subst[Int[ExpandIntegran
d[(a + b*Cos[c + d*x])7p, x~(1/n - D*(g - (exh)/f + (h*x~(1/n))/f)"m, x],

x], x, (e + f*x)°nl, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m}, x] && IGtQ[p,
0] &% IntegerQ[1/mn]

Rubi steps
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d cos(a+bx) d cos(a+bx)
f cos (a +bVc+ dx) p 2Subst (f (_ 2(ye-x) * 2(ve+x) ) dx,x,Vc + dx)
X =

X d
b b
= —Subst( de,x,\/c+dx)+8ubst( cos(a + bx) dx,x,\/c+dx)

c—x Ve +x

= Cos(g_b\/E)Subst[fcos(jg/i:bx) dx,x,\/c+dx]—cos(a+b\/E)Subst(J

:cos(a—b\/E)Ci(b(\/E +m))+cos(a+b\/E)Ci(b\/E —bM)—sm

Mathematica [C] time = 0.67, size = 145, normalized size = 1.15
1 . , ‘ ,
Ee‘l(“bﬁ ) (ez’(“”“E JEi (ib (\/c T dx - \ﬁ)) + (i (ib (\ﬁ +Ve+dx )) +Ei (—ib (\/c T dx - e )) 4 e2bVE

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*Sqrtl[c + d*x]]/x,x]

[Out] (ExpIntegralEi[(-I)*b*x(-Sqrtlc] + Sqrtlc + d*x])] + E~((2*I)*(a + b*Sqrt[c]
))*ExpIntegralEi [I#bx(-Sqrt[c] + Sqrtlc + d*x])] + E~((2%I)*b*Sqrt[c])*ExpI
ntegralEi [(-I)*b*x(Sqrt[c] + Sqrtlc + d*x])] + E~((2%I)*a)*ExpIntegralEi [I*b
*x(Sqrtlc] + Sqrtlc + d*x])])/(2*E~(Ix(a + bxSqrtlcl)))

fricas [C] time = 0.92, size = 149, normalized size = 1.18

1 ia+V-p2c) 1 ia-v_p2c) 1 )
EEi(i\/dx+cb—\/—b2c)e( i bc)+§Ei(i\/dx+cb+V—b2c)e( bC)+§Ei(—i\/dx+cb—\/—b2c)e(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/2))/x,x, algorithm="fricas")

[Out] 1/2*Ei(I*sqrt(d*x + c)*b - sqrt(-b~2xc))*e”(I*a + sqrt(-b~2*c)) + 1/2*Ei(Ix*
sqrt(d*x + c)*b + sqrt(-b~2*c))*e”(I*a - sqrt(-b~2%xc)) + 1/2xEi(-Ixsqrt(d*x

+ c)*b - sqrt(-b~2*c))*e”(-I*a + sqrt(-b~2*c)) + 1/2*Ei(-I*sqrt(d*x + c)*b

+ sqrt(-b~2*c))*e~(-I*a - sqrt(-b~2x*c))

giac [F] time = 0.00, size = 0, normalized size = 0.00

fcos(\/cmb+a)

X

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+bx(d*x+c)~(1/2))/x,x, algorithm="giac")
[Out] integrate(cos(sqrt(d*x + c)*b + a)/x, x)

maple [B] time = 0.06, size = 271, normalized size = 2.15

(a+b~/c )b(Si(by/c ~bVdx-+c ) sin(a+b+/c )+Ci(bVdx+c —bc ) cos(a+b/c ) (a=b+/c )b(=Si(bVdx-+c +b ) sin(a-b/c )+Ci(bVdx+c +bc ) cos

Ve Ve

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+bx(d*x+c)~(1/2))/x,x)
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[Out] 2/b72x(1/2*(a+b*c™(1/2))*b/c”(1/2)*(Si(b*xc™(1/2)-b*(d*x+c) " (1/2))*sin(a+b*c
~(1/2))+Ci(bx(d*x+c) " (1/2)-b*c~(1/2)) *cos(a+bxc™(1/2)))-1/2*(a-b*c”(1/2) ) *b

/¢ (1/2) % (=Si(bx(d*x+c) " (1/2)+b*xc”(1/2))*sin(a-bxc~(1/2) )+Ci(b* (d*x+c) ~(1/2
)+bxc”(1/2))*cos(a-b*xc~(1/2)))-b " 2*xax(1/2/b/c”(1/2)*(8i(b*c~(1/2)-b* (d*x+c)
~(1/2))*sin(a+b*c~(1/2))+Ci(b*x(d*x+c)~(1/2)-b*c~(1/2))*cos(a+bxc~(1/2)))-1/
2/b/c”(1/2) *(=Si(bx(d*x+c)~(1/2)+b*c™ (1/2) ) *sin(a-b*c~(1/2))+Ci (b* (d*x+c) ~(
1/2)+bxc~(1/2) ) *cos(a-b*c~(1/2)))))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

dx

fcos(\/zmb+a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/2))/x,x, algorithm="maxima"
[Out] integrate(cos(sqrt(d*x + c)*b + a)/x, x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

fcos(a+bM)

X

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + bx(c + d*x)~(1/2))/x,x)
[Out] int(cos(a + bx(c + d*x)~(1/2))/x, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

fcos(a+bM)

X

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)**(1/2))/x,%)

[Out] Integral(cos(a + b*sqrt(c + d*x))/x, x)
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3.94 dx

f cos(a+b Ve+dx )
x2
Optimal. Leaf size=184

bdsin (a - byc) Ci (b (Ve + Ve +dx)) bdsin (a+byc)Ci(bye —b\/c+dx)+bdcos(a—b\/E)Si(b(\/E +

2+/c 2+/c 2+/c

[Out] -cos(a+bx(d*x+c)~(1/2))/x+1/2*xb*d*cos(a-bxc~(1/2))*Si(bx(c”(1/2)+(d*x+c) (1
/2)))/c”(1/2)+1/2*xbxd*cos (a+b*c™(1/2) ) *Si(b*xc~(1/2)-b* (d*x+c) ~(1/2))/c~(1/2
)+1/2xb*xd*Ci (b* (c” (1/2)+(d*x+c)~(1/2))) *sin(a-b*xc~(1/2))/c”~(1/2)-1/2*xb*d*Ci
(bxc™(1/2)-bx(d*xx+c) ~(1/2))*sin(a+bxc~(1/2))/c~(1/2)

Rubi [A] time = 0.35, antiderivative size = 184, normalized size of antiderivative
= 1.00, number of steps used = 10, number of rules used = 6, integrand size = 18,

number of rules _ ) 333, Rules used = {3432, 3342, 3333, 3303, 3299, 3302}

integrand size

bd sin (a - b\/E) Coslntegral (b (\/c +dx + \/E)) bd sin (a + b\/E) Coslntegral (b\/E -bVc+ dx) bd cos (t
- +
2+/c 2+/c

Antiderivative was successfully verified.

[In] Int[Cos[a + b*Sqrtlc + d*x]]/x"2,x]

[Out] -(Cos[a + bxSqrt[c + d*x]]/x) + (b*d*CosIntegral[b*(Sqrt[c] + Sqrtlc + d*x]
)1*Sin[a - bxSqrtlcl])/(2%Sqrtlc]) - (bxd*CosIntegral [b*Sqrt[c] - b*Sqrtlc

+ dxx]]*Sinf[a + b*Sqrtlc]])/(2xSqrtlc]) + (b*d*Cos[a - b*Sqrt[c]l]*SinIntegr
al[b*(Sqrtlc] + Sqrtlc + d*x])])/(2xSqrtlc]) + (bxd*Cos[a + b*Sqrt[c]]*SinI
ntegral [bxSqrt[c] - b*Sqrtlc + d*x]1)/(2*Sqrt[c])

Rule 3299

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[d*e - cx*f, 0]

Rule 3302

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fx*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*x(e - Pi/2) -
cxf, 0]

Rule 3303

Int[sin[(e_.) + (£_)*(x)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(dx*
e - cxf)/d], Int[Sin[(c*xf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[(c*xf)/d + fxx]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3333

Int[((a_) + (b_)*(x_)"(m_)) (p_)*Sinl[(c_.) + (d_.)*(x_)], x_Symbol] :> Int
[ExpandIntegrand[Sin[c + d*x], (a + b*x™n)"p, x], x] /; FreeQ[{a, b, c, d},
x] && ILtQ[p, 0] && IGtQ[n, 0] && (EqQ[n, 2] || EqQlp, -11)

Rule 3342

Int[Cos[(c_.) + (d_.)*(x_)]*((e_.)*x(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_)) (p_
), x_Symbol] :> Simp[(e"m*(a + b*x"n) (p + 1)*Cos[c + d*x])/(b*nx(p + 1)),
x] + Dist[(d*e”m)/(b*nx(p + 1)), Int[(a + b*x"n)~(p + 1)*Sin[c + d*x], x],
x] /; FreeQ[{a, b, c, d, e, m, n}, x] && ILtQ[p, -1] && EqQ[m, n - 1] && (I
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ntegerQ[n] || GtQle, 0])

Rule 3432

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_.)*(x_))"(m_)1*(b_.))"(p_.)*((g_
D o+ (h_)*(x ) (m_.), x_Symbol] :> Dist[1/(n*f), Subst[Int[ExpandIntegran
d[(a + b*Cos[c + d*x])7p, x~(1/n - V(g - (exh)/f + (h*x~(1/n))/f)"m, x],
x], x, (e + £xx)"n], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m}, x] && IGtQlp,
0] && IntegerQ[1/n]

Rubi steps

2 Subst f xcos(azb? dx,x, Vc +dx
fcos (a +b\/c+dx) (‘§+%)
2

dx =

X

X c 22

d
cos(a+bVc +dx i b
=- ( )—bSubst fwdx,x,\/c+dx]

d ' d
cos (a +bVe+ dx) dsin(a + bx)  dsin(a + bx)
_ " — bSubst f(_Z\/E(\/E—x)_2\/5(\/E+x)]dx’x’¢
cos (a +bVe+ dx) (bd) Subst (f sni;;tzx) dx,x, Ve + dx) (bd) Subst (f f
- +

- +
X ZVE
cos<a+b\/c+dx) (bdcos(a—b\/E))SubSt(dex,x, ”C+dx)
=- +
X ZVE
cos(a+b\/c+dx) dei(b(\/E+\/c+dx))sin(a—b\/5) dej(b\/__
= — + _
X ZVE

Mathematica [C] time = 1.20, size = 240, normalized size = 1.30

(e (—bixe ™V Bi (it (Ve dx = VE)) + bdxe™VEi (<ib (VE + Vet dx ) + 2ifee Ve ) 4 o)
4rJex

Antiderivative was successfully verified.

[In] Integrate[Cos[a + bxSqrtl[c + d*x]]/x"2,x]

[Out] ((I/4)*((((2*xI)*Sqrtlc])/E~(I*bxSqrtlc + d*x]) - (b*xd*x*xExpIntegralEi[(-I)x*
bx(-Sqrt[c] + Sqrtlc + d*x])])/E~(I*b*Sqrtlc]) + b*xd*E~ (I*b*Sqrt[c])*x*ExpI
ntegralEi [(-I)*b*(Sqrt[c] + Sqrtlc + d*x])])/E~(I*a) + E~(I*(a - b*Sqrtl[c])

)% ((2%I)*Sqrt [c]*E~ (I*b*(Sqrtc] + Sqrtlc + d*x])) + b*xd*E~((2*I)*b*Sqrt[c]
)*x*xExpIntegralEi [Ixb*(-Sqrt[c] + Sqrtlc + d*x])] - bxd*x*ExpIntegralEi[I*b
*(Sqrt[c] + Sqrtlc + d*x]1)1)))/(Sqrtlcl*x)

fricas [C] time = 0.98, size = 210, normalized size = 1.14

ia+V-b2 ia—V-b2
V—bzcdei(i\/dx+cb—\/—bzc)e( ’ bC)—\/—bzcdei(i\/dx+cb+\/—bzc)e(a bc)+\/—b2cdei

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cos(a+b*(d*x+c)~(1/2))/x"2,x, algorithm="fricas")

[Out] 1/4*(sqrt(-b~2xc)*d*x*Ei(I*sqrt(d*x + c)*b - sqrt(-b~2xc))*e” (I*a + sqrt(-b
“2%c)) - sqrt(-b~2*c)*d*x*Ei(I*sqrt(d*x + c)*b + sqrt(-b~2xc))*e”(I*a - sqr
t(-b"2%c)) + sqrt(-b~2*c)*d*x*Ei(-I*sqrt(d*x + c)*b - sqrt(-b~2x*c))*e” (-I*a

+ sqrt(-b~2*xc)) - sqrt(-b~2xc)*d*x*Ei(-I*sqrt(d*x + c)*b + sqrt(-b~2%c))*e
“(-I*a - sqrt(-b~2*c)) - 4xc*cos(sqrt(d*x + c)*b + a))/(c*x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

fcos (\/dx +cb+ a)
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+bx(d*x+c)~(1/2))/x72,x, algorithm="giac")
[Out] integrate(cos(sqrt(d*x + c)*b + a)/x"2, x)

maple [B] time = 0.08, size = 714, normalized size = 3.88

bza(a+b Vdx+c ) bz(—c b2+a2)

co#a+b~@?1?)(- T ) bo(Si0 b Vi s E )il Ve b G ) cos{abE))  bal-Sife Ve
—c b2+(a+b\/m)2—2a(a+b\/dxj)+u2 4c%

2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x(d*x+c)~(1/2))/x"2,x)

[Out] 2*d/b~2*(cos(a+b*(d*xx+c) ~(1/2))*(-1/2%b"2%a/cx (a+b* (d*x+c) ~(1/2))+1/2xb~2x%(
-b~2*c+a”2) /c) / (—cxb™ 2+ (a+b* (d*x+c) ~(1/2)) "2-2*xa* (a+b* (d*xx+c) " (1/2))+a~2)-1
/4xbxa/c”™(3/2)*(Si(bxc™(1/2)-bx (d*x+c) ~(1/2))*sin(a+bxc”(1/2))+Ci (b* (d*x+c)
~(1/2)-b*c~(1/2) ) *cos (a+tb*c™(1/2)))+1/4xbxa/c~(3/2) * (-Si (b* (d*x+c) ~(1/2) +bx*
c~(1/2))*sin(a-bxc™(1/2))+Ci(b* (d*x+c)~(1/2)+bxc”(1/2))*cos(a-b*c™(1/2)))-1
/4xb* (cxb™2+ax* (a+b*c™(1/2))-a"2) /c~(3/2) * (=Si(bxc~(1/2) -bx (d*x+c) ~(1/2)) *co
s(a+bxc™(1/2))+Ci (b* (d*x+c) " (1/2)-b*c™(1/2) ) *sin(a+b*c™(1/2)))+1/4*bx (cxb~2
+ax(a-b*c™(1/2))-a"2)/c~(3/2) *(Si (b (d*x+c) ~(1/2)+b*c~(1/2))*cos(a-bxc~(1/2
))+Ci (b* (d*x+c) " (1/2)+b*c~(1/2))*sin(a-b*c”~(1/2)))-axb~4* (cos (a+b* (d*xx+c) ~(
1/2))*(=1/2/c/b"2% (a+b* (d*x+c) ~(1/2) ) +1/2*a/c/b~2) / (~cxb™ 2+ (a+b* (d*x+c) ~ (1/
2))~2-2%ax (a+b (d*x+c)~(1/2))+a~2)-1/4/c~(3/2) /b~3%(Si (bxc™ (1/2) bk (d*x+c)
(1/2))*sin(a+b*c™(1/2))+Ci (b* (d*x+c) ~(1/2) -b*c™ (1/2)) *cos (at+b*c™(1/2)))+1/4
/c”(3/2) /b73% (=81 (b* (d*x+c) " (1/2)+b*xc~(1/2) )*sin(a-b*c”~(1/2) ) +Ci (b* (d*x+c)”
(1/2)+bxc~(1/2))*cos(a-bxc~(1/2)))-1/4/c/b~ 2% (-Si(b*c~(1/2) -b* (d*x+c) ~(1/2)
Y*cos (a+bxc™(1/2))+Ci(bx(d*x+c)~(1/2)-b*xc~(1/2))*sin(a+bxc~(1/2)))-1/4/c/b~
2% (Si (bx (d*x+c) ~(1/2)+bxc”(1/2)) *cos (a-bxc~(1/2))+Ci (b*x (d*x+c) ~(1/2)+bxc~ (1
/2))*sin(a-bxc~(1/2)))))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

fcos (\/dx +cb+ a)
32

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/2))/x"2,x, algorithm="maxima")
[Out] integrate(cos(sqrt(d*x + c)*b + a)/x"2, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

fcos(a+bm)

dx
12




Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + bx(c + d*x)~(1/2))/x"2,x)
[Out] int(cos(a + bx(c + d*x)~(1/2))/x"2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

fcos(a+bM)

x2

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)**(1/2))/x**2,%)

[Out] Integral(cos(a + b*sqrt(c + d*x))/x**2, x)

319
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3.95 fxz COS (a + bVlc + dx) dx

Optimal. Leaf size=537

120960 sin (a + b/ +dx ) 120960Vc + dx cos (a + bvVc +dx ) 60480(c + dx)?° sin (a + bVc +dx) 20160
- - +
bd3 b33 b7 d3

[Out] -720%c*cos(a+b*(d*x+c)”~(1/3))/b~6/d"3-120960% (d*x+c)~(1/3)*cos (a+b* (d*x+c)~
(1/3))/178/d"3+6*c™ 2% (d*x+c) " (1/3) *cos (a+b*x (d*x+c) ~(1/3)) /b"2/d"3+360*c* (d*
x+c) " (2/3)*cos (atbx(d*xx+c) " (1/3))/b"4/d"3+20160* (d*x+c) *cos (a+b*x (d*xx+c) ~(1/
3))/b"6/d"3-30%c* (d*x+c) ~(4/3)*cos (a+b* (d*x+c) ~(1/3))/b~2/d"3-1008* (d*x+c) ~
(5/3)*cos (a+b* (d*x+c) ~(1/3))/b~4/d"3+24* (d*x+c) " (7/3) *cos (a+b* (d*x+c) ~(1/3)
)/b~2/d"3+120960*sin (a+b* (d*x+c) ~(1/3))/b~9/d"3-6*c”2*sin(a+b* (d*x+c) ~(1/3)
)/b73/d"3-720*c* (d*x+c) ~(1/3) *sin(a+b* (d*x+c)~(1/3))/b"5/d~3-60480%* (d*x+c) ™
(2/3)*sin(a+b* (d*x+c)~(1/3)) /b 7/d"3+3*c" 2% (d*x+c) ~(2/3) *sin(a+b* (d*x+c) ~ (1
/3))/b/d"3+120*c* (d*x+c) *sin(a+b* (d*x+c) ~(1/3))/b~3/d"3+5040* (d*x+c) ~(4/3) *
sin(a+b*(d*x+c)~(1/3))/b"5/d"3-6*c* (d*x+c) ~(5/3) *sin(a+b* (d*x+c)~(1/3))/b/d
~3-168* (d*x+c) “2*sin(a+b* (d*xx+c) ~(1/3))/b~3/d"3+3* (d*x+c) ~(8/3) *sin (a+b* (d*
x+c)~(1/3))/b/d"3

Rubi [A] time = 0.51, antiderivative size = 537, normalized size of antiderivative
= 1.00, number of steps used = 20, number of rules used = 4, integrand size = 18,

number of rules _ 922, Rules used = {3432, 3296, 2637, 2638}

integrand size

62 sin (a + bV + dx) 6¢2/c + dx cos (a + bV + dx) 168(c + dx)? sin (a + bV + dx) 5040(c + dx)* s
) 2 ¥ FE ) P> ¥ i

Antiderivative was successfully verified.
[In] Int[x"2*%Cos[a + bx(c + dxx)~(1/3)],x]

[Out] (-720%c*Cos[a + bx(c + d*x)~(1/3)]1)/(b"6xd"3) - (120960*(c + d*xx)~(1/3)*Cos
[a + bkx(c + d*x)~(1/3)]1)/(1"8%d"3) + (6xc”2x(c + d*x)~(1/3)*Cos[a + b*x(c +
d*x)~(1/3)1)/(b"2%xd"3) + (360*c*(c + d*x)~(2/3)*Cos[a + b*x(c + d*x)~(1/3)1)
/(b~4xd"3) + (20160*(c + d*x)*Cos[a + b*(c + d*x)~(1/3)]1)/(b”"6%d"3) - (30*c
*(c + d*x)~(4/3)*Cos[a + bx(c + d*x)~(1/3)]1)/("2*d"3) - (1008*(c + d*xx)~(5
/3)*Cos[a + b*x(c + d*x)~(1/3)]1)/(b"4*xd"3) + (24*x(c + d*xx)~(7/3)*Cos[a + bx*(
c + dxx)~(1/3)1)/(b"2%d"3) + (120960*Sin[a + b*(c + d*x)~(1/3)]1)/(b"9*d"3)
- (6xc”2*Sinf[a + bx(c + d*x)~(1/3)])/(b"3%d"3) - (720*c*(c + d*x)~(1/3)*Sin
[a + bx(c + d*x)~(1/3)]1)/(b~5*xd"3) - (60480*(c + d*x)~(2/3)*Sin[a + b*x(c +
d*x)~(1/3)1)/(b"7*d"3) + (3*c™2*x(c + d*x)~(2/3)*Sin[a + b*(c + d*x)~(1/3)]1)
/(b*d"3) + (120*c*(c + d*x)*Sin[a + b*(c + d*x)~(1/3)]1)/(b"3*d"3) + (5040%(
c + d*x)~(4/3)*Sinf[a + bx(c + d*x)~(1/3)])/(b"5%d"3) - (6*c*x(c + d*x)~(5/3)
xSin[a + bx(c + d*x)~(1/3)]1)/(b*d~3) - (168*(c + dxx)~2*Sin[a + b*(c + d*x)
~(1/3)1)/(073%d"3) + (3*(c + d*x)~(8/3)*Sinla + b*(c + d*x)~(1/3)]1)/(b*xd"3)

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dx*x]/d, x] /;
FreeQ[{c, 4}, x]

Rule 2638

Int[sinl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3296

Int[((c_.) + (d_)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cosl[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos|[
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e + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 3432

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_.)*(x_))"(m_)1*(b_.))"(p_.)*((g_
D o+ (h_)*(x ) (m_.), x_Symbol] :> Dist[1/(n*f), Subst[Int[ExpandIntegran
d[(a + b*Cos[c + d*x])7p, x~(1/n - V(g - (exh)/f + (h*x~(1/n))/f)"m, x],
x], x, (e + £xx)"n], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m}, x] && IGtQlp,
0] && IntegerQ[1/n]

Rubi steps
3 3 Subst (f (czxz cc;sz(a+bx) _ 2cx® C(;sz(a+bx) + x8 coz(2a+bx)) dx, X, m)
fxzcos(a+b\/c+dx) dx = y
3 Subst ( [ 18 cos(a + bx) dx, x, Ve + dx) (6¢) Subst ( [ x5 cos(a + bx) dx, x
= ye _
3c2(c + dx)?? sin (a + bV + dx) 6¢(c + dx)° sin (a + bV + dx) 3(c +
= - +
bd3 bd3
2c + dx cos (a + bV + dx) 30c(c + dx)*3 cos (a + bV + dx) 24(c -
b243 B b243 +
6¢2V/c + dx cos (a + bV + dx) 30c(c + dx)*3 cos (a + bV + dx) 24(c -
= -~ +
b2d3 b2d3
6c2Vc + dx cos (a + bV + dx) 360c(c + dx)?3 cos (a + bV + dx) 30c
= +
b2d3 b*d3
6c2Vc + dx cos (a + bV + dx) 360c(c + dx)? cos (a + bV + dx) 30c
- e e B
7200 cos (a + bV + dx) Ve + dx cos (a + bV + dx) 360c(c + dx)
- T EPE ¥
720c cos (a + bV + dx) Ve + dx cos (a + bV + dx) 360c(c + dx)
- P P *
_ 720ccos (a + bV + dx) 120960Vc + dx cos (a + bV + dx) 6c2Vc +
= +
bod3 b8d3
7200 cos (a + bV + dx) 120960+/c + dx cos (a + bV + dx) 6c2Vc +
= +
bods b8d3

Mathematica [C] time = 1.10, size = 382, normalized size = 0.71

. 33— . 37 . 3/
3e_l(u+b C+dx) (—ibgdzxz(c + dx)?3 (—1 + ezz(ﬁb C+dx)) + 2b7dx e + dx (3¢ + 4dx) (1 + ezz(ﬁb C+dx)) + 2ib®

Antiderivative was successfully verified.

[In] Integrate[x~2xCos[a + b*(c + d*x)~(1/3)],x]

[Out] (3%((-40320%xI)*(-1 + E~((2*%I)*x(a + bx(c + d*xx)~(1/3)))) - 40320%b*x(1 + E~((

2%I)*(a + bx(c + d*x)~(1/3))))*(c + d*x)~(1/3) + (20160*I)*b~2*x(-1 + E~((2%
IDx(a + bx(c + d*x)~(1/3))))*(c + d*x)~(2/3) - I*b"8*xd"2x(-1 + E~((2*I)*(a
+ bx(c + d*x)~(1/3))))*x"2%(c + d*x)~(2/3) + 2xb~7*d*(1 + E~((2*I)*(a + bx*(
c + d*x)~(1/3))))*x*x(c + d*x)~(1/3)*(3*c + 4*xd*xx) - (240*I)*b~4*(-1 + E~((2
*I)*x(a + bx(c + d*x)~(1/3))))*(c + d*x)~(1/3)*(6*c + T+d*x) - 24*b~5x(1 + E
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“((2xI)x(a + bx(c + d*x)~(1/3))))*(c + dxx)~(2/3)*(9%c + 14xd*x) + 240%b~3x
(1 + ET((2xD*(a + bx(c + d*x)~(1/3))))*(27*c + 28*d*x) + (2*xI)*b"6x(-1 + E
“((2xI)*(a + bx(c + d*x)~(1/3))))*(9*c™2 + 36*c*d*x + 28*d"2*x72)))/(2*xb~9x*
d™3*E~(I*x(a + b*x(c + d*x)~(1/3))))

fricas [A] time = 0.95, size = 182, normalized size = 0.34

2 1
3 (2 (3360 bodx + 3240 b — 12 (14 bdx + 9 bc)(dx + ¢)3 + (417d%x2 + 3b7cdx — 20160 b) (dx + 0)5) Cos ((dx -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(a+b*(d*x+c)~(1/3)),x, algorithm="fricas")

[Out] 3*(2*(3360*b~3*xd*x + 3240%b~3*c - 12*x(14*xb~5xd*x + 9*b~5*c)*(d*x + c)~(2/3)
+ (4xb"7*d"2*x"2 + 3*b 7xc*xd*x - 20160xb)*(d*x + c)~(1/3))*cos((d*x + c)~(
1/3)*%b + a) - (56*b"6*%d"2*x"2 + 72%b~6*xc*xd*x + 18*b"6%c”2 — (b™8*%d"2*x"2 -
20160*%b"2) *x(d*x + ¢)~(2/3) - 240*%(7*b~4*xd*x + 6*xb~4*c)*(d*x + c)~(1/3) - 40
320)*sin((d*x + ¢)~(1/3)*b + a))/(b~9*d"3)

giac [B] time = 0.50, size = 1104, normalized size = 2.06

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2xcos(a+b*(d*x+c)~(1/3)),x, algorithm="giac")

[Out] 3*(2*x(((d*x + c)~(1/3)*b + a)*b"6*c™2 - a*b”6*c”2 - 5x((d*x + ¢c)~(1/3)*b +
a) 4xb”3*c + 20*x((d*x + c)~(1/3)*b + a) 3*axb”3*xc - 30*x((d*x + c)~(1/3)*b +
a) "2*%a”"2xb"3*xc + 20x((d*x + c)”(1/3)*b + a)*a~3xb"3*c - 5*a”4*b”"3*xc + 4x*x((
d*x + ¢c)"(1/3)*b + a)~7 - 28%((d*x + ¢c)~(1/3)*b + a) 6*a + 84*x((d*x + c)~ (1
/3)*¥b + a)”5*xa"2 - 140*x((d*x + ¢c)~(1/3)*b + a)~4*a~3 + 140+« ((d*x + c)~(1/3)
*b + a)”3*a"4 - 84x((d*x + c)~(1/3)*b + a)~2*a”5 + 28*((d*x + ¢c)~(1/3)*b +
a)*a™6 - 4*a”7 + 60x((dx*x + c)~(1/3)*b + a) 2*xb"3xc - 120*%((d*x + c)~(1/3)x*
b + a)*axb~3*c + 60*a”"2*b”"3*c - 168*x((d*x + c)~(1/3)*b + a)~5 + 840+ ((d*x +
c)~(1/3)*b + a)~4*a - 1680*x((d*x + ¢c)~(1/3)*b + a)~3*a"2 + 1680*((d*x + c)
~(1/3)*b + a)”"2*a"3 - 840*((d*x + c)~(1/3)*b + a)*a~4 + 168*a”5 - 120*b~3*c
+ 3360%((d*x + c)~(1/3)*b + a)~3 - 10080*((d*x + c)~(1/3)*b + a)~2*a + 100
80x((d*x + ¢c)~(1/3)*b + a)*a~2 - 3360*a”3 - 20160*(d*x + c)~(1/3)*b)*cos((d
*x + ¢c)7(1/3)*b + a)/(b78%d"2) + (((d*x + c)~(1/3)*b + a) " 2*b"6*c”2 - 2*x((d
*x + ¢)7(1/3)*b + a)*axb”6*c”2 + a"2*b"6xc”2 - 2x((d*x + ¢)”"(1/3)*b + a) bx
b"3*c + 10*x((d*x + ¢c)~(1/3)*b + a)“4xa*xb~3*c - 20%((d*x + c)~(1/3)*b + a)~3
*a"2%b"3*%c + 20%x((d*x + ¢)~(1/3)*b + a) " 2*a"3*b"3xc - 10*%((d*x + c)~(1/3)*b
+ a)*a”4*xb”"3*xc + 2xa~5*b"3*c + ((d*x + c)~(1/3)*b + a)~8 - 8*((d*x + c)~ (1
/3)*¥b + a) 7*xa + 28x((dx*x + c)~(1/3)*b + a)”"6*xa"2 - 56%x((d*x + ¢c)~(1/3)*b +
a)"b*xa”3 + 70x((d*x + c)~(1/3)*b + a)~4*a"4 - 56x((d*x + ¢c)”"(1/3)*b + a)~3
*a”5 + 28%((d*x + ¢c)~(1/3)*b + a)”2*a"6 - 8x((d*x + ¢c)~(1/3)*b + a)*a”7 + a
"8 - 2%b76*c”2 + 40*x((d*x + ¢c)"(1/3)*b + a)”~3*b"3xc - 120*%((d*x + c)~(1/3)*
b + a) 2xa*xb”3xc + 120%((d*x + c)~(1/3)*b + a)*a~2*b"3%c - 40*%a”3*b"3*c - 5
6% ((d*x + ¢c)~(1/3)*b + a)~6 + 336*%((d*x + c)~(1/3)*b + a)~5*a - 840*((d*x +
c)"(1/3)*%b + a)~4*xa"2 + 1120%((d*x + c)~(1/3)*b + a)~3*a~3 - 840*((d*x + c
)7(1/3)*%b + a)”2*a"4 + 336x((d*x + ¢c)~(1/3)*b + a)*a”5 - 56*a”6 - 240*x((d*x
+ ¢c)”(1/3)%b + a)*b~3%c + 240*a*xb”~3*c + 1680%((d*x + c)~(1/3)*b + a)™4 - 6
720 ((d*x + c)~(1/3)*b + a)~3*a + 10080*((d*x + c)~(1/3)*b + a)~2*xa”2 - 672
0x((d*x + ¢c)~(1/3)*b + a)*a~3 + 1680*a~4 - 20160*((d*x + c)~(1/3)*b + a)~2
+ 40320*%((d*x + c)~(1/3)*b + a)*a - 20160*a"2 + 40320)*sin((d*x + c)~(1/3)*
b + a)/(b~8%d"2))/(b*d)

maple [B] time = 0.05, size = 1809, normalized size = 3.37

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2%cos(a+b*x(d*x+c)~(1/3)),x)

[Out] 3/d73/b"3*(c"2*((a+b* (d*x+c) ~(1/3)) "2*sin(a+b* (d*x+c) ~(1/3))-2*sin(a+b* (d*x
+c)~(1/3))+2*cos (a+tbx (d*x+c) ~(1/3) ) * (a+b*x (d*x+c) ~(1/3) ) ) -2*xaxc”2*x(cos (a+b*(
d*xx+c) " (1/3) ) +(a+b* (d*x+c) " (1/3)) *sin(a+b*x (d*x+c) ~(1/3)))+a"2xc " 2xsin (a+b*(
d*x+c) " (1/3))-2/b"3*c* ((a+b* (d*x+c) ~(1/3) ) “5*xsin(a+b* (d*x+c) ~(1/3) ) +5*x (a+b*
(d*x+c)~(1/3)) “4xcos (a+b* (d*x+c) ~(1/3))-20* (a+b* (d*x+c) ~(1/3)) "3*sin(a+bx(d
*x+c) " (1/3))-60* (a+bx (d*x+c) ~(1/3)) "2*cos (a+b*x (d*x+c) ~(1/3))+120*cos (a+b* (d
*x+c) " (1/3))+120*% (a+b* (d*x+c) " (1/3) ) *sin(a+b* (d*x+c) ~(1/3)))+10/b " 3*xa*xc*((a
+b* (d*x+c) " (1/3) ) “4*sin(a+b* (d*x+c) ~(1/3) ) +4* (a+b* (d*x+c) ~(1/3)) ~3*cos (a+b*
(d*x+c)~(1/3))-12*(a+b*x (d*x+c) ~(1/3)) "2*sin(a+b* (d*x+c) ~(1/3) ) +24*sin (a+b*(
d*x+c) " (1/3))-24x*cos (a+b* (d*x+c) ~(1/3) ) * (a+b*x (d*x+c) ~(1/3)))-20/b"3*a"~2*c* (
(atb*x (d*x+c) ~(1/3)) "3*sin(at+b* (d*x+c) " (1/3) ) +3* (atb* (d*x+c) ~(1/3)) "2*cos(a+
b* (d*x+c) ~(1/3))-6*cos (a+b*x (d*x+c) ~(1/3) ) -6*(a+b* (d*x+c) ~(1/3)) *sin(a+b*x (d*
x+¢c) " (1/3)))+20/b"3*a"3*c*k ((a+bx (d*x+c) ~(1/3)) "2*sin(a+b* (d*x+c) ~(1/3))-2%s
in(a+b* (d*x+c) ~(1/3))+2*cos (a+bx (d*x+c) ~(1/3) ) * (a+b* (d*x+c) ~(1/3)))-10/b"3x%
a~4xc*(cos(a+b*x (d*xx+c)~(1/3))+(a+b*(d*x+c) ~(1/3) ) *sin(a+b*(d*x+c) ~(1/3)))+2
/b~ 3*a"b*c*xsin(a+b*x (d*xx+c)~(1/3))+1/b"6* ((a+bx (d*x+c) ~(1/3)) "8*sin(a+b* (d*x
+c)~(1/3))+8* (a+b*x (d*x+c) ~(1/3)) “7*xcos (a+b* (d*x+c) ~(1/3) ) -56* (a+b* (d*x+c) ~ (
1/3)) "6xsin(a+b* (d*x+c) ~(1/3))-336%* (a+b* (d*x+c) ~(1/3)) "5*cos (a+b* (d*x+c) ~ (1
/3))+1680* (a+b* (d*x+c) ~(1/3)) “4*sin(a+b* (d*x+c) ~(1/3))+6720* (a+b* (d*x+c) " (1
/3)) " 3*cos (a+b* (d*x+c) ~(1/3))-20160* (a+b* (d*x+c) ~(1/3)) “2*sin(a+b* (d*x+c) "~ (
1/3))+40320*sin (a+b* (d*x+c) ~(1/3))-40320%cos (a+b* (d*x+c) ~(1/3) ) * (a+b* (d*x+c
)~ (1/3)))-8/b " 6*xax((a+bx (d*x+c)~(1/3)) “7*sin(a+b*x (d*x+c) ~(1/3) ) +7* (a+b* (d*x
+c)~(1/3)) " 6*cos(a+tbx(d*xx+c) " (1/3))-42*(a+b* (d*x+c) ~(1/3)) "5*xsin(a+bx (d*x+c
)" (1/3))-210* (a+b* (d*x+c) ~(1/3)) “4*cos (a+b* (d*x+c) ~(1/3) ) +840* (a+b* (d*x+c) ™
(1/3))"3*sin(a+b*x(d*x+c) ~(1/3))+2520%* (a+b* (d*x+c) ~(1/3)) "2*cos (a+b* (d*x+c) ™
(1/3))-5040%*cos (a+b* (d*x+c) ~(1/3) ) -5040* (a+b* (d*x+c) " (1/3) ) *sin (a+b* (d*x+c)
~(1/3)))+28/b"6*xa”2* ((a+b* (d*x+c) ~(1/3)) “6*sin(a+b* (d*x+c) ~(1/3) ) +6* (a+b*(d
*x+c)~(1/3) ) “5*cos (a+bx (d*x+c) ~(1/3))-30*(a+b* (d*x+c) " (1/3)) “4*xsin(a+b* (d*xx
+¢c) " (1/3))-120* (a+b* (d*x+c) " (1/3)) "3*cos (a+b*x (d*x+c) ~(1/3) ) +360* (a+b* (d*x+c
)~ (1/3)) " 2*xsin(a+b*x(d*x+c)~(1/3))-720*sin(a+b* (d*x+c) ~(1/3))+720*cos (a+b*(d
*x+c) " (1/3) ) *(a+bx (d*x+c)~(1/3)))-56/b"6*a”3* ((a+bx (d*x+c)~(1/3)) "b*sin(a+b
* (d*x+c) " (1/3))+5*x (a+bx (d*x+c) ~(1/3)) “4d*xcos (a+b* (d*x+c) " (1/3)) -20* (a+b* (d*x
+c)~(1/3)) " 3*sin(a+bx(d*x+c) " (1/3))-60*(a+b* (d*x+c) ~(1/3)) "2*cos (a+bx (d*x+c
)~ (1/3))+120*cos (a+b*x (d*x+c) ~(1/3) ) +120* (a+b* (d*x+c) ~(1/3) ) *sin (a+b* (d*x+c)
~(1/3)))+70/b~6%a~4* ((a+b* (d*x+c) ~(1/3)) “4*sin(a+b* (d*x+c) ~(1/3))+4* (a+b*(d
*x+c)~(1/3) ) "3*cos(a+b* (d*x+c) ~(1/3))-12*(a+b* (d*x+c) ~(1/3)) "2*sin(a+b* (d*x
+c)~(1/3))+24*xsin(a+b* (d*x+c) " (1/3))-24*cos (a+b* (d*x+c) ~(1/3))* (a+b* (d*x+c)
~(1/3)))-56/b"6*a" 5% ((a+b* (d*x+c) ~(1/3)) "3*sin(a+b* (d*x+c) ~(1/3))+3*(a+b*x(d
*x+c)~(1/3)) "2*cos (a+bx (d*x+c) ~(1/3))-6*cos (atbx(d*x+c) ~(1/3))-6%* (a+b*x (d*x+
c)~(1/3))*sin(a+b* (d*x+c) ~(1/3)))+28/b"6*a"6* ((a+b* (d*x+c)~(1/3)) "2*sin(a+b
*(d*x+c) " (1/3))-2*xsin(a+b* (d*x+c) ~(1/3))+2*xcos (a+b* (d*x+c) ~(1/3) ) * (a+b* (d*x
+c)~(1/3)))-8/b"6*xa"7*(cos (a+b*x (d*x+c) ~(1/3))+(a+b* (d*x+c) ~(1/3) ) *sin(a+b*(
d*x+c)~(1/3)))+1/b"6*xa"8*sin(a+b*x (d*x+c)~(1/3)))

maxima [B] time = 0.75, size = 1349, normalized size = 2.51

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(a+b*(d*x+c)~(1/3)),x, algorithm="maxima")

[Out] 3*(a"2*c™2*xsin((d*x + ¢c)~(1/3)*b + a) - 2*x(((d*x + ¢c)~(1/3)*b + a)*sin((d*x
+ ¢)7(1/3)*b + a) + cos((d*x + c)~(1/3)*b + a))*a*xc™2 + 2*a 5*xckxsin((d*x +
c)~(1/3)*b + a)/b"3 - 10*x(((d*x + ¢c)~(1/3)*b + a)*sin((d*x + c)~(1/3)*b +
a) + cos((d*x + c)~(1/3)*b + a))*a~4*c/b"3 + (2+x((d*x + c)~(1/3)*b + a)*cos
((d*x + c)7(1/3)*b + a) + (((d*x + ¢c)7(1/3)*b + a)”2 - 2)*sin((d*x + c)~(1/
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3)*b + a))*c”2 + a"8*sin((d*x + c)"(1/3)*b + a)/b"6 - 8x(((d*x + c)~(1/3)*Db
+ a)*sin((d*x + c)~(1/3)*%b + a) + cos((d*x + ¢c)~(1/3)*b + a))*a"7/b"6 + 20
*(2x((d*x + c)~(1/3)*b + a)*cos((d*x + c)~(1/3)*b + a) + (((d*x + c)~(1/3)*
b + a)”2 - 2)*sin((d*x + ¢c)~(1/3)*b + a))*a"3*c/b~3 + 28*x(2x((d*x + ¢c)~(1/3
)*¥b + a)*cos((d*x + ¢c)”"(1/3)*b + a) + (((d*x + c)~(1/3)*b + a)”2 - 2)*sin((
d*x + ¢c)"(1/3)*b + a))*a"6/b"6 - 20%x(3*x(((d*x + ¢c)~(1/3)*b + a)~"2 - 2)*cos(
(d*x + c)~(1/3)%b + a) + (((d*x + c)~(1/3)*b + a)~3 - 6*x(d*x + c)~(1/3)*b -
6*a)*sin((d*x + c)~(1/3)*b + a))*a"2xc/b"3 - 56%(3*(((d*x + c)~(1/3)*b + a
)72 - 2)*cos((d*x + c)7(1/3)*b + a) + (((d*x + c)7(1/3)*b + a)”3 - 6*x(d*x +
c)"(1/3)*b - 6*a)*sin((d*x + c)~(1/3)*b + a))*a"5/b"6 + 10*x(4x(((d*x + c)~
(1/3)*%b + a)”3 - 6x(d*x + ¢c)~(1/3)*b - 6*a)*cos((d*x + ¢c)~(1/3)*b + a) + ((
(d*x + ¢)~(1/3)*b + a)~4 - 12%((d*x + ¢c)"(1/3)*b + a)~2 + 24)*sin((d*x + c)
~(1/3)*b + a))*axc/b~3 + TOx(4x(((d*x + c)~(1/3)*b + a)~3 - 6*(d*x + c)~(1/
3)*b - 6*a)*cos((d*x + ¢c)~(1/3)*b + a) + (((d*x + ¢c)~(1/3)*b + a)~4 - 12x((
d*x + ¢c)"(1/3)*b + a)”"2 + 24)xsin((d*x + ¢c)~(1/3)*b + a))*a~4/b"6 — 2% (5x((
(d*x + )~ (1/3)*%b + a)”4 - 12x((d*x + c)~(1/3)*b + a)”2 + 24)*cos((d*x + c)
“(1/3)*%b + a) + (((d*x + ¢)~(1/3)*b + a)”5 - 20*x((d*x + ¢c)~(1/3)*b + a)~3 +
120*x(d*x + ¢)~(1/3)*b + 120*a)*sin((d*x + ¢c)~(1/3)*b + a))*c/b~3 — 56%(5x(
((d*x + ¢c)~(1/3)*b + a)~4 - 12%((d*x + ¢c)~(1/3)*b + a)~2 + 24)*cos((d*x + ¢
)7(1/3)*%b + a) + (((d*x + ¢c)~(1/3)*b + a)”5 - 20%((d*x + ¢c)~(1/3)*b + a)~3
+ 120%(d*x + ¢)~(1/3)*b + 120*a)*sin((d*x + ¢c)~(1/3)*b + a))*a~3/b"6 + 28%(
6% (((d*x + ¢c)~(1/3)*b + a)~5 - 20%((d*x + c)~(1/3)*b + a)~3 + 120*(d*x + c)
~(1/3)*b + 120*a)*cos((d*x + ¢c)~(1/3)*b + a) + (((d*x + ¢c)~(1/3)*b + a)~6 -
30%((d*x + c)~(1/3)*b + a)~4 + 360*x((d*xx + c)~(1/3)*b + a)~2 - 720)*sin((d
*x + ¢)7(1/3)*b + a))*xa”2/b"6 - 8x(7+x(((d*x + ¢c)~(1/3)*b + a)~6 - 30x((d*x
+ ¢c)”(1/3)*%b + a)~4 + 360%((d*x + c)~(1/3)*%b + a)~2 - 720)*cos((d*x + c)~(1
/3)*¥b + a) + (((d*x + ¢c)~(1/3)*b + a)”7 - 42*x((d*x + ¢)~(1/3)*b + a)”5 + 84
0% ((d*x + ¢c)~(1/3)*b + a)~3 - 5040*(d*x + c)~(1/3)*b - 5040*a)*sin((d*x + ¢
)"(1/3)*%b + a))*a/b™6 + (8x(((d*x + c)~(1/3)*b + a)~7 - 42%((d*x + c)~(1/3)
xb + a)”5 + 840%((d*x + ¢c)~(1/3)*b + a)”3 - 5040*(d*x + c)~(1/3)*b - 5040%a
Y¥cos((d*x + ¢c)~(1/3)*%b + a) + (((d*x + ¢c)~(1/3)*b + a)~8 - 56x((d*x + c)~(
1/3)*b + a)”6 + 1680*%((d*x + c)~(1/3)*b + a)~4 - 20160*x((d*x + c)~(1/3)*b +
a)”~2 + 40320)*sin((d*x + c)~(1/3)*b + a))/b"6)/(b"3*d"3)

mupad [F] time = 0.00, size = -1, normalized size = -0.00
fxz cos (a +b(c+ dx)1/3) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2*cos(a + bx(c + d*x)~(1/3)),x)
[Out] int(x~2*cos(a + b*x(c + d*x)~(1/3)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
fxzcos(a + bV3c+dx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*x2*cos(a+bx(d*x+c)**(1/3)) ,x)

[Out] Integral(x**2*cos(a + bx(c + d*x)**(1/3)), x)
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3.96 fxcos (a+b\/30+dx) dx

Optimal. Leaf size=261

360 cos (a + bV + dx) 360Vc + dx sin (a + bV + dx) 180(c + dx)%3 cos (a + bV + dx) 60(c + dx) sit
+ —_ —_
bod? b>d? b*d? 1

[Out] 360%cos (a+b*(d*x+c)~(1/3))/b~6/d"2-6xcx (d*x+c) ~(1/3)*cos (a+bx (d*x+c)~(1/3))
/b72/d"2-180* (d*x+c) ~(2/3) *cos (a+b* (d*x+c) ~(1/3)) /b~4/d"2+15* (d*x+c) ~(4/3) *

cos (a+b* (d*x+c) " (1/3))/b"2/d"2+6*c*sin(a+b* (d*x+c) ~(1/3))/b~3/d"2+360* (d*x+
c)~(1/3)*sin(a+b*x(d*x+c) ~(1/3))/b~5/d"2-3*c* (d*x+c) ~(2/3) *sin (a+b* (d*x+c) ~(
1/3))/b/d~2-60% (d*x+c) *sin (a+b*x (d*x+c) ~(1/3))/b~3/d~2+3* (d*x+c) ~(5/3) *sin(a

+b* (d*x+c)~(1/3))/b/d"2

Rubi [A] time = 0.23, antiderivative size = 261, normalized size of antiderivative
= 1.00, number of steps used = 11, number of rules used = 4, integrand size = 16,

number of rules _ ) 250, Rules used = {3432, 3296, 2637, 2638}

integrand size

60(c + dx) sin (a + bV + dx) 360Vc + dx sin (a + bV + t;lx) 6c sin (a + bV + dx) 15(c + dx)* cos
- + +

P2 B2 P2 * b2

Antiderivative was successfully verified.
[In] Int[x*Cosl[a + bx(c + d*x)~(1/3)],x]

[Out] (360*Cos[a + bx(c + d*x)~(1/3)]1)/(b"6%d"2) - (6xcx(c + d*x)~(1/3)*Cos[a + b
*(c + d*x)~(1/3)]1)/(b"2%xd"2) - (180*(c + d*xx)~(2/3)*Cos[a + b*x(c + d*xx)~(1/
3)1)/(b~4%d"2) + (15%(c + d*x)~(4/3)*Cos[a + b*x(c + d*x)~(1/3)]1)/(b~2%d"2)

+ (6xcxSinfa + bx(c + d*x)~(1/3)]1)/(0~3*d"2) + (360*(c + d*x)~(1/3)*Sin[a +

b*x(c + d*x)~(1/3)1)/(b"5%d"2) - (3*c*x(c + d*x)~(2/3)*Sin[a + b*x(c + d*x) (
1/3)1)/(bxd"2) - (60%(c + d*x)*Sin[a + bx(c + d*x)~(1/3)]1)/(1"3*d"2) + (3*(

c + dxx)~(5/3)*Sin[a + bx(c + d*x)~(1/3)]1)/(bxd"2)

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dxx]/d, x] /;
FreeQ[{c, d}, x]

Rule 2638

Int[sinl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3296

Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simpl[
((c + d*x) "m*Cos[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos|[
e + fxx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3432

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_.)*(x_)) " (m_)1*(b_.)) " (p_.)*((g_
D o+ (h_)*(x_))"(m_.), x_Symbol] :> Dist[1/(n*f), Subst[Int[ExpandIntegran
d[(a + b*Cos[c + d*x])7p, x~(1/n - D*(g - (exh)/f + (h*x~(1/n))/f)"m, x],
x], x, (e + f*x)°nl, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m}, x] && IGtQ[p,
0] && IntegerQ[1/n]

Rubi steps
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2 5
3 Subst (f (_cx cos(a+bx) n X Cos(a+bx)) dx, X, m)

d d

fxcos(a+b\/3c+dx) dx =

d
3 Subst ( [ x5 cos(a + bx) dx, x, Ve + dx) (3c) Subst ( [ %2 cos(a + bx) dx, x, e
= 42 B 42
3c(c + dx)?3 sin (a + bV + dx) 3(c + dx)*P sin (a + bV + dx) 15 Subst
= + -
bd? bd?
6¢c + dx cos (a + bV + dx) 15(c + dx)*? cos (a + bV + dx) 3c(c + dx)
Bl b2d2 b2d2
6¢c/c + dx cos (a + bV + dx) 15(c + dx)*3 cos (a + bV + dx) 6¢ sin (a -
- ¥ P ¥ ;
6¢/c + dx cos (a + bV + dx) 180(c + dx)%3 cos (a + bV + dx) 15(c + d.
= +
b2d>2 b*d?
6¢c + dx cos (a + bV + dx) 180(c + dx)*3 cos (a + bV + dx) 15(c + d.
= -~ +
b2d2 b*d?
360 cos (a + bV + dx) 6c/c + dx cos (a + bV + dx) 180(c + dx)?3 cos (a
- D52 B D22 B A2

Mathematica [A] time = 0.42, size = 117, normalized size = 0.45

3 (b (btdx(c + dx)¥® - 2b%(9¢ +10dx) +120Vc + dx ) sin (a + bVc + dx ) + (b*¥c + dx (3c + 5dx) — 60b2(c + d>
bSd2

Antiderivative was successfully verified.

[In] Integrate[x*Cos[a + b*(c + d*x)~(1/3)],x]

[Out] (3*x((120 - 60%b~2x(c + d*xx)~(2/3) + b~ 4x(c + d*x)~(1/3)*(3*c + 5*dx*xx))*Cos[
a + bx(c + d*x)~(1/3)] + b*x(120%(c + d*x)~(1/3) + b 4*d*xx*(c + d*x)~(2/3) -
2%b~ 2% (9%c + 10*d*x))*Sin[a + bx(c + d*x)~(1/3)1))/(b"6%xd"2)

fricas [A] time = 0.77, size = 110, normalized size = 0.42

2 1 1 2
3 ((60 (dx + )3 b2 — (5 btdx + 3 bic)(dx + )7 — 120) cos ((dx +0)3b + a) - ((dx + 0)3b5dx — 20 B3dx — 18 b¢
- b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(a+bx(d*x+c)~(1/3)),x, algorithm="fricas")

[Out] -3*((60x(d*x + c)~(2/3)*b"2 - (5%b~4*d*x + 3*b~4*xc)*(d*x + c)~(1/3) - 120)x*
cos((d*x + ¢c)~(1/3)*b + a) - ((d*x + c)~(2/3)*b"5xd*x - 20%b~3*xd*x - 18%b~3
*c + 120%(d*x + ¢c)~(1/3)*b)*sin((d*x + c)~(1/3)*b + a))/(b"6*xd"2)

giac[A] time = 1.26, size = 370, normalized size = 1.42

1 1 4 1 3 1 2 1 1 2
[2[(dx+c)3b+a)b3c—2ab3c—5((dx+c)3b+u] +20((dx+c)3b+u] a—30((dx+c)3b+u] a2+20[(dx+c)3b+a]a3—5 a4+60((dx+c)3b+a] —120[(d

3 5

Verification of antiderivative is not currently implemented for this CAS.



327

[In] integrate(x*cos(a+bx(d*x+c)~(1/3)),x, algorithm="giac")

[Out] -3*x((2*x((d*x + ¢c)~(1/3)*b + a)*b"3*c — 2*xa*xb~3*c - 5kx((d*x + c)~(1/3)*b + a
)74 + 20%((d*x + c)~(1/3)*b + a)"3*a - 30*%((d*x + c)~(1/3)*b + a)"2*a"2 + 2
Ox((d*x + ¢c)~(1/3)*b + a)*a™3 - 5*a"4 + 60*x((d*x + ¢c)~(1/3)*b + a)~2 - 120%

((d*x + c)~(1/3)*b + a)*a + 60*a~2 - 120)*cos((d*x + ¢c)~(1/3)*b + a)/b~5 +

(((d*x + ¢c)~(1/3)*b + a)~2*xb"3*c - 2% ((d*x + c)~(1/3)*b + a)*a*xb™3*c + a™2%*
b~3*c - ((d*x + ¢)~(1/3)*b + a)”5 + 5x((d*x + ¢c)~(1/3)*b + a) 4*a - 10*x((d*
X + ¢c)(1/3)*b + a)~3*a”"2 + 10*%((d*x + ¢c)~(1/3)*b + a) 2%¥a~3 - 5x((d*x + c)
“(1/3)*%b + a)*a”™4 + a”5 - 2%b73*c + 20%((d*x + c)~(1/3)*b + a)~3 - 60x((d*x

+ ¢c)7(1/3)*b + a)"2xa + 60%((d*x + c)~(1/3)*b + a)*a™2 - 20*a”3 - 120*(d*x

+ ¢)”(1/3)*b)*sin((d*x + ¢c)~(1/3)*b + a)/b~5)/(b*d"2)

maple [B] time = 0.04, size = 655, normalized size = 2.51

—3c((a Fb(dx+ c)§)2 sin (zz +b(dx+ c)%) _2sin (a Fb(dx+ c)é) +2cos (a +b(dx+ c)%) (a +b(dx+0)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a+b*(d*x+c)~(1/3)),x)

[Out] 3/d"2/b"3*%(—c*((a+b*(d*xx+c) " (1/3)) "2xsin(a+b* (d*x+c) ~(1/3))-2*sin(a+b* (d*xx+
c)~(1/3))+2*cos(a+b*x(d*x+c) ~(1/3) ) * (a+b* (d*x+c) ~(1/3)) ) +2xaxc* (cos (a+b* (d*x
+c)~(1/3))+(a+b* (d*x+c) ~(1/3) ) *sin(a+bx (d*x+c) ~(1/3)))-a"2*c*xsin(a+b* (d*xx+c
)~ (1/3))+1/b" 3% ((a+bx (d*x+c) ~(1/3)) ~5*xsin(a+b* (d*xx+c) ~(1/3))+5* (a+b* (d*x+c)
~(1/3)) "4*cos(a+bx (d*xx+c)~(1/3))-20* (a+b* (d*x+c) ~(1/3)) "3*sin(a+b* (d*x+c) ~(
1/3))-60* (a+b* (d*x+c) ~(1/3) ) "2*cos (a+b* (d*x+c) ~(1/3) )+120*cos (a+b* (d*x+c) ~(
1/3))+120* (a+b* (d*x+c) " (1/3) ) *sin(a+b* (d*x+c) ~(1/3)))-5/b"3*ax ((a+b* (d*x+c)
~(1/3)) "4*sin(a+b*x (d*xx+c) "~ (1/3) ) +4* (a+b* (d*x+c) ~(1/3)) "3*cos (a+b* (d*x+c) " (1
/3))-12* (a+b* (d*x+c) ~(1/3)) "2*sin(a+b* (d*x+c) ~(1/3))+24*sin(a+b* (d*x+c) ~(1/
3))-24x*cos (a+bx (d*x+c) ~(1/3) ) * (a+bx (d*x+c) ~(1/3)))+10/b"3*a 2 ((a+b* (d*x+c)
~(1/3)) " 3*sin(a+bx(d*x+c) ~(1/3))+3*x(a+b* (d*x+c) " (1/3)) "2xcos (a+b* (d*x+c) ~ (1
/3))—6%*cos (atb* (d*xx+c) ~(1/3)) -6 (a+b*x (d*x+c) ~(1/3) ) *sin(a+b* (d*x+c) " (1/3)))
-10/b"3*a"3* ((a+b* (d*x+c) "~ (1/3)) "2*sin(a+b* (d*x+c) ~(1/3))-2*sin(a+b* (d*x+c)
~(1/3))+2%cos (at+bx (d*x+c) ~(1/3)) *(a+b* (d*x+c) ~(1/3)))+5/b"3*a~4* (cos (a+b* (d
*x+c) " (1/3) )+ (at+bx (d*x+c) ~(1/3)) *sin(a+b* (d*x+c) ~(1/3)))-1/b"3*a"5*xsin(a+b*
(d*x+c)~(1/3)))

maxima [B] time = 0.70, size = 523, normalized size = 2.00

1 a° sin[(dx+c

3| a%csin ((dx + c)%b + a) -2 (((dx + c)%b + a) sin ((dx + c)%b + a) + cos ((dx +¢c)3b+ a))ac +

b3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(a+b*(d*x+c)~(1/3)),x, algorithm="maxima")

[Out] -3*(a"2*c*sin((d*x + c)~(1/3)*b + a) - 2x(((d*x + ¢c)~(1/3)*b + a)*sin((dx*x
+ ¢c)”(1/3)*%b + a) + cos((d*x + c)~(1/3)*b + a))*axc + a~b*sin((d*x + c)~(1/
3)*%b + a)/b"3 - 5x(((d*x + ¢)~(1/3)*b + a)*sin((d*x + c)~(1/3)*b + a) + cos
((d*x + c)~(1/3)*b + a))*a~4/b~3 + (2x((d*x + c)~(1/3)*b + a)*cos((d*x + c)
“(1/3)*b + a) + (((d*x + ¢)~(1/3)*b + a)~2 - 2)*sin((d*x + ¢c)~(1/3)*b + a))
*c + 10% (2% ((d*x + ¢c)~(1/3)*b + a)*cos((d*x + c)~(1/3)*b + a) + (((d*x + c)
“(1/3)*%b + a)”2 - 2)*sin((d*x + ¢)~"(1/3)*b + a))*a~3/b"3 - 10x(3*x(((d*x + ¢
)7(1/3)*%b + a)”2 - 2)*cos((d*x + ¢c)~(1/3)*b + a) + (((d*x + ¢c)~(1/3)*b + a)



328

"3 - 6%(d*x + ¢c)"(1/3)*b - 6*a)*sin((d*x + c)~(1/3)*b + a))*a"2/b"3 + b5x(4x
(((d*x + c)~(1/3)*b + a)~3 - 6x(d*x + c)~(1/3)*b - 6*a)*cos((d*x + c)~(1/3)
xb + a) + (((dxx + ¢)7(1/3)*b + a)™4 - 12x((d*x + c)~(1/3)*b + a)”2 + 24)*s
in((d*x + c)~(1/3)*b + a))*a/b~3 - (5x(((d*x + c)~(1/3)*b + a)~4 - 12x((d*x
+ ¢c)~(1/3)*b + a)~2 + 24)*cos((d*x + ¢c)~(1/3)*b + a) + (((d*x + c)~(1/3)*b
+ a)”5 - 20%x((d*x + ¢c)~(1/3)*b + a)~3 + 120*x(d*x + ¢c)~(1/3)*b + 120*a)*sin
((d*x + ¢c)7(1/3)*b + a))/b~3)/(b~3xd"2)

mupad [F] time = 0.00, size = -1, normalized size = -0.00
fx cos (a +b(c+ dx)l/?’) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a + b*x(c + d*x)~(1/3)),x)
[Out] int(x*cos(a + bx(c + d*x)~(1/3)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

fxcos(a+b\/3c+dx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(a+b*(d*x+c)**(1/3)),x)

[Out] Integral(x*cos(a + b*(c + d*x)*x(1/3)), x)



329

3.97 fcos (a + b\/3 c + dx) dx

Optimal. Leaf size=85

6sin(a+bvsc+dx) 6c + dx cos(a+b\/3c+dx) 3(c+dx)2/3sin(a+b\/3c+dx)
- + +
b3d b2d bd

[Out] 6%(d*x+c)~(1/3)*cos(a+bx(d*x+c)~(1/3))/b"2/d-6*sin(a+b*x(d*x+c)~(1/3))/b"3/d
+3*% (d*x+c) " (2/3) *sin(a+b*x (d*x+c) ~(1/3)) /b/d

Rubi [A] time = 0.06, antiderivative size = 85, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 3, integrand size = 14,
number of rules _ ). 214, Rules used = {3362, 3296, 2637}

integrand size

6sin(a+b\/3c+dx) 6vc + dx cos(a+b\/3c+dx) 3(c+dx)2/3sin(a+b\/3c+dx)
-~ + +

b3d b2d bd

Antiderivative was successfully verified.
[In] Int[Cos[a + b*(c + d*x)~(1/3)],x]

[Out] (6x%(c + d*xx)~(1/3)*Cosl[a + bx(c + d*x)~(1/3)]1)/(b"2%d) - (6*Sin[a + bx(c +
d*x)~(1/3)1)/(b73%d) + (3*(c + d*x)~(2/3)*Sin[a + bx(c + d*x)~(1/3)]1)/(b*xd)

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dxx]/d, x] /;
FreeQ[{c, d}, x]

Rule 3296

Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + fx*xx])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 3362

Int[((a_.) + Cos[(c_.) + (d_.)*x((e_.) + (£_)*(x_))"(n_)]1*(b_.))"(p_.), x_S
ymbol] :> Dist[1/(n*xf), Subst[Int[x~(1/n - 1)x(a + b*Cos[c + d*x])7p, x], x
, (e + f*xx)"n], x] /; FreeQ[{a, b, c, 4, e, f}, x] && IGtQlp, 0] && Integer
Ql1/n]

Rubi steps
3Subst ( [ x2 cos(a + bx) dx, x, Vc + dx
fcos(a+b\/3c+dx) dx = (f ( 7 ) )
3(c + dx)?3 sin (a + bV + dx) 6 Subst (fx sin(a + bx) dx, x, Ve + dx)
- bd - bd
6vc + dx cos (a + bV + dx) 3(c + dx)%3 sin (a + bV + dx) 6 Subst (f c
- P2d * bd )
6vc + dx cos (a + bV + dx) 6 sin (a +bVe + dx) 3(c + dx)?3 sin (a + bA
= -~ +
b2d b3d bd

Mathematica [A] time = 0.11, size = 65, normalized size = 0.76

3 (bz(c +dx)?3 - 2) sin (a + bV + dx) + 6bVc + dx cos (a + bV + dx)
b3d
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Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*(c + d*x)~(1/3)],x]

[Out] (6*bx(c + d*x)~(1/3)*Cos[a + bx(c + d*x)~(1/3)] + 3*%(-2 + b™2x(c + d*xx)~(2/
3))*Sinfa + bx(c + d*x)~(1/3)]1)/(b~3*d)

fricas [A] time = 1.09, size = 57, normalized size = 0.67

3 (2 (dx + ¢)3bcos ((dx ro)ib+ a) ; ((dx ro)ib - z) sin ((dx ro)ib+ a))
Pd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(at+b*(d*x+c)~(1/3)),x, algorithm="fricas")

[Out] 3*(2x(d*x + c)~(1/3)*b*xcos((d*x + c)~(1/3)*b + a) + ((d*x + c)~(2/3)*b"2 -
2)xsin((d*x + c)~(1/3)*b + a))/(b~3%d)

giac [A] time = 0.43, size = 81, normalized size = 0.95

2 1

1 1
2(dx+f)§cospdx+f)éb+a] (kdx+c)3b+a) —2[(dx+f)3b+ﬂ]a+a2—2JShﬁpdx+f)3b+a)
3 b + ¥

bd
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/3)),x, algorithm="giac")

[Out] 3*(2%(d*x + c)~(1/3)*cos((d*x + c)~(1/3)*b + a)/b + (((d*xx + c)~(1/3)*b + a
)72 - 2%((d*x + ¢c)"(1/3)*b + a)*a + a”2 - 2)*sin((d*x + c)~(1/3)*b + a)/b"2
)/ (b*xd)

maple [A] time = 0.03, size = 131, normalized size = 1.54

2

1 1 1 1 1
3(a+b(dx+c)§) sin(a+b(dx+c)5) —6sin(a+b(dx+c)§) +6cos(a+b(dx+c)5)(a+b(dx+c)§) — 61

abv’

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+bx(d*x+c)~(1/3)),x)

[Out] 3/d/b"3x((a+bx(d*x+c)~(1/3)) 2*xsin(a+b*x(d*x+c)~(1/3))-2*sin(a+b*x(d*xx+c)~(1/
3))+2x*cos (a+b*x (d*xx+c) ~(1/3) ) * (a+b*x (d*x+c) ~(1/3) ) -2*ax(cos (a+b* (d*x+c) ~(1/3)
)+ (a+b* (d*x+c) " (1/3))*sin(a+b* (d*x+c) ~(1/3)))+a"2xsin(a+b* (d*x+c) ~(1/3)))

maxima [A] time = 0.44, size = 118, normalized size = 1.39

1

3 (az sin ((dx + c)%b + a) -2 (((dx + c)%b + a) sin ((dx + c)%b + a) + cos ((dx + c)éb + a))a +2 ((dx +¢)3b +.

b3d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/3)),x, algorithm="maxima")

[Out] 3*(a”2*sin((d*x + c)~(1/3)*b + a) - 2x(((d*x + c)~(1/3)*b + a)*sin((d*x + c
)7(1/3)*%b + a) + cos((d*x + ¢c)~(1/3)*b + a))*a + 2x((d*x + ¢c)~(1/3)*b + a)*
cos((d*x + ¢)~(1/3)*b + a) + (((d*x + ¢c)~(1/3)*b + a)~2 - 2)*sin((d*x + c)~
(1/3)*b + a))/(b~3xd)
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mupad [B] time = 0.38, size = 68, normalized size = 0.80

6b cos(a+b(c+dx)"?) (c+dx)° -6sin(a+bc+dx)®)+30% sin(a+b(c+dx)") (c+dx™
b3 d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + bx(c + d*x)~(1/3)),x)

[Out] (6*bxcos(a + bkx(c + d*xx)~(1/3))*(c + d*x)~(1/3) - 6*sin(a + bx(c + d*xx)~(1/
3)) + 3xb~2xsin(a + bx(c + d*x)~(1/3))*(c + d*x)~(2/3))/(b~3%*d)

sympy [A] time = 1.16, size = 94, normalized size = 1.11

x cos (a) forb=0Ab=0Vvd=0)
xcos(a+b\3/5) ford =0
2
3(c+dx)3 sin (a+b \/3 c+dx) 6 \/3 c+dx cos (a+b \/3 c+dx) 65sin (a+b \/3 c+dx)
” + 20 - = otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+bx(d*x+c)**(1/3)),x)

[Out] Piecewise((x*cos(a), Eq(b, 0) & (Eq(b, 0) | Eq(d, 0))), (xxcos(a + bxc*x(1/
3)), Eq(d, 0)), (3*(c + d*x)**(2/3)*sin(a + bx(c + d*x)**(1/3))/(b*d) + 6%(

c + dxx)**(1/3)*cos(a + bx(c + d*x)**(1/3))/(b**2%d) - 6%sin(a + bkx(c + d*x
)xx(1/3))/(b**3*d), True))
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cos@%+b%c+dx)

X

398 | dx

Optimal. Leaf size=234

cos (a + b\%) Ci (b% —bVc + dx )+cos (a + (—1)2/311\3’/5) Ci ((—1)2/317\3/2 — Ve +dx )+cos (a - \3/——117\3/5) Ci

[Out] Ci(b*c™(1/3)-bx(d*x+c)~(1/3))*cos(a+bxc™(1/3))+Ci((-1)"(1/3)*bxc~(1/3)+bx(d
*x+¢) " (1/3) ) *cos(a—(-1)"(1/3) *b*c™(1/3))+Ci((-1)~(2/3) ¥*b*c~ (1/3) -b* (d*x+c) "~
(1/3))*cos(a+(-1)"(2/3)*bxc~(1/3))+Si(b*c~(1/3) -b* (d*x+c) ~(1/3) ) *sin(a+b*c”
(1/3))-8i((-1)"(1/3)*b*xc~ (1/3)+b* (d*x+c) " (1/3) ) *sin(a-(-1) " (1/3) *bxc~(1/3))

+3i ((-1)7(2/3) *bxc™(1/3) -b* (d*x+c) " (1/3) )*sin(a+(-1)~(2/3) *b*xc~(1/3))

Rubi [A] time = 0.47, antiderivative size = 234, normalized size of antiderivative
= 1.00, number of steps used = 11, number of rules used = 4, integrand size = 18,

number of rules _ 922, Rules used = {3432, 3303, 3299, 3302}

integrand size

cos (11 + b\?’/E) CosIntegral (b\% — Ve +dx )+cos (11 + (—1)2/317\3/2) CosIntegral ((—1)2/3b\3/E — bV + dx )+c<

Antiderivative was successfully verified.
[In] Int[Cosl[a + bx(c + d*x)~(1/3)1/x,x]

[Out] Cos[a + b*c~(1/3)]*CosIntegral[bxc”(1/3) - bx(c + d*x)~(1/3)] + Cos[a + (-1
)~ (2/3)*bxc~(1/3)1*CosIntegral [(-1)~(2/3)*bxc~(1/3) - bx(c + d*x)~(1/3)] +

Cosla - (-1)7(1/3)*b*xc~(1/3)]*CosIntegral [(-1)~(1/3)*bxc~(1/3) + b*(c + dx*x
)~(1/3)] + Sin[a + b*c~(1/3)]*SinIntegral [bxc~(1/3) - b*(c + d*x)~(1/3)] +

Sinfa + (-1)7(2/3)*bxc~(1/3)]1*SinIntegral [(-1)~(2/3)*b*c”~(1/3) - b*(c + d*x
)7(1/3)] - Sinla - (-1)7(1/3)*bxc”~(1/3)]1*SinIntegral [(-1)~(1/3)*b*c~(1/3) +

bk (c + d*x)~(1/3)]

Rule 3299

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQl[{c, 4, e, £}, x] && EqQ[dxe - cx*f, O]

Rule 3302

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3303

Int[sin[(e_.) + (£_)*(x)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[(cxf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cxf
)/d], Int[Cos[(cxf)/d + fxx]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cx*f, 0]

Rule 3432

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_.)*(x_)) " (n_)]1*(b_.)) " (p_.)*((g_
D o+ (h_)*(x_))"(m_.), x_Symbol] :> Dist[1/(n*f), Subst[Int[ExpandIntegran
d[(a + b*Cos[c + d*x])7p, x~(1/n - D*(g - (exh)/f + (h*x~(1/n))/f)"m, x],

x], x, (e + f*x)"n], x] /; FreeQ[{a, b, c, d, e, £, g, h, m}, x] && IGtQlp,
0] && IntegerQ[1/n]

Rubi steps
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3 Subst f[_dcos(a+bx) _ d cos(a+bx) _ d cos(a+bx) ] dx, X, m]

cos (a +b\/3c+dx) 3(Je ) 3(—§/—_1 %/E—x) 3((-1)%% e —x)
f X B d
b b
= —Subst fcos(a+ x) x,V30+dx)—Subst( de,x, Ve +
\/E - X —\/—_1\3/5 -X
cos (bRfc = bx
:—(cos(a+b\3/E)Subst(f (3\/— )dx,x, Vsc+dx]]—cos(a—\/3—1b\3/
c—-x

= COS (a + b\%) Ci (b\S/_ ~ Ve + dx) + cos (a + (—1)2/3b\3/5) Ci ((—1)2/3b\3/E -b

Mathematica [C] time = 0.43, size = 243, normalized size = 1.04

1
> (RootSum [c — #13&, —i sin(#1b + a)Ci (b (\/3 c+dx - #1)) + cos(#1b + a)Ci (b (VS c+dx — #1)) — sin(#1

Warning: Unable to verify antiderivative.

[In] Integrate[Cos[a + b*(c + d*x)~(1/3)]/x,x]

[Out] (RootSum[c - #173 & , Cos[a + bx#1]*CosIntegral [b*((c + d*x)~(1/3) - #1)] -
I*CosIntegral [b*((c + d*x)~(1/3) - #1)]*Sin[a + b*#1] - I*Cos[a + b*#1]*Si

nIntegral [bx((c + d*x)~(1/3) - #1)] - Sin[a + b*#1]*SinIntegral [bx((c + d*x
)7(1/3) - #1)] & ] + RootSum[c - #173 & , Cos[a + b*#1]*CosIntegral [bx((c +
d*x)~(1/3) - #1)] + I*CosIntegral[b*x((c + d*x)~(1/3) - #1)]1*Sin[a + b*#1]

+ I*Cos[a + b*#1]*SinIntegral[bx((c + d*x)~(1/3) - #1)] - Sin[a + b*#1]%Sin
Integral [bx((c + d*x)~(1/3) - #1)] & 1)/2

fricas [C] time = 1.09, size = 287, normalized size = 1.23
1
1 T R [%(ib3)3( *5+1)+1a) 1 1o !
e 13.)\3 (i - 13.\3 (_i
§E1(1(dx+c)3b+§ (zb c) (—1\/5—1))6 +§E1(—z(dx+c)3b+§ (—zb c) (—1\/—_

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atbx(d*x+c)~(1/3))/x,x, algorithm="fricas")

[Out] 1/2*%Ei(I*(d*x + c)~(1/3)*b + 1/2%x(I*b~3*c)~(1/3)*(~I*sqrt(3) - 1))*e”(1/2x(
I¥b73%c) " (1/3)*(I*sqrt(3) + 1) + Ika) + 1/2xEi(-Ix(d*x + c)~(1/3)*b + 1/2x(
-I*b73%c) " (1/3)*(-I*sqrt(3) - 1))*e” (1/2x(-I*b~3%c)~(1/3)*(Ixsqrt(3) + 1) -

I*xa) + 1/2%Ei(I*(d*x + c)~(1/3)*b + 1/2x(I*b~3*c)~(1/3)*(I*sqrt(3) - 1))*e
“(1/2%(I*b~3*c) " (1/3)*(~I*sqrt(3) + 1) + I*xa) + 1/2+Ei(-Ix(d*x + c)~(1/3)*b

+ 1/2%(-I*b73%c) " (1/3)*(I*sqrt(3) - 1))*e”(1/2%(-I*b~3*c)~(1/3)*(-I*sqrt(3

) + 1) - Ixa) + 1/2*Ei(I*x(d*x + c)~(1/3)*b + (I*b~3*c)”(1/3))*e”(I*xa - (I*b
“3%c)”(1/3)) + 1/2%Ei(-Ix(d*x + c)~(1/3)*b + (-I*b~3*c)~(1/3))*e”(-I*a - (-
I*b~3%c)~(1/3))

giac [F] time = 0.00, size = 0, normalized size = 0.00

1
cos ((dx +¢)3b + a)

f dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/3))/x,x, algorithm="giac")

[Out] integrate(cos((d*x + c)~(1/3)*b + a)/x, x)
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maple [C] time = 0.07, size = 279, normalized size = 1.19

1 1
_R]z[Si(—b(dx+c) 3 +_R1—a] sin(_R1)+Ci(b(dx+c) 3 —_R1+a] cos(_m))
- 2b%a

3
b " ) R1%-2_Rla+a2
_Rl:RootOf(—c B+ 73-3a_7 +3a2_Z—a3) - - _R1=RootC

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*(d*x+c)~(1/3))/x,x)

[Out] 3/b73%(1/3%b"3*sum(_R172/(_R172-2*% Rixa+a~2)*(Si(-b*(d*x+c)~(1/3)+ Rl-a)*si
n(_R1)+Ci(b*(d*x+c)~(1/3)-_Rl+a)*cos(_R1)), R1=Root0f (-b~3*c+_Z"3-3%_Z 2*a+

3% _Zxa~2-a"3))-2/3*b"3*a*sum(_R1/( R172-2x Ril*a+a~2)*(Si(-b*x(d*x+c)~(1/3)+_
R1-a)*sin(_R1)+Ci(b*x(d*x+c)~(1/3)-_Ri+a)*cos(_R1)), R1=Root0f (-b~3*c+_Z~3-3
*x_772%a+3%_Z*a"2-a"3))+1/3*%a”"2xb"3xsum(1/(_R172-2%_Rilxa+a~2)*(Si(-bx(d*x+c)
~(1/3)+_R1-a)*sin(_R1)+Ci(b*(d*x+c)~(1/3)-_Rl+a)*cos(_R1)), R1=Root0f (-b~ 3%
c+_Z73-3%_Z"2*xa+3* Z*a"2-a"3)))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

1
cos ((dx +0)3b + a)

f dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/3))/x,x, algorithm="maxima"
[Out] integrate(cos((d*x + c)~(1/3)*b + a)/x, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

1/3)

fcos(a+b(c+dx)

X

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + bx(c + d*x)~(1/3))/x,x)
[Out] int(cos(a + bx(c + d*x)~(1/3))/x, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

fcos<a+bm)

X

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atb*(d*x+c)**(1/3))/x,%)

[Out] Integral(cos(a + bx(c + d*x)**(1/3))/x, x)
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cos(a+b \/3 c+dx )

x2

399 | dx

Optimal. Leaf size=332

bdsin (a + b/c ) Ci (byc —bNc+dx) V-Tbdsin(a - V-1b+/c) Ci (V=1 b+ Ve +dxb) (-1)2°bds
- + —

302/3 302/3

[Out] -cos(a+b*x(d*x+c)~(1/3))/x+1/3*b*d*cos (a+b*c™(1/3))*Si(b*xc™(1/3)-b*(d*x+c)~(
1/3))/c~(2/3)+1/3%(-1)~(2/3) ¥*b*xd*cos (a+(-1) " (2/3) *bxc™(1/3))*Si ((-1)~(2/3) *
bxc”™(1/3)-bx(d*x+c) ~(1/3))/c~(2/3)+1/3*x(-1)~(1/3) *b*d*cos (a—(-1) " (1/3) ¥b*c”
(1/3))*S1((-1)~(1/3) *b*xc™ (1/3) +bx (d*x+c) ~(1/3)) /c~(2/3)-1/3*b*d*Ci (bxc~ (1/3

)=bx (d*x+c) ~(1/3) ) *sin(a+bxc~(1/3))/c~(2/3)+1/3*(-1)~(1/3) ¥b*d*Ci ((-1)~(1/3
)*¥bxc”(1/3)+b*x (d*xx+c) ~(1/3) ) *sin(a-(-1)~(1/3) *b*xc~(1/3))/c~(2/3)-1/3*%(-1)~(

2/3) ¥b*d*Ci((-1)~(2/3) *bxc~(1/3) -b* (d*x+c) ~(1/3) ) *sin(a+(-1)~(2/3) *b*xc~(1/3
))/c”(2/3)

Rubi [A] time = 0.74, antiderivative size = 332, normalized size of antiderivative
= 1.00, number of steps used = 13, number of rules used = 6, integrand size = 18,

number of rules _ ) 333, Rules used = {3432, 3342, 3333, 3303, 3299, 3302}

integrand size

bd sin (a + b\%) Coslntegral (b\S/E - b\/3 c+ dx) \3/—_1 bd sin (11 - \3/—_1 b\B/E) Coslntegral (b\/3 c+dx + \3/
- +

3c2/3 302/3

Antiderivative was successfully verified.
[In] Int[Cos[a + bx(c + d*x)~(1/3)]/x"2,x]

[Out] -(Cos[a + bx(c + d*x)~(1/3)]1/x) - (bxd*CosIntegral[b*c~(1/3) - b*(c + d*x)~
(1/3)1*Sinfa + bxc™(1/3)1)/(3%c~(2/3)) + ((-1)~(1/3)*b*d*CosIntegral [(-1)~(
1/3)*b*c™(1/3) + b*(c + d*x)~(1/3)]*Sinla - (-1)7(1/3)*b*xc™(1/3)]1)/(3*c™(2/

3)) - ((-1)7(2/3)*b*d*CosIntegral [(-1)~(2/3)*b*c™(1/3) - b*x(c + d*x)~(1/3)]
*3infa + (-1)7(2/3)*b*c™(1/3)1)/(3%c™(2/3)) + (b*d*Cos[a + b*c~(1/3)]1*SinIn
tegral[b*c™(1/3) - bx(c + dxx)~(1/3)1)/(3*c™(2/3)) + ((-1)7(2/3)*b*d*Cos[a

+ (-1)7(2/3)*bxc~(1/3)1*SinIntegral [(-1)~(2/3)*bxc~(1/3) - b*x(c + d*x)~(1/3
)1)/(3xc™(2/3)) + ((-1)~(1/3)*b*d*Cos[a - (-1)7(1/3)*b*c~(1/3)]*SinIntegral
[(-1)7(1/3)*%b*c™(1/3) + b*x(c + d*x)~(1/3)])/(3*xc™(2/3))

Rule 3299

Int[sin[(e_.) + (£_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[dxe - cx*f, O]

Rule 3302

Int[sinl[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQl[{c, d, e, £}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3303

Int[sin[Ce_.) + (£_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(dx
e - cxf)/d], Int[Sin[(c*xf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d]l, Int[Cos[(c*f)/d + fxx]/(c + d*x), x], x] /; FreeQl{c, 4, e, £}, x] &&
NeQ[d*e - c*xf, 0]

Rule 3333

Int[((a)) + (b_)*x )" ))"(p_)*Sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Int
[ExpandIntegrand[Sin[c + d*x], (a + b*x"n)”p, x], x] /; FreeQ[{a, b, c, d},
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x] && ILtQ[p, 0] && IGtQ[n, O] && (EqQ[n, 2] || EqQlp, -11)

Rule 3342

Int[Cos[(c_.) + (d_)*(xD1*((e_.)*(x_)) " (m_.)*x((a_) + (b_.)*x(x_)"(n_)) " (p_
), x_Symbol] :> Simp[(e"m*(a + b*x"n) (p + 1)*Cos[c + d*x])/(b*n*x(p + 1)),
x] + Dist[(d*e”m)/(b*nx(p + 1)), Int[(a + b*x"n)~(p + 1)*Sin[c + d*x], x],
x] /; FreeQl[{a, b, c, d, e, m, n}, x] && ILtQ[p, -1] && EqQm, n - 1] && (I
ntegerQ[n] || GtQ[e, 0])

Rule 3432

Int[((a_.) + Cosl[(c_.) + (d_.)*((e_.) + (£_.)*(x_))"(m_)1*(b_.))"(p_.)*((g_
D+ (h_)*(x_))"(m_.), x_Symbol] :> Dist[1/(n*f), Subst[Int[ExpandIntegran
dl(a + b*Cos[c + d*x])7p, x~(1/n - D*(g - (exh)/f + (h*x~(1/n))/f)"m, x],

x], x, (e + f*x)°nl, x] /; FreeQ[{a, b, ¢, 4, e, f, g, h, m}, x] && IGtQ[p,
0] && IntegerQ[1/n]

Rubi steps
3 Subst f szw:b;) dx, x, \/3 c+dx
cos (a + b\/3c+dx) (‘5*%)
f dx =
x? d
cos a+b\/3c+dx i b
=_ ( ” )—bSubst fwmc,x,vgc+dx]
at7
cos (a + bV +dx ) dsin(a + bx) dsin(a + bx) t
=— — bSubst f - 3 - 3 -
X 3¢2/3 (\/E - x) 3c2/3 (\3/5 + V-1 x) 3¢2/3

in(a-+bx) 3 sin
oS (a + bV + dx) (bd) Subst (f 2 %; 2 dx, x, Ve + dx) (bd) Subst( sh
- +

c—X + :\S/E 7
X 3¢23 '

oS (a S dx) (bd cos (a 4 b\%)) Subst (f sin(v ¥Et2) dx, x, \c + dx)

Je-x
- x 3c¢/3 "
cos (a+bVe+dx) bdCi(by/c —bVc+dx)sin(a+byc) V-1bdCi(V-11
- X - 3¢23 *
Mathematica [C] time = 0.60, size = 138, normalized size = 0.42
e M- (~ib (Vo +dx - #1)) | 1 M0+ (ib (Ve + d

1
—gibdRootSum c— #13&, &

#12 #12

+gibdRootSum lc - #13&,

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*(c + d*x)~(1/3)1/x72,x]

[Out] -(Cos[a + b*x(c + d*x)~(1/3)]1/x) - (I/6)*b*d*RootSum[c - #17°3 & , (E"((-I)*a
- Ixb*#1)*ExpIntegralEi[(-I)*b*x((c + d*x)~(1/3) - #1)])/#172 & ] + (I/6)*Db
xd*RootSum[c - #173 & , (E"(I*a + I*bx#1)*ExpIntegralEi[Ixb*((c + dxx)~(1/3

) - #1)])/#172 & ]
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fricas [C] time = 0.79, size = 406, normalized size = 1.22

1
ia—(z’ b3c) 3 1

] +2 (=ibc)” daEi (_i (dx +0)3b + (~i b%)é) e["'”‘(‘”’“

1

2 (i b?’c)§ dxEi (i (dx + c)%b + (ib%)é) e(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(at+b*(d*x+c)~(1/3))/x"2,x, algorithm="fricas")

[Out] -1/12%(2%x(I*b~3*c)~(1/3)*d*xx*Ei(I*(d*x + c)~(1/3)*b + (I*b~3%c)~(1/3))*e” (I
xa — (Ixb~3%c)~(1/3)) + 2*%(-I*b73xc) (1/3)*d*x*Ei(-I*(d*x + c)~(1/3)*b + (-
I¥b~3%c) " (1/3))*e” (-I*xa - (-Ixb~3*c)~(1/3)) - (I*b~3xc)~(1/3)*(I*sqrt(3)*dx*
x + d*x)*Ei(I*(d*x + c)~(1/3)*b + 1/2x(I*b"3*c)~(1/3)*(~I*sqrt(3) - 1))*e"(
1/2%(I*b~3%c) " (1/3)*(Ixsqrt(3) + 1) + Ixa) - (-I*b73xc)~(1/3)*(I*sqrt(3)*d*
X + d*x)*Ei(-I*x(d*x + c)~(1/3)*b + 1/2x(~I*b"3*c)~(1/3)*(-I*sqrt(3) - 1))*e
“(1/2%(-I*b~3%c) ~(1/3)*(I*sqrt(3) + 1) - I*a) - (Ixb~3%c) (1/3)*(-I*xsqrt(3)
xd*xx + d*x)*Ei(I*x(d*x + c)~(1/3)*b + 1/2x(I*b~3*c)~(1/3)*(I*sqrt(3) - 1))*e
“(1/2x(Ixb7~3xc) " (1/3)*(~I*sqrt(3) + 1) + Ixa) - (-I*b"3*c) (1/3)*(-I*sqrt(3
Ykdxx + d*x)*Ei(-I*(d*x + c)~(1/3)*b + 1/2%(-I*b~3%c) (1/3)*(I*sqrt(3) - 1)
)*xe” (1/2*%(-Ixb~3%c) ~(1/3)*(-Ixsqrt(3) + 1) - Ixa) + 12xc*xcos((d*x + ¢)~(1/3
)*¥b + a))/(c*x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

1
cos ((dx +0)3b + a)

f =2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/3))/x"2,x, algorithm="giac")
[Out] integrate(cos((d*x + c)~(1/3)*b + a)/x"2, x)

maple [C] time = 0.10, size = 933, normalized size = 2.81

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x(d*x+c)~(1/3))/x"2,x)

[Out] 3*d/b~3*(cos(a+bx(d*x+c)~(1/3))*(-2/3*a*b~3/c* (at+b* (d*x+c)~(1/3)) " 2+a"2*b~3
/c* (at+b* (d*x+c) " (1/3))-1/3%b~3* (b~ 3*c+a~3) /c) / (-c*b~ 3+ (a+bx (d*x+c) ~(1/3)) "3
-3xax (a+b* (d*x+c) ~(1/3)) "2+3* (a+b* (d*x+c) ~(1/3))*a~2-a"3)-2/9*axb”~3/c*sum(_
R1/(_R172-2% Ri*a+a~2)*(Si(-bx(d*x+c)”~(1/3)+ Ri-a)*sin( R1)+Ci (b*(d*x+c)~ (1
/3)- Ri+a)*cos(_R1)), R1=RootOf (-b~3%c+ Z"3-3x Z 2*a+3* Z*a~2-a"3))-1/9%b"3
/cxsum((b~3%c+2*_RR172xa-3%_RR1*a~2+a~3)/(_RR172-2*%_RR1*a+a~2)*(-Si(-b*(d*x
+c)~(1/3)+ _RR1-a)*cos(_RR1)+Ci(b*(d*x+c)~(1/3)- RR1+a)*sin(_RR1)), RR1=Root
0f (-b™3*c+_Z73-3%_Z"2%a+3*_Z*a"2-a"3))+cos (a+tb*(d*x+c) ~(1/3) ) *(2/3*a*b~3/c*
(a+b* (d*x+c) ~(1/3))~"2-2/3*a~2*¥b~3/c* (a+b* (d*x+c) ~(1/3) ) )/ (—c*¥b~ 3+ (a+b* (d*x+
c)~(1/3))"3-3*ax(a+bx (d*x+c) ~(1/3)) "2+3* (a+b* (d*xx+c) ~(1/3) ) *a~2-a"3) +2/9*ax*
b~3/cxsum((_R1+a)/(_R172-2% Rl*a+a~2)*(Si(-b*(d*x+c)~(1/3)+_Rl-a)*sin( _R1)+
Ci(b*(d*x+c)~(1/3)-_Rl+a)*cos(_R1)), R1=Root0f (-b~3*c+_Z~3-3% Z 2%a+3*_Zx*a~
2-a”3))+2/9%a*xb~3/c*sum(_RR1/(_RR1-a)*(-Si(-b*(d*x+c)~(1/3)+_RR1-a)*cos(_RR
1)+Ci(b*(d*x+c)~(1/3)-_RR1+a)*sin(_RR1)), RR1=Root0f (-b~3*c+_Z~3-3%_Z 2xa+3
x_7Z*a~2-a"3))+a"2*xb"6x(cos (a+b* (d*x+c)~(1/3))*(-1/3/c/b~3* (a+b* (d*x+c)~(1/3
))+1/3*a/c/b~3) / (~cxb™3+(a+b* (d*x+c) ~(1/3)) ~3-3*ax* (a+b* (d*x+c) ~(1/3)) ~2+3*(
a+bx (d*x+c)~(1/3))*a~2-a"3)-2/9/c/b~3*sum(1/(_R172-2% Rlxa+a~2)*(Si(-b*(d*x
+c)~(1/3)+_R1-a)*sin(_R1)+Ci(b*(d*x+c)~(1/3)-_Rl+a)*cos(_R1)), R1=Root0f(-b
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“3%c+_Z73-3%_Z"2xa+3%_Z*a"2-a"3))-1/9/c/b"3*sum(1/(_RR1-a)*(-Si(-b*(d*x+c)”
(1/3)+_RR1-a)*cos(_RR1)+Ci(b*(d*x+c)~(1/3)-_RR1+a)*sin( RR1)), RR1=RootOf (-
b~ 3%c+ Z73-3% Z"2*a+3* Z*a"2-a"3))))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

1
cos ((dx +c)3b+ a)

f =z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/3))/x"2,x, algorithm="maxima")
[Out] integrate(cos((d*x + c)~(1/3)*b + a)/x"2, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

fcos (a +b(c+ dx)1/3)

dx
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + bx(c + d*x)~(1/3))/x"2,x)
[Out] int(cos(a + bx(c + d*x)~(1/3))/x"2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

fcos(a+bm)

dx
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+tb*(d*x+c)**(1/3))/x**2,%)

[Out] Integral(cos(a + bx(c + d*x)**(1/3))/x**2, x)



Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in the
test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal] *)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returnsx)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex*)

(x "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(x antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimal],
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result]<=2*LeafCount [optimal],
IIAII ,
llBll] s
"c"1,
If [FreeQ[result,Integrate] && FreeQ[result,Int],
||c|| s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)

(*1 = rational functionx)

(¥2 = algebraic functionx)
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(¥3 = elementary functionx)

(x4 = special functionx)

(*5 = hyperpergeometric function*)
(¥6 = appell functionx)

(x7 = rootsum functionx)

(¥8 = integrate functionx)

(¥9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expnl],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]11,
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]1]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunction(Q[Head [expnl],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType, Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expnl],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]],
If [Head[expn]l===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LoglIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

},funcl]

HypergeometricFunctionQ[func_] :=

Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]
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AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]

341

4.0.2 Maple grading function

# File:

GradeAntiderivative.mpl

# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser
#Nasser

03/22/2017 Use Maple leaf count instead since buildin
03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
GradeAntiderivative := proc(result,optimal)

local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then

return "B";

fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType (result);
ExpnType_optimal:=ExpnType (optimal) ;

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",

ExpnType_optimal) ;

fi;
# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns
# "F" if the result fails to integrate an expression that
# is integrable
# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal
# antiderivative
# "A" if result can be considered optimal
#This check below actually is not needed, since I only
#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";

end if;

if ExpnType_result<=ExpnType_optimal then
if debug then

print ("ExpnType_result<=ExpnType_optimal");

fi;




if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do
not as well");
fi;
if leaf_ count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves
# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
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# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' *~') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply (max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:




344

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum”™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]
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def is_atom(expn) :
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print ("expn=",expn, "type (expn)=",type (expn))

if is_atom(expn) :
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)))
elif isinstance(expn,Pow):  #type(expn,' "~ ')

if isinstance(expn.args([1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn
)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or
type(expn, ' % ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(1l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum) :
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType
,Apply[List,expnl],71],
return max(7,ml)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9
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#main function
def grade_antiderivative(result,optimal):

leaf _count_result = leaf_count(result)
leaf_count_optimal

leaf_count (optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

debug=False;

def tree_size(expr):
e
Return the tree size of this expression.
win
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
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else:
return False
else:
return False

def is_elementary_function(func):

debug=False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot','sec', 'csc’',
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh','cosh', 'tanh', 'coth', 'sech', 'csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch','sgn',

'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug=False
if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin', 'fresnel cos','Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma','log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M','
hypergeometric_U']

def is_appell_function(func):
return func.name() in ['hypergeometric']  #[appellfl] can't find this in
sagemath

def is_atom(expn):

debug=False
if debug: print ("Enter is_atom")

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:

if expn.parent() is SR:
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return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens")

return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False
except AttributeError as error:

return False

def expnType (expn) :

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational) :
return 1
else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer

)

return expnType(expn.operands() [0])  #expnType (expn.args[0])

elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],

Rational)

if type(expn.operands() [0])==Rational: #isinstance(expn.argsl[0],
Rational)

return 1
else:

return max(2,expnType (expn.operands() [0])) #max(2,expnType(

expn.args[0]))

else:

return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()

[1]1)) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)

ml = expnType(expn.operands() [0]) #expnType(expn.args[0])

m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]))

return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn
.func)

return max(3,expnType (expn.operands () [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(4,ml) #max (4,m1)

elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(5,m1)  #max(5,ml1)
elif is_appell_function(expn.operator()):
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ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,m1)  #max(6,ml)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

if debug: print ("Enter grade_antiderivative for sagemath")

tree_size(result) #leaf_count(result)
tree_size(optimal) #leaf_count(optimal)

leaf count_result
leaf_count_optimal

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result expnType (result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2x*leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2x*leaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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